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Table 2. Properties of maximally-converged runs (PKDGRAV).

Nsbox ε N∆t Nftot N̄∆t Nftot

[h−1 kpc] (constant) (constant) (multiple) (multiple)

323 10.0 800 2.6 × 107 640 2.1 × 107

2.5 1600 5.2 × 107 1342 4.4 × 107

0.625 25600 8.4 × 108 2777 9.1 × 107

643 2.5 3200 8.4 × 108 1754 4.6 × 108

1283 1.25 3200 6.7 × 109 2956 6.2 × 109

small range of halo masses, since εopt ∝ r200/N
1/2
200 ∝ N−1/6

200 .
This may not be too restrictive for the resimulations we dis-
cuss here, since they focus on one system at a time, but it
does affect significantly large cosmological simulations. If,
for example, an optimal softening choice is made for the
most massive system expected to form at, say, z = 0 , it will
be smaller than the optimal value for less massive systems
present at the same time (see eq. 15). How are their mass
profiles affected and what regions in such systems may be
considered converged?

To address this question, we have undertaken a large
series of simulations where the softening, ε, was varied sys-
tematically while choosing ‘converged’ values of all other
parameters. We have explicitly checked that, for example,
doubling or halving the number of timesteps (or the ini-
tial redshift) has no appreciable effect and that, for given
number of particles, the results discussed in this subsection
depend only on ε.

We show the results of this series in Figure 8, where
radii enclosing various mass fractions are shown as a function
of ε in simulations with 323 high-resolution particles. Since
r200 ≈ 205 h−1 kpc, the radii shown in Figure 8 probe a
large fraction of the halo’s radial extent, between 4% and
22% of the virial radius. For this system, ε2b = 0.066 h−1 kpc
≈ 3.2 × 10−4 r200 and εopt ∼ 10 h−1 kpc ≈ 4.9 × 10−2 r200.

As Figure 8 shows, the mass profiles obtained with the
two codes agree to better than 20% (i.e., to better than
10% in circular velocity) even for radii containing as few as
100 particles. Full convergence is achieved for a wide range
of softening scales, provided that ε2b < ε ∼< 6h−1 kpc. The
mass profiles are essentially unchanged even as the softening
is varied by almost two orders of magnitude.

A second important point to note in Figure 8 is that
for ε ∼ 12h−1 kpc (only slightly larger than εopt) the profile
deviates from the converged one even as far out as 60 h−1

kpc; i.e., more than 5 times the softening length. This con-
trasts with the results for ε ∼ 6 h−1 kpc, where the mass
profile appears to have converged down to almost one soft-
ening length scale. Clearly, assuming that mass profiles are
affected out to a certain multiple of the softening length is
an oversimplification that is not supported by these results.

What determines the smallest converged radius for a
given softening length scale? Since softenings introduce a
characteristic acceleration on small scales, it is instructive to
consider the mean acceleration that particles experience as a
function of the distance from the centre of the system. This
radial acceleration profile, a(r) = GM(r)/r2 = V 2

c (r)/r, is
shown in Figure 9 for two series of runs where the grav-
itational softening has been varied systematically by two

Figure 9. Spherically-averaged ‘acceleration’ profiles (V 2
c (r)/r)

for 643 and 323 runs, shown for several choices of the softening
scalelength, ε. The dotted line corresponds to the acceleration
profile of an NFW model with concentration c = 10. The ver-
tical arrows denote the value of the softening parameter, ε, for
each run. The profiles line up, from bottom to top, in order of
decreasing ε. As ε approaches ∼ 0.01 r200, the acceleration pro-
files converge to a solution similar to the fiducial NFW curve.
Profiles significantly affected by the softening deviate from the
converged result at a radius where the acceleration matches the
characteristic acceleration associated with the circular velocity of
the halo, V200, and ε: aε = χεV 2

200/ε, with χε ≈ 0.5. The values
of aε corresponding to each adopted value of ε are shown by the
horizontal arrows.

orders of magnitude. The values of the softening in each run
are shown with small vertical arrows near the bottom of the
figure. Solid and dashed curves correspond to runs with 643

and 323 particles in the high-resolution box, respectively.
As the softening is decreased from ε ∼ 0.1 r200 by successive
factors of two, the acceleration profiles become steeper and
converge to a unique profile for ε ∼< 0.03 r200 ≈ 6h−1 kpc,
as shown in Figure 9. The convergent profile is well approx-
imated by an NFW profile with c = 10, shown by a dotted
line in Figure 9.

We note two interesting features of the acceleration pro-
files shown in Figure 9. The first is that the effects of soft-
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Figure 3 The galaxy distribution in redshift surveys and in
mock catalogues constructed from the Millennium Simulation.
The small slice at the top shows the CfA2 ‘Great Wall’ [104],
with the Coma cluster at the centre. Drawn to the same scale is
a small section of the SDSS, with the even larger ‘Sloan Great
Wall’ [105]. The cone on the left shows one half of the 2-degree

galaxy redshift survey (the 2dFGRS; [106]) . The cones at the
bottom and on the right correspond to mock galaxy surveys
with similar geometries and magnitude limits constructed by
applying semi-analytic galaxy formation simulation methods to
the halo/subhalo assembly trees of the Millennium Simulation
[Adapted from [107]].

With their large volume and high resolution, the Millen-
nium simulations are ideal for quantifying the statistics of
halo mergers in the ΛCDM cosmology over a wide range of

halo masses. Accurate fitting formulae for the mean merger
rate per halo of halos in the mass range 1010−1015 M" since
z = 15 have been obtained from these simulations [116]. If
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4 Joachim Stadel et al.

Figure 2. The upper panel shows the density profile of GHALO2

and its lower resolution realizations as well as the density pro-
file of the VL2 simulation in magenta. The convergence radius
at each step in resolution is easily seen (indicated by the tick
marks). The lower panel shows the residuals of the GHALO2

simulation with respect to 2-parameter fitting functions: NFW
(blue) and Dehnen-McLaughlin (green); as well as 3-parameter
fitting functions: S&M-profile (black), Einasto (red), Generalized
NFW (cyan), Dehnen-McLaughlin (magenta), Prugniel-Simien
(yellow).

tribution comes from the substructure. A further concern is
the considerable variation of ρσ−3 about a spherical shell
of the prolate inner halo, which makes it remarkable that
we obtain the same power-law slope as originally found by
(Taylor & Navarro 2001) despite the averaging that is tak-
ing place. This also explains the good performance of the
Dehnen-McLaughlin 2 and 3-parameter models at fitting the
density profile.

From about 2 to 40 kpc the ρσ−3 estimator is somewhat
enhanced due to the presence of substructure, while inside of
0.1 kpc the EnBiD–mean continues to resolve the power-law
behaviour of the profile.

Figure 3. Shape parameters for GHALO2,3,4,5.

Figure 4. The phase-space density profile of the main halo, mea-
sured in several different ways is shown. The solid green line
shows the traditional ρ(2πσ2)−3/2 averaged in shells. The solid
black and dashed black curves shows the mean and median En-
BiD phase-space density estimator (Sharma & Steinmetz 2006)
for the particles in logarithmic shells extending out to 40 kpc.
The blue and cyan curves show the mean EnBiD phase-space
density profile, but where the contribution from subhalos (blue)
and subhalos+streams (cyan) has been excluded. Despite the ef-
fects of substructure the ρσ−3 profile is remarkably well fit by a
power-law with slope −1.84 shown as the dotted black line.

4 CONCLUSIONS

The GHALO2 simulation has achieved an unprecedented
spatial and mass resolution within a CDM halo, resolving
thousands of subhalos within a radius corresponding to the
galactic disk and a rich phase-space structure of streams be-
yond a radius of ∼ 8 kpc. Whilst there are more detailed
analyses of this simulation in progress, we have reported
here on the global inner properties of density and phase-
space density profiles and halo shape. Using a sequence of
simulations of the same halo at difference resolutions, from
105 – 109 particles, we confirm that the convergence radii for

Stadel et al
2008 “GHALO”
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Fig. 2.— Formation of a galactic chimney. Edge-
on slices through the simulation show density,
temperature and velocity in the vertical direction,
perpendicular to the galactic plane. The bottom
panel shows gas column density. The chimney out-
flow is not a homogeneous, coherent flow: it is tur-
bulent and has dense and cold clumps embedded
into the flow. The core of the chimney reaches
107-108 K. Outflow velocities exceed 103 km s−1.
This hot material is able to escape the disk and
generate a galactic wind.

4.1. Initial conditions

The initial distribution of gas density is uniform
in the x and y directions of the box. In the z-
direction, the density profile declines at both sides
of the middle plane, z = z0 = 2 Kpc. This plane
defines the galactic plane for this ISM model:

nH = n0 cosh−2

(

z − z0

zd

)

(9)

where n0 is the gas density in that plane and zd is
the scale-height.

The choice of parameters sets the conditions of
a quiescent normal galactic disk, n0 = 1 cm−3

and zd = 250 pc. Thus, the surface density is
,Σgas = 16 M

!
pc−2. The system is originally

in hydrostatic equilibrium with a temperature of
104 K. No stars are present at the beginning of
the simulation. The box has open boundaries in
the z-direction. So, all material that cross these
boundaries escapes the system.

The initial velocity field consists of a sum of
plane-parallel velocity waves:

ux =
∑

i,j,k

Ax(i, j, k) sin(!k · !r) exp−

(

z − z0

zd

)2

(10)

uy =
∑

i,j,k

Ay(i, j, k) sin(!k · !r) exp−

(

z − z0

zd

)2

(11)

uz =
∑

i,j,k

Az(i, j, k) sin(!k · !r) exp−

(

z − z0

zd

)2

(12)

The amplitudes are taken from a Gaussian field
with a tilted power spectrum, Pk ∝ k−3, where k
is the wavenumber, k = 2π

L

√

i2 + j2 + k2. i,j and
k are integers running from -20 to 20 (excluding
0) and u0 = 20 km s−1. This is a typical spectrum
of a compressible turbulent medium (Kraichnan
1967; Vázquez-Semadeni et al. 1995).

Ax(i, j, k) = u0
RGauss

(i2 + j2 + k2)3/2
(13)

Ay(i, j, k) = u0
RGauss

(i2 + j2 + k2)3/2
(14)

Az(i, j, k) = u0
RGauss

(i2 + j2 + k2)3/2
(15)

RGauss is a random number taken from a Gaussian
distribution.
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Impress your friends
by mentioning

•Dwarf galaxies (abundance/masses?)

•Massive ellipticals (downsizing?)

• Low surface brightness galaxies 

• Bulgeless galaxies

• Better motivated black hole/supernova 
feedback; systematic understanding of how to 
scale these processes with resolution

• Better radiative transfer; magnetic fields; 
cosmic rays; ISM structure



• The correspondence between simulations 
and GR at/beyond second order

• Implementation of relativistic sources 
(e.g. neutrinos, dynamic dark energy etc)

• Implementation of modified gravity

• Explanation of the ‘NFW’ profile

• Explanation/proof for softening 
convergence? (Actually I’m the only person in the world who seems to worry about 
that one, so perhaps don’t bother with it and just point to convergence studies instead.)

Impress your friends
by mentioning



•Use of new architectures e.g. GPUs

• Efficient storage/indexing of large 
output datasets

•Making codes ‘scale’ to next 
generation supercomputers

Impress your friends
by mentioning



Why simulations (or SAMs)?
• You want to see what an observed 

population corresponds to and how 
sensitive it is to different physics;

• You want to see the effect of a specific 
piece of physics on galaxies;

• You want to test toy models against 
something slightly more realistic;

• You want to produce mock datasets 
(extrapolate from known populations to 
something modestly new?)

Don’t be too literal.
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