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QFT on curved space-time

Quantum field theory (QFT) on curved space-time

Semi-classical limit of quantum gravity
Background geometry fixed and classical
Quantum field propagating on this background

Semi-classical Einstein equations

Rµν −
1
2

Rgµν + Λgµν = 8π〈T̂µν〉ren

Renormalized stress-energy tensor 〈T̂µν〉ren
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QFT on curved space-time General strategy

Steps in quantum field theory on curved space-time

1 Classical Lagrangian describing the field

2 Canonical quantization

3 Definition of quantum states
(a) Orthonormal basis of field modes
(b) Choice of positive frequency

4 Physical interpretation of states and observables
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QFT on curved space-time Quantum scalar field

Quantum scalar field Φ

Step 1 - classical Lagrangian
Classical Lagrangian density for a scalar field of mass M

LΦ = ∇µΦ∇µΦ +
(

M2 + ξR
)

Φ2

Klein-Gordon equation[
�−M2 − ξR

]
Φ = 0

Klein-Gordon inner product

(Φ1, Φ2)KG = i
∫

S

[
Φ∗2∇µΦ1 −Φ1∇µΦ∗2

]
dSµ

Involves time derivative of Φ
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QFT on curved space-time Quantum scalar field

Quantum scalar field Φ

Step 2 - canonical quantization
Canonical conjugate momentum

ΠΦ =
δLΦ

δΦ̇
Φ̇ = ∂tΦ

Impose equal-time commutation relations on t = constant[
Φ̂(t, x), Π̂Φ(t, x′)

]
= iδ(x, x′)[

Φ̂(t, x), Φ̂(t, x′)
]
= 0 =

[
Π̂Φ(t, x), Π̂Φ(t, x′)

]
∫

S
δ(x, x′) dS = 1
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QFT on curved space-time Quantum scalar field

Quantum scalar field Φ

Step 3 - definition of quantum states
(a) Choice of time t

Pick a suitable time co-ordinate t
(b) Choice of positive frequency modes φj

Solutions of the Klein-Gordon equation such that

φj ∝ e−iωt ω > 0

(c) Orthonormal basis of field modes
Positive frequency modes φ+

j have positive norm
Negative frequency modes φ−j have negative norm
Complete set of positive and negative frequency
modes

{
φ+

j , φ−j

}
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QFT on curved space-time Quantum scalar field

Quantum scalar field Φ
Step 3 - definition of quantum states

Expand classical field in terms of orthonormal basis

Φ = ∑
j

ajφ
+
j + a†

j φ−j

Promote expansion coefficients to operators âj, â†
j with[

âj, â†
k

]
= δjk

[
âj, âk

]
= 0

[
â†

j , â†
k

]
= 0

âj - particle annihilation operators
â†

j - particle creation operators

Define the vacuum state |0〉:

âj |0〉 = 0
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QFT on curved space-time Quantum scalar field

Choice of time

Choice of ‘time’ co-ordinate
important
Definition of positive frequency
Implications for definition of
vacuum
Not completely unrestricted -
positive frequency modes must have
positive norm
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QFT on curved space-time Quantum fermion field

Quantum fermion field Ψ

Step 1 - classical Lagrangian
Classical Lagrangian density for a fermion field of mass M

LΨ = Ψ
[
iγµ∇µ −M

]
Ψ

Dirac equation [
iγµ∇µ −M

]
Ψ = 0

Dirac inner product

(Ψ1, Ψ2)D =
∫

Ψ1γµΨ2 dSµ

All modes have positive norm, regardless of the choice of positive
frequency
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QFT on curved space-time Quantum fermion field

Quantum fermion field Ψ

Step 2 - canonical quantization
Canonical conjugate momentum

ΠΨ =
δLΨ

δΨ̇
Ψ̇ = ∂tΨ

Impose equal-time anti-commutation relations on t = constant{
Ψ̂(t, x), Π̂Ψ(t, x′)

}
= iδ(x, x′){

Ψ̂(t, x), Ψ̂(t, x′)
}
= 0 =

{
Π̂Ψ(t, x), Π̂Ψ(t, x′)

}
∫

S
δ(x, x′) dS = 1
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QFT on curved space-time Quantum fermion field

Quantum fermion field Ψ

Step 3 - definition of quantum states
(a) Choice of time t

Pick a suitable time co-ordinate t
(b) Choice of positive frequency modes ψj

Solutions of the Dirac equation such that

ψj ∝ e−iωt ω > 0

(c) Orthonormal basis of field modes
Both positive frequency modes ψ+

j and negative
frequency modes ψ−j have positive norm
Complete set of positive and negative frequency
modes

{
ψ+

j , ψ−j

}
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QFT on curved space-time Quantum fermion field

Quantum fermion field Ψ
Step 3 - definition of quantum states

Expand classical field in terms of orthonormal basis

Ψ = ∑
j

bjψ
+
j + c†

j ψ−j

Promote expansion coefficients to operators b̂j, ĉj with{
bj, b†

k

}
= δjk =

{
cj, c†

k

}
b̂j, ĉj - particle annihilation operators
b̂†

j , ĉ†
j - particle creation operators

Define the vacuum state |0〉:

b̂j |0〉 = ĉj |0〉 = 0
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QFT on curved space-time Quantum fermion field

Observables for physical interpretation of states

Massive scalar field Φ
Stress-energy tensor

T̂µν = (1− 2ξ)∇µΦ̂∇νΦ̂ +

(
2ξ − 1

2

)
gµν∇λΦ̂∇λΦ̂− 2ξΦ̂∇µ∇νΦ̂

+2ξgµνΦ̂�Φ̂ + ξ

(
Rµν −

1
2

gµνR
)

Φ̂2 − 1
2

gµν M2Φ̂2

Massive fermion field Ψ
Stress-energy tensor

T̂µν =
i
8

{[
Ψ̂, γµ∇νΨ̂

]
+
[
Ψ̂, γν∇µΨ̂

]
−
[
∇µΨ̂, γνΨ̂

]
−
[
∇νΨ̂, γµΨ̂

]}
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QFT on curved space-time An example

An example in Minkowski space

Minkowski space in cylindrical
co-ordinates

ds2 = −dt2 + dρ2 + ρ2 dϕ2 + dz2

Scalar field modes

φj =
1√

8π2 |ω|
e−iωt+imϕ+ikz Jm(qρ)

Norm of the modes is positive if
ω > 0
Frequency of the modes is positive if
ω > 0
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QFT on curved space-time An example

Rindler space

Rindler co-ordinates

t = egζ sinh (gτ) z = egζ cosh (gτ)

Rindler scalar field modes

φj =
1

2 |ω̃| e
−iω̃τφ̃ (x, y, ζ)

Rindler vacuum
ω̃ > 0 - positive frequency
ω̃ > 0 - positive norm
Rindler vacuum not
equivalent to Minkowski
vacuum

[ Figure taken from Fulling and
Matsas Scholarpedia 9 31789 (2014) ]
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QFT on curved space-time An example

Rotating quantum states on
Minkowski space-time
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Minkowski space-time

Minkowski space in rotating co-ordinates

Minkowski space in cylindrical
co-ordinates

ds2 = −dt2 + dρ2 + ρ2 dϕ2 + dz2

Rotating co-ordinates

t→ t̃, ϕ→ ϕ̃ = ϕ−Ωt

Rotating metric

ds2 = −
(
1− ρ2Ω2) dt̃2 + 2ρ2Ω dt̃ dϕ̃ + dρ2 + ρ2 dϕ̃2 + dz2

Speed of light surface (SOL) when ρ = Ω−1
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Minkowski space-time Quantum scalar field

Scalar field modes

φj =
1√

8π2 |ω|
e−iωt+imϕ+ikz Jm(qρ) =

1√
8π2 |ω|

e−iω̃t̃+imϕ̃+ikz Jm(qρ)

ω̃ = ω−mΩ

Norm of these modes(
φj, φj′

)
KG =

ω

|ω|δ
(

j, j′
)

Frequency of these modes
Corotating Hamiltonian H = i∂t̃ 6= i∂t

Frequency in rotating co-ordinates ω̃
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Minkowski space-time Quantum scalar field

Defining states

Rotating vacuum state

Positive frequency modes φ+
j must have positive norm

We must therefore choose positive frequency modes φj with ω > 0
Negative frequency modes are φ∗j
Expansion of the field

Φ = ∑
m

∫ ∞

M
dω

∫
dk
[

ajφj + a†
j φ∗j

]
Vacuum state |0〉 is then identical to the non-rotating Minkowski
vacuum

[ Letaw and Pfautsch PRD 22 1345 (1980) ]
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Minkowski space-time Quantum scalar field

Defining states
Rotating thermal state

Frequency in rotating co-ordinates ω̃ = ω−mΩ
Energy in rotating thermal expectation values at inverse
temperature β = T−1

〈a†
j aj′〉β =

δ (j, j′)
exp (βω̃)− 1

Modes with ω > 0 but ω̃ < 0
I Limit β→ ∞ is non-zero
I Divergent when ω̃ ∼ 0

Rotating thermal states are ill-defined everywhere

[ Vilenkin PRD 21 2260 (1980) ]

[ Duffy and Ottewill PRD 67 044002 (2003) ]
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Minkowski space-time Quantum scalar field

Defining states with a boundary present

Φ = 0 at reflecting boundary at ρ = R
Field modes

φj =
1√

8π2 |ω|
e−iω̃t̃+imϕ̃+ikz Jm(ηm,nρ/R)

Frequency

ω = ±
√

k2 + η2
m,n/R2 ω̃ = ω−mΩ

If R < Ω−1, by the properties of the zeros of the Bessel functions,
ω̃ > 0 for all ω > 0
In this case rotating thermal states are well-defined

[ Duffy and Ottewill PRD 67 044002 (2003) ]
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Minkowski space-time Quantum fermion field

Fermion field modes

ψj =
1√
8π2

e−iẼt̃+ikz

(
χ

2λE
|E| χ

)

χ =
1√
2

 √
1 + 2λk

p eimϕ̃ Jm(qρ)

2iλ
√

1− 2λk
p ei(m+1)ϕ̃ Jm+1(qρ)


Ẽ = E−Ω

(
m +

1
2

)

Norm of these modes (
ψj, ψj′

)
D = δ

(
j, j′
)

[ Ambrus and EW PLB 734 296 (2014) ]
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Minkowski space-time Quantum fermion field

Rotating vacuum state

Vilenkin quantization [ Vilenkin PRD 21 2260 (1980) ]

Positive frequency E > 0
Positive frequency modes ψj

Negative frequency modes ψ̃j = iγ2ψ∗j
Expansion of the field

ΨV = ∑
m

∫ ∞

M
dE
∫

dk
[
bj:Vψj + c†

j:V ψ̃j

]
Vacuum state |0V〉 is then identical to the non-rotating Minkowski
vacuum
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Minkowski space-time Quantum fermion field

Rotating vacuum state

Iyer quantization [ Iyer PRD 26 1900 (1982) ]

Positive frequency Ẽ > 0
Expansion of the field

ΨI = ∑
m

∫ ∞

Ẽ>0,|E|>M
dE
∫

dk
[
bj:Iψj + c†

j:Iψ̃j

]
Vacuum state |0I〉 is then not the non-rotating Minkowski vacuum

bj:I =

{
bj:V E > 0
i2m+1c†

j′ :V E < 0
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Minkowski space-time Quantum fermion field

Rotating thermal state

Frequency in rotating co-ordinates Ẽ = ω−Ω
(
m + 1

2

)
Energy in rotating thermal expectation values at inverse
temperature β = T−1

〈b†
j bj′〉β = 〈c†

j cj′〉β =
δ (j, j′)

exp
(

βẼ
)
+ 1

Limit β→ ∞ is non-zero for modes with Ẽ < 0
Rule out such modes by using Iyer quantization
Fermi-Dirac density of states factor finite for all Ẽ
Rotating thermal state can be defined on the unbounded
space-time for fermions but not bosons

[ Ambrus and EW PLB 734 296 (2014) ]

Elizabeth Winstanley (Sheffield) Rotating quantum states Sussex, November 2014 27 / 44



Minkowski space-time Quantum fermion field

Rotating thermal state

0.2 0.4 0.6 0.8 1.
ΡW

-3

-2

-1

0

1

2

3

4
ln@TttD

Μ=2,ΒW=2.
Μ=2,ΒW=1.25
Μ=2,ΒW=1.
Μ=2,ΒW=0.8
Μ=0

[ Ambrus and EW PLB 734 296 (2014) ]
Elizabeth Winstanley (Sheffield) Rotating quantum states Sussex, November 2014 28 / 44



Minkowski space-time Quantum fermion field

Rotating quantum states on
anti-de Sitter space-time
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Anti-de Sitter

Anti-de Sitter (adS) space-time

Metric

ds2 = a2 sec2 ρ
[
−dτ2 + dρ2

+ sin2 ρ
(
dθ2 + sin2 θ dϕ2)]

a - radius of curvature of adS

[ Figure taken from Avis, Isham and
Storey, PRD 18 3565 (1978) ]
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Anti-de Sitter

Rotating adS

Rotating co-ordinates

τ → τ̃, ϕ→ ϕ̃ = ϕ−Ωτ

ds2 = a2 sec2 ρ
[
−ε dτ̃2 + dρ2

+2Ω sin2 ρ sin2 θ dτ̃ dϕ̃

+ sin2 ρ
(
dθ2 + sin2 θ dϕ̃2)]

where

ε =
(
1−Ω2 sin2 ρ sin2 θ

)
Speed-of-light surface (SOL) where
ε = 0

[ Ambrus and EW arXiv:1405.2215

[gr-qc] ]
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Anti-de Sitter Quantum scalar field

Scalar field modes

φn`m = Nn`e−iωτ+imϕRn`(ρ)Θ`m(θ) = Nn`e−iω̃τ̃+imϕ̃Rn`(ρ)Θ`m(θ)

Quantum numbers

ω̃ = ω−mΩ ω = 2n + `+ κ

κ =
3
2
+

√
M2a2 + ξRa2 +

9
4
> 0

n ≥ 0 ` ≥ |m| ≥ 0

Norm of these modes

(φn`m, φn′`′m′)KG =
ω

|ω|δnn′δ``′δmm′

Elizabeth Winstanley (Sheffield) Rotating quantum states Sussex, November 2014 32 / 44



Anti-de Sitter Quantum scalar field

Scalar field modes

φn`m = Nn`e−iωτ+imϕRn`(ρ)Θ`m(θ) = Nn`e−iω̃τ̃+imϕ̃Rn`(ρ)Θ`m(θ)

Quantum numbers

ω̃ = ω−mΩ ω = 2n + `+ κ

κ =
3
2
+

√
M2a2 + ξRa2 +

9
4
> 0

n ≥ 0 ` ≥ |m| ≥ 0

Norm of these modes

(φn`m, φn′`′m′)KG =
ω

|ω|δnn′δ``′δmm′

Elizabeth Winstanley (Sheffield) Rotating quantum states Sussex, November 2014 32 / 44



Anti-de Sitter Quantum scalar field
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Anti-de Sitter Quantum scalar field

Defining states

Rotating vacuum state

Positive frequency modes φ+
n`m must have positive norm

We must therefore choose positive frequency modes φn`m with
ω > 0
Negative frequency modes are φ∗n`m

Expansion of the field

Φ = ∑
n

∑
`

∑
m

[
an`mφn`m + a†

n`mφ∗n`m

]
Vacuum state |0〉 is then identical to the non-rotating anti-de Sitter
vacuum

[ Kent and EW arXiv:1410.3215 [gr-qc] ]

Elizabeth Winstanley (Sheffield) Rotating quantum states Sussex, November 2014 33 / 44



Anti-de Sitter Quantum scalar field

Defining states
Rotating thermal state

Frequency in rotating co-ordinates ω̃ = ω−mΩ
Energy in rotating thermal expectation values at inverse
temperature β = T−1

〈a†
j aj′〉β =

δ (j, j′)
exp (βω̃)− 1

From the properties of the quantum numbers

ω = κ + 2n + ` ≥ κ + 2n + |m| > |m|

⇒ ω̃ ≥ |m| −mΩ > 0 if Ω < 1

If Ω < 1 rotating thermal states will be well-defined
If Ω < 1 there is no speed-of-light surface
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Anti-de Sitter Quantum fermion field

Fermion field modes

ψE`m = e−iẼτ̃χE`m(ρ, θ, ϕ̃)

Quantum numbers

Ẽ = E−mΩ E = Ma + 2n + `+ 2

n ≥ 0 ` ≥ |m| ≥ 0

Norm of these modes

(ψE`m, ψE′`′m′)D = δ``′δmm′δ
(
E, E′

)

[ Cotaescu PRD 60 124006 (1999)]
[ Ambrus and EW arXiv:1405.2215 [gr-qc] ]
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Anti-de Sitter Quantum fermion field

Defining states
Rotating vacuum state

All fermion modes have positive norm
Non-rotating vacuum state arises from choosing E > 0 to be
positive frequency
Rotating vacuum state arises from choosing Ẽ > 0 to be positive
frequency
From the properties of the quantum numbers

E = Ma + 2n + `+ 2 ≥ Ma + 2n + |m|+ 2 > |m|

⇒ Ẽ > |m| −mΩ ≥ 0 if Ω ≤ 1

If Ω ≤ 1, the rotating vacuum coincides with the non-rotating
vacuum
If Ω > 1 the rotating and non-rotating vacua are different
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Anti-de Sitter Quantum fermion field

Rotating thermal state

Frequency in rotating co-ordinates Ẽ = E−mΩ
Energy in rotating thermal expectation values at inverse
temperature β = T−1

〈b†
j bj′〉β = 〈c†

j cj′〉β =
δ (j, j′)

exp
(

βẼ
)
+ 1

Limit β→ ∞ is non-zero for modes with Ẽ < 0
Rule out such modes by using rotating vacuum
Fermi-Dirac density of states factor finite for all Ẽ
Rotating thermal state can be defined on the unbounded
space-time for all Ω

[ Ambrus and EW, arXiv:1405.2215 [gr-qc] ]
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Anti-de Sitter Quantum fermion field

Rotating thermal state

[ Ambrus and EW arXiv:1405.2215 [gr-qc] ]
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Anti-de Sitter Quantum fermion field

Rotating thermal state
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Anti-de Sitter Quantum fermion field

Rotating thermal state

[ Ambrus and EW arXiv:1405.2215 [gr-qc] ]
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Conclusions

Conclusions
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Conclusions

Minkowski space

Scalars
Positive frequency modes must have positive norm
Rotating vacuum is the same as the Minkowski vacuum
Rotating thermal states cannot be defined unless the system is
enclosed in a boundary sufficiently close to the axis of rotation

Fermions
All modes have positive norm
Two possible rotating vacua: Vilenkin and Iyer
Rotating thermal states can be defined on the unbounded
space-time using the Iyer quantization
Rotating thermal states diverge on the speed-of-light surface
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Rotating vacuum is the same as the Minkowski vacuum
Rotating thermal states cannot be defined unless the system is
enclosed in a boundary sufficiently close to the axis of rotation

Fermions
All modes have positive norm
Two possible rotating vacua: Vilenkin and Iyer
Rotating thermal states can be defined on the unbounded
space-time using the Iyer quantization
Rotating thermal states diverge on the speed-of-light surface
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Conclusions

Anti-de Sitter space

Scalars
Rotating vacuum is identical to the non-rotating vacuum
If Ω < 1, positive norm modes have positive frequency as seen by
the rotating observer
Rotating thermal states well-defined in this case

Fermions
If Ω ≤ 1, rotating vacuum is identical to the non-rotating vacuum
If Ω > 1, rotating vacuum is distinct from the non-rotating
vacuum
For all Ω rotating thermal states can be defined
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Conclusions

Conclusions
Key points

Fermions and bosons are different when it comes to defining
quantum states
Much more freedom in definition of fermionic quantum states
Can define quantum states for fermions which have no analogue
for bosons

Implications
Considerations apply to general curved space-times
No rotating thermal state exists on a Kerr black hole for bosonic
fields
A rotating thermal state can be defined for fermions on a Kerr
black hole

[ Casals et al PRD 87 064027 (2013) ]
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