Symmetry in Particle Physics, Problem Sheet 7 [SOLUTIONS]

1. Consider a massless Dirac spinor ¢ with Lagrangian density £ = ub’y“@u@/), and the
global axial transformation

= =Q500) 0,

where the axial transformation is defined via

Q5(0) = exp(—iy°0)

with transformation parameter 6.

(a) Use the Weyl representation for v* and 7° to compute 5 explicitly. Recall that

the exponential of a matrix is defined via its series expansion.

In the series expansion of Qs(0), we separate even and odd powers of 7°, as
follows:

00 92n © 92n+1
Z Z 5)2n+1 )
2n 2n +1)!
n=0 =0
Since (v°)? = 1, we obtain
oo 9277, 02n+1
:Z 52 2n+1 = cosf —isinf~° .

n=0

Inserting the explicit Weyl representation of the matrix ~v5 we get
[ cosf +isind 0 - e? 0
25(0) = < 0 cos@—isin@) a ( 0 e > '

Compute the transformation law for ). Then, write the transformation in in-
finitesimal form and show that it is a symmetry of the Lagrangian.

The transformation law for 1 is given by

B = (Q5(0)1)17" = ¥ (25(60))7" = 17°(cos B+ sin 67°)7° = th(cos —isinf77)
The axial transformation in infinitesimal form is
Y=Y+ oy, 0 = —ify"1),
b b0, 0P = =iy’
Substituting into the Lagrangian we get
L= iy 0+ 007" 7" 0,0 + 9" 7" 0u))
=19 0 + 0 {77} 0u) = i ).

=9 Q5(0).



(c¢) Show that the corresponding conserved Noether current is given by

T =09y,
The Noether current is given by

oL 096 - _
Jg = —a(am)a_;b = (i) (=" ) =o'y .

2. Consider a four-component Dirac spinor v = ¢ + ¥ with left- and right-handed
components

vi= -, dr= (14N,

with 7% = i7%y' 4% 4*, and define ¢ = ¢17".

(a) Under a global chiral symmetry transformation with real parameter «, left- and

()

right-handed fermion fields transform as

Yr — €“Yr, v — e Yy

Write down the transformation law for 1, and vg. From direct inspection
Y =Vk" = dre .

Stmilarly B o
Ur =0 = e

Show that the Dirac mass term

Lp=mp (Vrtr + VL R)

is not invariant under chiral symmetry.
From direct inspection
VR — e P YryyL,
and
bR — € P Yg,
therefore a Dirac mass term is not invariant under chiral transformations.

Consider a complex scalar field ¢ which under chiral symmetry transforms as

¢ SN 6721'(1¢.



Write down the transformation law for ¢* and show that the interaction term

Ling = N ¥r p + ¢* Yr 1)

between the scalar and the fermions is invariant under chiral symmetry.
The transformation law for ¢* is

¢ — ¥
Using this result we find
UL bR — MO YR = PPL YR,
and

O Yrtpp = e Ypipr = ¢ Urty,

Hence the interaction term is invariant.

3. Consider the Lagrangian
_ 1 1 _
L = 107000+ 5(0,0)(0%0) + 5(0,m) (0"m) — g0 + im7 ") = V(0> + %),
where o(z) and 7(x) are two real scalar fields, ¥)(z) is a Dirac spinor field, 1) = 1140,
g is a constant, and V (02 +7?) means that the potential depends on this combination

of fields.

(a) Compute the classical equations of motion for the fields o (z), (), ¥(x), ¥ ().
The equations of motions are obtained from the Fuler-Lagrange equations

0£ 8/3_ - 1y 2 2\
MW—%—DU+Q¢¢+2O’V(O‘ +7°) =0,
oL 8/3_ . T § 1 2 2\ __
MW—E—DW+19@M¢+%V(U +77) =0,
oL oL
Oy — o= = —" O + g(o +im° )Y =0,
“O(0,) O i+ ol )
oL oL

o - - . 5\
@La(a—m—%—z@uwv“—%gw(a—l—mv)—O,

(b) Consider the infinitesimal chiral transformation ¥ — ¢ + 0¢, 0 — o + do, 7 —
T+ 07, where

S =1iBy’y, o =207, om = —200.



and [ is the parameter of the transformation. Check with an explicit calculation
that the Lagrangian is invariant under the above infinitesimal transformation.
Taking the hermitian conjugate of 01 we find v — 1 + 61, where

0p = (09)19" = (=ipyTy° )7’ = ifyy°.
We then have

5L = iU ) + iy 0,80 + (9,00)(8"0) + (0,67)(9")
— g [60(0 +imy°) Y + (o + iny°) 0 + Y (60 + idmy° )] — 2(0d0 + mwom) V! (0 + 77)

=i {1°.9"} v +28 | (0,m)(9"0) — (0,0)(")
——

(.

~
=0 =0

— 298 |Y(ioy® — m)Y + (7 —ioy° ) | —4B(om — wa)V'(0* +7%) = 0.

N J/

~
=0 =0

(c) Compute the Noether current J* associated with the infinitesimal transforma-
tion of part (b), and show that it is conserved.

u_ 0L 9%y 0L D6 L 0L %o OL Oir
~0(0u) 08 0(0u)) 98 A(Duo) 9B 9(Dum) I
= — P01 + 2[(0F0)m — (0o .

Let us check that the current is indeed conserved:
A" = =(00)7" 7Y + Py (0,) + 2 [(Do)m — (Om)o] .
Now we impose the equations of motions, and obtain

OpJ" = —igi(o +imy°)y" — ign° (o +imy* ) + 2 [~ (g + 20V" )1 + (igyy* ¥ + 27V")o]
= 299(m — 07" )¢ — 2g9(m —ioy’ )Y = 0.

4. Consider two Dirac spinor fields ¥;(x) (i = 1,2), and three real scalar fields ¢,(z)
(a = 1,2,3), with the Lagrangian

(0a)ij
2

- - 1 -
L = ipiy"Oputhi — mibih; + 5(@%)@”%) — V(¢ata) — gt ViPa
where 7# (u = 0,1,2,3) are the four-by-four matrices satisfying {v", 4"} = 201
with n* = diag(l,—1,—1,—1), and ¢; = Q/J;L’}/O. Also, m is a real parameter, the
potential V(¢,¢,) is a function of the combination ¢,¢, = ¢3 + @3+ ¢3, and o1, 09, 03
are the three Pauli matrices.



(a) Show that the Lagrangian £ is invariant under the infinitesimal transformation

(04a)ij
2

wiht €4 the totally antisymmetric symbol in three dimensions, with €93 = +1.

wi — wz - iaa r(/)j ) ¢a — ¢a + 6abcov/b(écv

We first compute the transformation of 1):

(Ua)j'i
—

T
vl - (wi —iag (“‘;)"wj) =yl +iauy]

Since (0,)" = 0,, we obtain
(0a)ji
5

The invariance f the kinetic and mass terms for the fermionic fields relies on
the invariance of V;);. Neglecting quadratic terms in oy, we have

@Ezd]z — (1@5” + Z'leia/a (Ua)ij) (wj —iay, (UaQ)jk ¢k)

2
(0a)ij (04)ij
2

2

Similarly, the invariance of the kinetic and potential terms for the scalar fields
relies on the invariance of Qu@,:

¢a¢a — (¢a + Eabcab¢c) (¢a + Eadead¢e)
= ¢a¢a + 2€abcab¢a¢c = ¢a¢a .

Last, the interaction term:

@Ei%&i_’_iaa@/}j

V; =Y .

~ ity — i

¢j + Zl,&iaa

~ 1) (U;)Zj Vo + iy, [%7 %] ; (CHOMES Ui <U;)ij Vj€acdtcPd
—_——
=i€pac (Uc)z‘j/2

- QZZ (J;)ij wjgzsa + 'l;z (_ (J;)ij 6cziaOéchd + (o-(;)ij Gacdac¢d) %’ = 1/_11 (U;)ij'

(b) Compute the Noether currents associated to the global symmetry defined in
part (a).
We have three Noether currents J! associated to SU(2), defined as

e _OL 0% 0L 080, 9L 954,
© T 00,hi) 0oy (0uthi) Oa | O Opihy) Oty




Since OL]0(d,0;) = 0 we can consider only the infinitesimal variation of 1; and
Oa, which gives

9oy

85¢1 o —’L( a)
ooy,

g ij
Doy, 2 Vi

- 6bac(bc .

Inserting this information in the definition of the conserved current, we obtain

‘]f; = wﬁu%%’ - ‘Eabc(au(bb)(bc-



