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1. Consider a scalar quantum field φ(x). Show that

〈0|φ(x)|~p〉 = e−ip·x〈0|φ(0)|~p〉 .

Then show that, if we perform a Lorentz transformation Λ,

〈0|φ(0)|~p〉 = 〈0|φ(0)|Λ~p〉 .

2. Consider the function

∆(x−y, µ2) = −i
∫

d4q

(2π)3
(
e−iq·(x−y) − eiq·(x−y)

)
Θ(q0)δ(q2 − µ2) .

Show that

(a) (� + µ2)∆(x, µ2) = 0;

(b) ∆(Λx, µ2) = ∆(x, µ2) if Λ ∈ L↑+;

(c) ∆(−x, µ2) = −∆(x, µ2);

(d) ∆(x, µ2) is a function of x2 and ε(x0) only;

(e) ∂
∂x0 ∆(x− y, µ2)|x0=y0 = −δ3(~x− ~y);

(f) ∆(x, µ2) = 0 if x2 < 0.

3. Consider the annihilation operator a(~p), acting as follows

a(~p)|0〉 = 0 , a(~p)|~p′〉 = (2π)32E~pδ
3(~p− ~p′) .

Show that a†(~p)|0〉 = |~p〉.
Hint. The vector a†(~p)|0〉 can be written as the following superposition

a†(~p)|0〉 = c0|0〉+

∫
d3~p′

(2π)32E~p′
c1(~p

′)|~p′〉+

∫
d3~p′1

(2π)32E~p′1

d3~p′2
(2π)32E~p′2

c2(~p
′
1, ~p
′
2)|~p′〉+ . . .

4. Let φ(x) be a hermitian scalar quantum field, given by

φ(x) =

∫
d3~p

(2π)32E~p

(
e−ip·xa(~p) + eip·xa†(~p)

)
.

Show that imposing the commutation rules

[a(~p), a(~p′)] = [a†(~p), a†(~p′)] = 0 , [a(~p), a†(~p′)] = (2π)32E~pδ
3(~p− ~p′) ,

gives [φ(x), φ(y)] = 0 for (x− y)2 < 0.
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