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1. Consider operators or matrices A and B which obey [A,B] = 1.

(a) Show that eaAB e−aA = B+ a for a some real or complex number. Hint. Recall
that, if we define

f(A) ≡
∞∑
n=0

fnA
n , f ′(A) ≡

∞∑
n=0

nfnA
n−1 ,

we have
[f(A), B] = f ′(A)[A,B] ,

(b) Use the result above to show that eaA f(B) e−aA = f(B + a) for functions f(x)
which are Taylor-expandable.

(c) Show that a representation of the above algebra in terms of operators acting on
smooth functions g(x) is given by

(Ag)(x) =
dg

dx
, (Bg)(x) = x g(x) ,

i.e. A = d/dx and B = x. Show then that d/dx is the infinitesimal generator
for translations for any multiplication operator f(x), i.e.

exp

(
a
d

dx

)
f(x) exp

(
−a d

dx

)
= f(x+ a) .

2. Consider the a generic representation of the Poincaré group, with generators Jµν and
Pµ. Define the two operators

P 2 ≡ PµP
µ , Wµ =

1

2
εµνρσ P

ν Jρσ .

Using the commutation rules of the Lie algebra of the Poincaré group, show that P 2

and W 2 ≡ WµW
µ commute with all the generators of the Poincaré group.

3. Let Ω(Λ, a) be a Poincaré transformation, in an arbitrary representation with gener-
ators Jµν and Pµ. Show that

Ω(Λ, a)Jµν Ω−1(Λ, a) = Λρ
µΛσ

ν (Jρσ − aρPσ + aσPρ) ,

Ω(Λ, a)Pµ Ω−1(Λ, a) = Λρ
µPρ .

Hint. Consider the product Ω(Λ, a) Ω(Λ̄, ε) Ω−1(Λ, a), where Ω(Λ̄, ε) is an infinitesimal
Poincaré transformation.
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4. Consider the operators

Mµν = −i(xµ∂ν − xν∂µ) , Pµ = −i∂µ ,

acting on smooth functions f(x). Note that [xµ, Pν ] = iηµν .

(a) Show that [Pµ, Pν ] = 0. Hence show that the Pauli-Ljubanski vector Wµ =
1
2
εµνρσ P

νMρσ = 0 vanishes in this representation, i.e. Wµ = 0.

(b) Compute the remaining commutators [Mµν ,Mτσ], [Mµν , Pρ] and [Pµ, Pν ] and
compare the result with the definition of the Poincaré algebra given in the
lectures. Conclude that Mµν and Pν give a representation thereof.
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