Symmetry in Particle Physics, Problem Sheet 4 [SOLUTIONS]

1. Consider operators or matrices A and B which obey [A, B] = 1.

(a) Show that e Be=* = B+ a for a some real or complex number. Hint. Recall
that, if we define

FAY =D A" (A=) nf A
n=0 n=0

we have

[f(A), B] = f'(A4)[A, B],
From a direct computation, and using the hint, we find

eaA BG_aA — B eaA e—aA+ [BQLA7 B} e—aA — B ta.
— ——
=1 =a el [A,B]

(b) Use the result above to show that e** f(B)e % = f(B + a) for functions f(x)
which are Taylor-expandable.

Given the Taylor expansion of f(B)
f(B)=>_fuB",
n=0

what we need to show is that, for every n, we have
eaA B" efaA — (B _'_a)n ]

We can just insert in each factor of the above product a unit matriz as e~ ¢4

to get
eaA B" efaA — (eaABefaA)” — (B + a)n ]

(c) Show that a representation of the above algebra in terms of operators acting on
smooth functions g(x) is given by

(Ag)@) =L (Bo)a) =2 g(x).

i.e. A=d/dx and B = x. Show then that d/dz is the infinitesimal generator
for translations for any multiplication operator f(z), i.e.

oo (5.2 sy (L) = s
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First of all, we show that [A, B] = 1. In fact, for each smooth function g(x) we
have

] o) = fLg(e) o5 = g() = 1-gla).

The desired identity follows from the application of the result of part (b).

2. Consider the a generic representation of the Poincaré group, with generators J,, and
P,. Define the two operators

1
PP= PP, Wi = e PP T

Using the commutation rules of the Lie algebra of the Poincaré group, show that P2
and W? = W,W# commute with all the generators of the Poincaré group.

Let us consider P? first. Since [P, P,] =0, then also [P, P,] = 0. For the commu-
tator with J,, we have
[PQv JMV] - Pp[Ppa J/w] + [va JW]PP
= —iPp(nZPu — 0y P) — i P — ML) PP = =2i[F,, P} = 0.
We now consider W2. First, we observe that
1 v loa
W, P = §ewp0P [JP7, P.].

But this is zero, because [J*7, P.] is proportional either to P, or P,, and the multipli-
cation of either with P” gives zero, once it is contracted with €,,,,. Therefore, also
(W2 P.] =0.

3. Let Q(A, a) be a Poincaré transformation, in an arbitrary representation with gener-
ators J,, and P,. Show that

QA a)d Q_l(A, a) = A”“A"V (Jpo —apPy 4+ a,P,) ,
Q(A,a)P, QYA a) = AP P,.

Hint. Consider the product Q(A, a) Q(A, €) Q71(A, a), where Q(A, €) is an infinitesimal
Poincaré transformation.

From the multiplication rules of the Poincaré group:

QA a) QA e) Q1 (A a) = QA a) QA ) QA —A " a)
=Q(A,a) QAN e — AN a)
= QAAT  Ae+ A1 = A)A ).

Since Q(A, €) is infinitesimal we have
nu

Moy =1+, = QA6 =1+ %w‘“’JW +ic'P, .
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This gives
Q(A, a) (11 + %wuw —l—ie”PH) QYA ),
and
QAAA Ae + A1 — M)A a) = QAL +w)A™, Ae — AwAa)

=1+ - (AwA "™ ], +i(Ae — AwA"'a)"P, .

N =

Comparing the terms containing w and € in the two expansions, we get

W QA a) T, QA a) = (AwA™Y T, — 2(AwA ™ a) P,
QA a) P, (A, a) = (Ae)"P,.

We deal first with the second of these equations:

(A, a) P, (A a) = (A)* P, = N, é"P, = Q(A,a) P,Q 7 (A,a) = A", P, .

. Consider the operators
M,, = —i(z,0, — 2,0,), P,=—i0,,
acting on smooth functions f(z). Note that [z,, P,] = i1,

(a) Show that [P,, P,] = 0. Hence show that the Pauli-Ljubanski vector W, =
%EWW P” M?? = 0 vanishes in this representation, i.e. W, = 0.

Two derivatives always commute, hence [P,, P,] = 0. Then, we observe that
M, =z,P,—x,P,.
This gives

1 1
Wi = o P M = €y (~P'a” P + PV P'af)

= €upwol’ [P, P°| + €4 | P”, P*|2° .

But this is zero because P, commute.

(b) Compute the remaining commutators [M,,, M,,], (M., P, and [P,, P,] and
compare the result with the definition of the Poincaré algebra given in the
lectures. Conclude that M, and P, give a representation thereof.

From a direct computation

[Muua Pp] = [xm Pp]Pu — |2y, Pp]Pu = i(nuppu - nupPu> .



Stmilarly
[Muzu xp] = i(nupxu - 7]up£#) :

Therefore, using the fundamental properties of the commutator, we get
[Muw xTPU] - [M/uu IT]PU+'TT[M}LV7 Pa] = i(n,u,T‘T’.l/_T]VTI[L)PO'—'—Z.'IT(nuUPV_T/VO'-PM) .
This gives

[M/W? M ] [ vy Ut U] - [le? ]JUPT]

i(Nurty — Nury) Po + 2 (Mo Py — Moo FPy)
(n;wxv Nvolp) Pr — 126 (Mur Py — 107 Py)
= i(Npr Myo — Mor Mo + Mo Myr — 0o Mz

which are the commutation rules for the generators of the Lorentz group.



