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1. Consider the following Lagrangian for a real scalar field φ and a Dirac spinor ψ:

L =
1

2
(∂µφ)(∂µφ)− V (φ) + iψ̄γµ∂µψ − gφψ̄ψ , V (φ) ≡ 1

2
µ2φ2 +

λ

4
φ4 , λ > 0 ,

(a) Show that the Lagrangian is invariant under the transformation

φ→ −φ , ψ → iγ5ψ .

(b) Ground state configurations for a scalar field are those who have the minimun
energy. As such, they have no kinetic energy and minimise the potential. Find
the ground state configurations φ0 for µ2 ≥ 0. What particles (spin and masses)
does the Lagrangian describe?

Assume that µ2 < 0 and show that the ground state configurations obey

φ0 = ±v , with v ≡
√
−m

2

λ
.

Expand the scalar field φ around the vacuum configuration v as follows:

φ(x) = v + h(x) ,

where h(x) is a new scalar field. Rewrite the Lagrangian in terms of h(x). What
particles (spin and masses) does the theory describe in this case?

2. Consider the following Lagrangian for a complex scalar field φ and a Dirac field ψ:

L = iψ̄γµ∂µψ + ∂µφ
∗∂µφ− V (φ∗φ)− g(φ ψ̄R ψL + φ∗ ψ̄L ψR) ,

where ψL and ψR are the left- and right-handed components of ψ, defined by

ψL =
1

2
(1− γ5)ψ , ψR =

1

2
(1 + γ5)ψ ,

and

V (φ∗φ) = µ2φ∗φ+
λ

2
(φ∗φ)2

with λ > 0. The above Lagrangian is invariant under the global chiral transformation

ψR → eiαψR , ψL → e−iαψL , φ→ e2iαφ

(a) Consider the case µ2 ≥ 0. Show that the ground state of the theory corresponds
to the field configuration φ = 0. What particles (masses and spin) does this
theory describe?
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(b) Consider now the case µ2 < 0. What are the field configurations corresponding
to the ground state?

(c) What particles (spin and masses) does the theory describe in the case µ2 < 0?

Hint. Write vacuum configurations φ0 in the form φ0 = eiα0v, with v ≥ 0.
Choose one of them, and expand the field around φ0, as follows

φ(x) =
eiα0

√
2

(v + h(x) + iχ(x)) .
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