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Outline

• Utra-Light scalar Dark Matter (ULDM) 

• Attractive self-interactions 

• Oscillon biography 

• Observational legacy



What we see

Visible structures in the 
Universe arise as 

gravitational bound states



What we see

r~10 - 100 km



What we see

r~103 - 104   km



What we see

r~1010 km~10-3 pc



What we see

r~102 pc -10 kpc



What we do not see/know
• What is the typical length/mass scale of Dark 

Matter (DM)? 

• Does DM form bound states?  

• Does DM experience dark forces (i.e. not gravity)?

m

10�15 ÷ 108M�

PBHs

10�22 eV

ULDM  WIMPs

102 GeV10�6 eV

 QCD axion ….………..



Small (scale) troubles
• Cold Dark Matter (CDM) paradigm works very well 

on cosmological scales (CMB, LSS, Lyman-𝜶). 

• On sub-galactic scales, N-body CDM simulations 
produce cusps, whereas observations show 
smooth cores. 

• Maybe simple pressureless CDM is not the whole 
story.
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Ultra-Light scalar Dark 
Matter (ULDM)

• Particle de Broglie wavelength 

• Galactic-core size for 

�dB ⇡ 190 pc

✓
100 km/s

v

◆✓
10�22 eV

m

◆

m ⇠ 10�21 eV÷ 10�22 eV

Fuzzy Dark Matter! Hu, Barkana, Gruzinov ’00/…/ 
                                                         Hui, Ostriker, Tremaine Witten ‘16 



Pros of ULDM



Figure 1: Comparison of cosmological large-scale structures formed by standard CDM and by wave-
like dark matter, ψDM. Panel (a) shows the structure created by evolving a single coherent wave function
for ΛψDM calculated on AMR grids. Panel (b) is the structure simulated with a standard ΛCDM N-body
code GADGET-212 for the same cosmological parameters, with the high-k modes of the linear power spec-
trum intentionally suppressed in a way similar to the ψDMmodel to highlight the comparison of large-scale
features. This comparison clearly demonstrates that the large scale distribution of filaments and voids is in-
distinguishable between these two completely different calculations, as desired given the success of ΛCDM
in describing the observed large scale structure. ψDM arises from the low momentum state of the conden-
sate so that it is equivalent to collisionless CDM well above the Jeans scale.

CDM, including the surprising uniformity of their
central masses,M(< 300 pc)≃ 107 M⊙, and shallow
density profiles1–4. In contrast, galaxies predicted by
CDM extend to much lower masses, well below the
observed dwarf galaxies, with steeper, singular mass
profiles5–7. Adjustments to standard CDM address-
ing these difficulties consider particle collisions16, or
warm dark matter (WDM)17. WDM can be tuned to
suppress small scale structures, but does not provide
large enough flat cores18, 19. Collisional CDM can
be adjusted to generate flat cores, but cannot sup-
press low mass galaxies without resorting to other
baryonic physics20. Better agreement is expected
for ψDM because the uncertainty principle coun-
ters gravity below a Jeans scale, simultaneously sup-
pressing small scale structures and limiting the cen-
tral density of collapsed haloes8, 9.

Detailed examination of structure formation
with ψDM is therefore highly desirable, but, un-
like the extensive N-body investigation of standard

CDM, no sufficiently high resolution simulations of
ψDM have been attempted. The wave mechanics
of ψDM can be described by Schrödinger’s equa-
tion, coupled to gravity via Poisson’s equation13
with negligible microscopic self-interaction. The dy-
namics here differs from collisionless particle CDM
by a new form of stress tensor from quantum un-
certainty, giving rise to a comoving Jeans length,
λJ ∝ (1+ z)1/4m−1/2

B , during the matter-dominated
epoch15. The insensitivity of λJ to redshift, z, gener-
ates a sharp cutoff mass below which structures are
suppressed. Cosmological simulations in this con-
text turn out to be much more challenging than stan-
dard N-body simulations as the highest frequency
oscillations, ω , given approximately by the matter
wave dispersion relation, ω ∝ m−1

B λ−2, occur on the
smallest scales, requiring very fine temporal resolu-
tion even for moderate spatial resolution (see Sup-
plementary Fig. S1). In this work, we optimise
an adaptive-mesh-refinement (AMR) scheme, with
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Indistinguishable from CDM on cosmological scales
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Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.

graphic processing unit acceleration, improving per-
formance by almost two orders of magnitude21 (see
Supplementary Section 1 for details).

Fig. 1 demonstrates that despite the completely
different calculations employed, the pattern of fil-
aments and voids generated by a conventional N-
body particle ΛCDM simulation is remarkably in-
distinguishable from the wavelike ΛψDM for the
same linear power spectrum (see Supplementary Fig.
S2). Here Λ represents the cosmological constant.
This agreement is desirable given the success of stan-
dard ΛCDM in describing the statistics of large scale
structure. To examine the wave nature that distin-
guishes ψDM from CDM on small scales, we res-
imulate with a very high maximum resolution of
60 pc for a 2 Mpc comoving box, so that the dens-
est objects formed of " 300 pc size are well re-
solved with ∼ 103 grids. A slice through this box
is shown in Fig. 2, revealing fine interference fringes
defining long filaments, with tangential fringes near

the boundaries of virialized objects, where the de
Broglie wavelengths depend on the local velocity of
matter. An unexpected feature of our ψDM simula-
tions is the generation of prominent dense coherent
standing waves of dark matter in the center of every
gravitational bound object, forming a flat core with
a sharp boundary (Figs. 2 and 3). These dark matter
cores grow as material is accreted and are surrounded
by virialized haloes of material with fine-scale, large-
amplitude cellular interference, which continuously
fluctuates in density and velocity generating quan-
tum and turbulent pressure support against gravity.

The central density profiles of all our collapsed
cores fit well with the stable soliton solution of the
Schrödinger-Poisson equation, as shown in Fig. 3
(see also Supplementary Section 2 and Fig. S3). On
the other hand, except for the lightest halo which
has just formed and is not yet virialized, the outer
profiles of other haloes possess a steepening loga-
rithmic slope, similar to the Navarro-Frenk-White

3
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Develops cores on sub galactic scales!
Figure 3: Radial density profiles of haloes formed
in the ψDMmodel. Dashed lines with various sym-
bols show six examples of the halo profiles normal-
ized to the cosmic mean density. All haloes are found
to possess a distinct inner core fitted extremely well
by the soliton solution (solid lines). A detailed soli-
ton fit for the largest halo is inset, where the error is
the root-mean-square scatter of density in each radial
bin. An NFW profile representing standard CDM is
also shown for comparison (black dot-dashed line,
with a very large scale radius of 10 kpc), which
fits well the profiles outside the cores. The yellow
hatched area indicates the ρ300 of the dSph satellites
around Milky Way2, 22, which is consistent with the
majority of galaxy haloes formed in the ψDM simu-
lations.

(NFW) profile23 of standard CDM. These solitonic
cores, which are gravitationally self-bound and ap-
pear as additional mass clumps superposed on the
NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM which trun-
cate the NFW cuspy inner profile at lower values and
require an external halo for confinement. The ra-
dius of the soliton scales inversely with mass, such
that the widest cores are the least massive and are
hosted by the least massive galaxies. Eighty per-
cent of the haloes in the simulation have an aver-
age density within 300 pc (defined as ρ300) in the
range 5.3× 10−3 − 6.1× 10−1 M⊙/pc3, consistent
with Milky Way satellites2, 22, and objects like these

are resilient to close interaction with massive galax-
ies. By contrast, the very lowest mass objects in our
simulation have ρ300 ∼ 4.0×10−4 M⊙/pc3, but exist
only briefly as they are vulnerable to tidal disruption
by large galaxies in our simulations.

The prominent solitonic cores uncovered in our
simulations provide an opportunity to estimate the
boson mass, mB, by comparison with observations,
particularly for dSph galaxies where dark matter
dominates. The local Fornax dSph galaxy is the best
studied case with thousands of stellar velocity mea-
surements, allowing a detailed comparison with our
soliton mass profile. We perform a Jeans analysis for
the dominant intermediate metallicity stellar popula-
tion, which exhibits a nearly uniform projected ve-
locity dispersion (σ||)24. We simultaneously repro-
duce well the radial distribution of the stars24 (Fig.
4a) and their velocity dispersion with negligible ve-
locity anisotropy, with mB = (8.1+1.6−1.7)× 10

−23 eV
and core radius rc = 0.92+0.15−0.11 kpc (see Supplemen-
tary Fig. S4). The corresponding core mass M(r ≤
rc) is≃ 9.1×107 M⊙, which is hosted by a halo with
virial mass ≃ 4× 109M⊙ in the simulations. These
results are similar to other estimates for Fornax4, 25, 26
(Fig. 4b) and consistent with other dSph galaxies
derived by a variety of means3, 25, 27 (see Supplemen-
tary Section 3 for details).

For more massive galaxies, the solitons we pre-
dict are denser and more massive, scaling approxi-
mately as Ms ∝∼M1/3

gal . So for the Milky Way (MW),
adopting a total mass of Mgal = 1012 M⊙, we ex-
pect a soliton of Ms ≃ 2× 109 M⊙, with core radius
≃ 180 pc and a potential depth corresponding to a
line-of-sight velocity dispersion σ|| ≃ 115 km/s for
test particles satisfying the virial condition with the
soliton potential. At face value this seems consis-
tent with the MW bulge velocity dispersion where a
distinctive flat peak is observed at a level of σ|| ≃
110 km/s within a projected radius ∼ 200 pc29–31.
Such cores clearly have implications for the cre-
ation of spheroids acting as an essential seed for
the prompt attraction of gas within a deepened po-
tential. Indeed, bulge stars with [Fe/H] > −1.0
are firmly established as a uniformly old population
that formed rapidly31, 32, a conclusion that standard
ΛCDM struggles to explain via extended accretion
and merging31. The implications for early spheroid
formation and compact nuclear objects in general
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Solitonic Cores
3

with complex field  that varies slowly in space and time,
such that |r | ⌧ m| | and | ̇| ⌧ m| |. The field  

satisfies the Schroedinger-Poisson (SP) equations [32]

i@t = �
1

2m
r

2
 + m� , (3)

r
2� = 4⇡G| |

2
. (4)

We look for a quasi-stationary phase-coherent solution,
described by the ansatz3

 (x, t) =

✓
mMpl
p

4⇡

◆
e
�i�mt

�(x). (5)

The ULDM mass density is

⇢ =
(mMpl)

2

4⇡
�

2 (6)

⇡ 4.1 ⇥ 1014
⇣

m

10�22 eV

⌘2
�

2 M�/pc3
.

The parameter � is proportional to the ULDM energy per
unit mass. Validity of the non-relativistic regime requires
|�| ⌧ 1. Since we are looking for gravitationally bound
configurations, � < 0.

Assuming spherical symmetry and defining r = mx,
the SP equations for � and � are given by

@
2
r

(r�) = 2r (� � �)�, (7)

@
2
r

(r�) = r�
2
. (8)

Finding the ground state solution amounts to solving
Eqs. (7-8) subject to �(r ! 0) = const, �(r ! 1) = 0,
with no nodes. Given the boundary value of � at r ! 0,
the solution is found for a unique value of �.

It is convenient to first solve Eqs. (7-8) with the bound-
ary condition �(0) = 1. Let us call this auxiliary solution
�1(r), with �1. A numerical calculation gives [4, 5, 8]

�1 ⇡ �0.69, (9)

and the solution is plotted in Fig. 1. The mass of the �1

soliton is

M1 =
M

2
pl

m

Z 1

0
drr

2
�

2
1(r) (10)

⇡ 2.79 ⇥ 1012
⇣

m

10�22 eV

⌘�1
M�.

Its core radius, defined as the radius where the mass den-
sity drops by a factor of 2 from its value at the origin,
is

xc1 ⇡ 0.082
⇣

m

10�22 eV

⌘�1
pc. (11)
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FIG. 1. Profile of the “standard” �1 soliton with � = 1 (blue
solid). We also show the corresponding gravitational potential
(orange dashed) and circular velocity of a test particle (dotted
green).

Other solutions of Eqs. (7-8) can be obtained from
�1(r), �1(r) by a scale transformation. That is, the func-
tions ��(r), ��(r), together with the eigenvalue ��, given
by

��(r) = �
2
�1(�r), (12)

��(r) = �
2�1(�r), (13)

�� = �
2
�1, (14)

also satisfy Eqs. (7-8) with correct boundary conditions
for any � > 0. The soliton mass and core radius for ��

are

M� = �M1, (15)

xc� = �
�1

xc1. (16)

A mnemonic for the numerical value of � is given by

� = 3.6 ⇥ 10�4
⇣

m

10�22 eV

⌘✓
M�

109 M�

◆
. (17)

The product of the soliton mass and core radius is inde-
pendent of �,

M�xc� ⇡ 2.27 ⇥ 108
⇣

m

10�22 eV

⌘�2
kpc M�. (18)

Formally, solutions exist for any positive value of � and
hence for any soliton mass. However, if we select � & 1
we reach |��| > 1, outside of the regime of validity of
the non-relativistic approximation. Thus, self-consistent
solutions are limited to � ⌧ 1 and their eigenvalue
|��| = �

2
|�1| ⌧ 1, consistent with the non-relativistic

approximation.
The energy in an arbitrary non-relativistic ULDM con-

figuration is

E =

Z
d
3
x

 
|r |

2

2m2
+

� | |
2

2

!
= Ek + Ep, (19)

 (x, t) =

✓
mMPp

4⇡

◆
e�i�mt�(x)

|�| ⌧ 1

Bar, Blas, Blum, Sibiryakov ‘ 18
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Figure 1: Constraints on the scalar DM mass m and fraction F of the total DM density in scalar

DM obtained from Lyman-↵ forest data; the two di↵erent areas indicate 2 and 3 � confidence levels.

These results have been obtained for the reference combination of data sets described in [16], with a

physically motivated weak prior on the thermal evolution of the intergalactic medium. The regime of

m < 10�22 eV has been extrapolated.

DM fraction becomes small, as we will shortly see, hence the quantum pressure is also expected to

be negligible there. If the quantum pressure at the nonlinear level is actually non-negligible, then

it should lead to further suppression of structure formation; hence the bounds we present for the

scalar DM parameters can be considered as conservative.

Following [16] we vary only �8 (the normalization of the matter power spectrum) and the slope

of the matter power ne↵ , at the scale of Lyman-↵ forest (0.005 s/km). Five di↵erent values are

considered in the hydrodynamical simulations for both �8 (in the range of [0.754, 0.904]) and ne↵ (in

the range of [�2.3474, �2.2674]). These parameters just described are our cosmological parameters.

There have been several studies in the past (e.g. [18, 27, 28]), that have shown that the Lyman-↵

forest is really measuring the amplitude of the linear matter power spectrum, the slope of the power

spectrum, and possibly the e↵ective running, all evaluated at a pivot scale of around 1-10 Mpc/h.

Thus �8 and ne↵ used are good tracers of what is actually measured. Given that all our modelling

in simulations kept ⌦mh
2 fixed, �8 can be directly translated into the amplitude of linear matter

power at the pivot scale (similarly to how ne↵ was used). As pointed by [18], these matter power

amplitude parameters are equivalent. The linear matter power only weakly depends on ⌦mh
2, and

moreover, the e↵ects of ⌦m and H0 on the linear matter power are already captured in the tracers

of the amplitude (�8) and slope (ne↵). Therefore the constraints are not sensitive to the value of

⌦m nor H0.
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spectrum is 
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size ⇠ kpc. Note that in this regime, the particle’s occu-
pancy number must be huge in order for this type of dark
matter to be most of the galactic mass. So the theory
is well described by classical field theory. (See Ref. [7]
for a rigorous explanation of why classical field theory
provides an accurate description of the dynamics in this
regime, despite claims to the contrary in Ref. [8].) Other
interesting consequences of this proposal are studied in
Ref. [6].

In this work we critically examine this proposal. Our
primary motivation is the following: if indeed the large
de Broglie wavelength of these ultra-light bosons is re-
sponsible for the presence of the core of a galaxy, then
it should self consistently explain the core of many other
(if not all) galaxies. While one can always fix param-
eters, say the mass of the dark matter, so that the re-
lationship between core density ⇢c and core radius Rc

works for one galaxy, it needs to then correctly predict
this relationship for other galaxies; some data is given in
Fig. 1. Here we show that if the bosons organize into a
type of Bose-Einstein condensate, and consequently oc-
cupy their ground state configuration near the center of
a galaxy, then we can compute this relationship for all
galaxies. We find that the resulting relationship between
⇢c and Rc does not match the data for a large family of
scalar dark matter models, including “fuzzy dark matter”
in which self-interactions are assumed negligible and for
more general scalar field models in which self-interactions
are important. We extend these results to scalar dark
matter that has not gone into the ground state, but has
virialized in a more conventional sense. Finally, we ex-
tend our results to even more general scalar field models,
degenerate fermions, superfluids, and general polytropes.

Our paper is organized as follows: In Section II we
present some galactic data which indicates ⇢c / 1/Rc.
In Section III we present the family of scalar dark mat-
ter models that we analyze. In Section IV we outline the
form of ground state solutions that we are interested in.
In Section V we present the numerical solution to these
models for a range of parameters. In Section VI we de-
scribe a simple variational technique to capture the quali-
tative behavior of the solutions. In Section VII we discuss
the possibility of non ground state behavior. In Section
VIII we discuss various other scalar field and fermionic
models. Finally, in Section IX we summarize our results
and mention future directions.

II. GALACTIC DATA

The halos of galaxies are dominated by dark matter,
which organize into the famous NFW profile [1], in which
the density falls o↵ as ⇠ 1/r3 at large radii and rises as
⇠ 1/r at small radii. While this matches data quite well
for radii much bigger than ⇠ kpc, it appears to fail on
scales r . kpc. In particular, typical galaxies appear to
exhibit a core where the density approaches a constant
as r ! 0. In the vicinity of the core, a convenient density
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FIG. 1. Core density ⇢c versus core radius Rc for a range of
galaxies. Black dots are data taken from Ref. [10]. Orange
dashed curve is the best fit power law curve ⇢c / 1/R�

c with
� = 1.3 for this data set, while we find � ⇡ 1 more generally.

profile is the following functional form [9]

⇢(r) =
⇢c

1 + r2/R2
c

, (1)

where the core density ⇢c is taken to be the central
density and the core radius Rc is taken to be the ra-
dius at which the density has dropped to half its central
value. In Fig. 1 we plot core density ⇢c versus core ra-
dius Rc for a range of di↵erent galaxies from Ref. [10].
(In fact this reference used the so-called Burkert profile
⇢(r) = ⇢c/(1 + r/RB)(1 + r2/R2

B) in which the core ra-
dius RB is when the density has dropped to a quarter
of its central value; so we have re-scaled by a factor of
Rc ⇡ 0.54RB accordingly.) Their data {Rc, ⇢c} comes
from measuring rotation curves. Although there is signif-
icant scatter in the data, an overall trend can be clearly
seen. By parameterizing the relationship between core
density and core radius as a power law

⇢c /
1

R�
c

, (2)

we find that the best fit value for the exponent for this
particular data set is � = 1.3. We have also examined
other data sets, including faint galaxies [9], finding � =
0.9, etc. In general we find that � ⇡ 1. We note that this
roughly holds for both small (dwarf) and large galaxies,
including galaxies that are dominated by dark matter.

Deng, Hertzberg, Namjoo, Masoumi `18 

For ULDM solitons

⇢c ⇠ R�1.3
c

⇢c ⇠ R�4
c
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This halo rotation curve peaks at x ⇡ 2.16 Rs with a
peak value

maxVcirc,h ⇡ 1.37 ⇥ 105(��h)
1
2 km/s. (47)

On the other hand, in the inner galaxy x ⌧ Rs, the circu-
lar velocity due to the soliton peaks to a local maximum
of

maxVcirc,� ⇡ 1.51 ⇥ 105

✓
c̃

0.4

◆ 1
2

(��h)
1
2 km/s, (48)

where we used Eq. (44) to fix � and Eq. (28) to relate it
to maxVcirc,�.

As anticipated in the beginning of this section, Eq. (35)
predicts approximately equal peak circular velocities for
the inner soliton component and for the host halo,

maxVcirc,�

maxVcirc,h
⇡ 1.1

✓
c̃

0.4

◆ 1
2

, (49)

independent of the particle mass m, independent of the
halo mass M200, and only weakly dependent on the de-
tails of the halo via the factor (c̃/0.4)

1
2 . Eq. (49) is plot-

ted in Fig. 3 as function of the concentration parameter.
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FIG. 3. Ratio between halo and soliton peak circular veloci-
ties as a function of the halo concentration.

While maxVcirc,� and the approximate equality
Eq. (49) are m-independent, the soliton peak velocity
occurs in an m-dependent location,

xpeak,� ⇡ 184

✓
10�22 eV

m

◆✓
maxVcirc,�

200 km/s

◆�1

pc. (50)

Fig. 4 shows the circular velocity curve for the NFW
halo+soliton system, following from Eq. (35), with
ULDM particle mass m = 10�22 eV. The solid black, dot-
dashed orange, and dashed blue lines show the contribu-
tions to Vcirc due to the total system, the soliton only, and
the halo only. Results are shown for three di↵erent val-
ues of the NFW concentration parameter, c = 10, 15, 25,
with M200 = 1012 M� and 5 ⇥ 1010 M� on the top and

bottom panels, respectively. For larger m > 10�22 eV,
the soliton bump in the rotation curve would shift to
smaller x according to Eq. (50), but would maintain its
height.

M200 = 1012 M�

c = 25
c = 15

c = 10

Vcirc [km/s]

x [pc]
10 100 1000 104 105 106
50

100

150

200

250
300

c = 25

c = 15

c = 10

Vcirc [km/s]

x [pc]

M200 = 5 ⇥ 1010 M�

10 100 1000 104 105

25

50

75

100
125
150

FIG. 4. Rotation curves for the ULDM soliton+halo system,
obtained for a DM-only NFW halo using the soliton–halo re-
lation Eq. (35) with m = 10�22 eV. Solid black, dot-dashed
orange, and dashed blue show Vcirc due to the total soli-
ton+halo system, the soliton only, and the halo only. Results
are shown for NFW concentration parameter c = 10, 15, 25,
with M200 = 1012 M� and 5 ⇥ 1010 M� on the upper and
lower panels, respectively.

In Fig. 4, to define the rotation velocity for the total
system, we set the ULDM mass density for the total sys-
tem to be ⇢(x) = max {⇢�(x), ⇢NFW (x)}, calculate the
resulting mass profile M(x), and use spherical symme-
try to find Vcirc(x) =

p
G M(x)/x. This prescription for

matching between the soliton and NFW parts is ad-hoc
and only roughly consistent with the simulations of [6, 7].
The true transition region between the NFW part and the
soliton part probably deviates from the pure NFW form.
Ref. [37] considered this transition region and concluded
that the density profile in this region should follow ap-
proximately ⇢ ⇠ x

� 5
3 , steeper than the usual inner NFW

form ⇢ ⇠ x
�1. This would a↵ect the detailed shape of

the rotation curve in the intermediate region between the

Soliton + host halo 
rotation curve

Bar, Blas, Blum, Sibiryakov ‘ 18



Cons of ULDM7

This halo rotation curve peaks at x ⇡ 2.16 Rs with a
peak value

maxVcirc,h ⇡ 1.37 ⇥ 105(��h)
1
2 km/s. (47)

On the other hand, in the inner galaxy x ⌧ Rs, the circu-
lar velocity due to the soliton peaks to a local maximum
of

maxVcirc,� ⇡ 1.51 ⇥ 105

✓
c̃

0.4

◆ 1
2

(��h)
1
2 km/s, (48)

where we used Eq. (44) to fix � and Eq. (28) to relate it
to maxVcirc,�.

As anticipated in the beginning of this section, Eq. (35)
predicts approximately equal peak circular velocities for
the inner soliton component and for the host halo,

maxVcirc,�

maxVcirc,h
⇡ 1.1

✓
c̃

0.4

◆ 1
2

, (49)

independent of the particle mass m, independent of the
halo mass M200, and only weakly dependent on the de-
tails of the halo via the factor (c̃/0.4)

1
2 . Eq. (49) is plot-

ted in Fig. 3 as function of the concentration parameter.
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c

maxVcirc,�

maxVcirc,h

FIG. 3. Ratio between halo and soliton peak circular veloci-
ties as a function of the halo concentration.

While maxVcirc,� and the approximate equality
Eq. (49) are m-independent, the soliton peak velocity
occurs in an m-dependent location,

xpeak,� ⇡ 184

✓
10�22 eV

m

◆✓
maxVcirc,�

200 km/s

◆�1

pc. (50)

Fig. 4 shows the circular velocity curve for the NFW
halo+soliton system, following from Eq. (35), with
ULDM particle mass m = 10�22 eV. The solid black, dot-
dashed orange, and dashed blue lines show the contribu-
tions to Vcirc due to the total system, the soliton only, and
the halo only. Results are shown for three di↵erent val-
ues of the NFW concentration parameter, c = 10, 15, 25,
with M200 = 1012 M� and 5 ⇥ 1010 M� on the top and

bottom panels, respectively. For larger m > 10�22 eV,
the soliton bump in the rotation curve would shift to
smaller x according to Eq. (50), but would maintain its
height.
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FIG. 4. Rotation curves for the ULDM soliton+halo system,
obtained for a DM-only NFW halo using the soliton–halo re-
lation Eq. (35) with m = 10�22 eV. Solid black, dot-dashed
orange, and dashed blue show Vcirc due to the total soli-
ton+halo system, the soliton only, and the halo only. Results
are shown for NFW concentration parameter c = 10, 15, 25,
with M200 = 1012 M� and 5 ⇥ 1010 M� on the upper and
lower panels, respectively.

In Fig. 4, to define the rotation velocity for the total
system, we set the ULDM mass density for the total sys-
tem to be ⇢(x) = max {⇢�(x), ⇢NFW (x)}, calculate the
resulting mass profile M(x), and use spherical symme-
try to find Vcirc(x) =

p
G M(x)/x. This prescription for

matching between the soliton and NFW parts is ad-hoc
and only roughly consistent with the simulations of [6, 7].
The true transition region between the NFW part and the
soliton part probably deviates from the pure NFW form.
Ref. [37] considered this transition region and concluded
that the density profile in this region should follow ap-
proximately ⇢ ⇠ x

� 5
3 , steeper than the usual inner NFW

form ⇢ ⇠ x
�1. This would a↵ect the detailed shape of

the rotation curve in the intermediate region between the

9

Figs. 7-10, as blue markers. For each of these rota-
tion curves, we use the measured circular velocity at
the farthest radius, to serve as an input for maxVcirc,h

in Eq. (49). In turn, Eq. (49) gives as output the pre-
dicted soliton-induced peak rotation velocity, maxVcirc,�.
Given the soliton-induced peak rotation velocity, the soli-
ton � parameter is fixed by Eq. (28) and with it, the full
soliton-induced rotation curve. The result is plotted as
dashed line in Figs. 7-10; the upper panels show the re-
sult for m = 10�22 eV and the lower panels show it for
m = 10�21 eV.

We find that the ULDM soliton–host halo relation sig-
nificantly overestimates the rotation velocity in the inner
part of all of the galaxies in Figs. 7-10. This puts the pre-
dictions of ULDM in the mass range m ⇠ (10�22

÷10�21)
eV in tension with the data.
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FIG. 7. Measured rotation curve of UGC 1281 superimposed
on the prediction from Eq. (49) following from the soliton–
host halo relation. The ULDM mass is m = 10�22 eV (upper
panel) and m = 10�21 eV (lower panel). The shaded band
accounts for the intrinsic scatter of the soliton–host halo re-
lation.

We emphasize that in using Eq. (49) to predict the soli-
ton, we set the RHS of that equation to unity, and thus
we ignore any details of the shape of the host halo. We
also neglect corrections due to baryons. On the one hand,
as we have learned from the NFW analysis, this prescrip-
tion for deriving the soliton profile would su↵er O(10%)

corrections from the detailed halo shape. The baryonic
(stellar and gas) contribution to the gravitational poten-
tial a↵ects the halo velocity at a similar level: in Ref. [28],
the baryonic contribution to the halo peak rotation ve-
locity of UGC 1281, UGC 4325, and NGC 100 was esti-
mated from photometric data to be well bellow the DM

contribution6, V
(bar)
circ,h/V

(obs)
circ,h < 0.5. This means that the

observed velocity V
(obs)
circ,h is equal to the DM-induced ve-

locity V
(DM)
circ,h to better than 15%. On the other hand,

this simple procedure relieves us from the need to fit for
the virial mass or other details of the host halo. All that
is needed is the peak halo rotation velocity, a directly
observable quantity7. For completeness, we will return
to the issue of baryonic e↵ects and deal with it more sys-
tematically in the second part of this section, considering
SPARC data [28].

Eq. (49) (represented by the dashed line in Figs. 7-10)
corresponds to the central value of the soliton–host halo
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FIG. 8. Same as Fig. 7 for UGC 4325.

6
For this estimate we use 3.6µm mass-to-light ratio ⌥⇤ =

0.5 M�/L�.
7
The rotation curves in Figs. 7-10 do not show a clear peak within

the range of the measurement; this means that our soliton bump,

derived from the maximal velocity seen in the data, underesti-

mates the true predicted soliton and is thus conservative.

Bar, Blas, Blum, Sibiryakov ‘ 18

Inner velocity is overestimated for m . 10�21 eV



However

•Constraints are derived assuming homogeneous field with 
cosine potential at matter-radiation (MR) equality. 

•Soliton solution obtained neglecting early attractive self 
interactions. 

•ULDM with                         maybe do not solve core vs cusp, but 
still very interesting!  

m & 10�21 eV

see Hertzberg, Schiappacasse ’18 for late effects of self interactions 
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In this talk

Implications of self interactions in axion potentials

DM bound states/inhomogeneities at MR equality!

lot of activity since  
Kolb, Tkachev ’93/’94/…



Implications of attractive  
self-interactions



Inhomogeneity from axion 
potentials

• Standard axion potential from gauge (and 
gravitational?) instantons: 

• If PQ symmetry broken after inflation, axion is 
inhomogeneous from the very beginning due to 
topological defects (strings and domain walls). 

• Initial overdensities lead to miniclusters.

V (�) ⇠ ⇤4


1� cos

✓
�

F

◆�

Kolb, Tkachev ’93/’94/…



Axions with large F
• Ultra-Light Axions (ULAs) usually come with 

• Field very likely homogenised by inflation! 

• However, self-interactions can lead to growth of 
inhomogeneities!

F & 1014 GeV & Hinflation

Hertzberg, Schiappacasse ’17 / Fukunaga, Kitajima, Urakawa ‘19

�(x, t) = �(t) + ��(t, x) �� ⌧ �with



Parametric Resonance
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Parametric Resonance

��̈k(t) + 3H��̇k(t) +

✓
k
2

a2
+ V

00(�)

◆
��k(t) = 0

• V’’ is also periodic 

• Motion of field is periodic. Perturbations obey 

Floquet theory

��k(t) ⇠ eµktf(t)

Instability when < (µk) > 0



Parametric Resonance

��̈k(t) + 3H��̇k(t) +

✓
k
2

a2
+ V

00(�)

◆
��k(t) = 0

• V’’ is also periodic 

• Motion of field is periodic. Perturbations obey 

Floquet theory

��k(t) ⇠ eµktf(t)

Instability when < (µk) > 0

Requires V’’ > 0, i.e. attractive self-interactions!



Axion potentials
• Parametric Resonance occurs if potential is flatter 

than quadratic in some region. 

• However, not efficient for cosine potential… 

• Well motivated possibility from UV point of view: 
breaking of shift symmetry/multi-branched 
potential:

Hertzberg, Schiappacasse ’17 / Fukunaga, Kitajima, Urakawa ‘19

V (�) =
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2p


�1 +
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Axion potentials

V (�) =
m2F 2

2p


�1 +

✓
1 +

�2

F 2

◆p�
0  p < 1

Axion monodromy

p < 0 Plateau

Silverstein, Westphal ’08/+McAllister 
’08/…/+Dong, Horn ‘10

for inflation Kallosh, Linde ’13/…/Nomura, Qatari, 
Yamazaki ’17/…, for DM Kitajima, Soda, Urakawa ‘18



Self-resonance in axion 
potentials

Initial misalignment can be larger than F

see also Amin, Easther, Finkel, 
Flauger, Hertzberg ’11/… in 

reheating context



Self-resonance in axion 
potentials

Hubble friction changes resonant k, but effect still there.

see also Amin, Easther, Finkel, 
Flauger, Hertzberg ’11/… in 

reheating context



Oscillon Biography



Chapter I: Birth

(a) m⌧ = 18 (b) m⌧ = 20

(c) m⌧ = 40 (d) m⌧ = 50

Figure 12: Snapshots of the evolution of the axion energy density in 3-dimensional lattice space
for m⌧ = 18 (upper left), 20 (upper right), 40 (lower left), and 50 (lower right). The red, yellow
and white region correspond to ⇢/⇢̄ > 2, 4 and 10 respectively with ⇢̄ being the spatial average of
the axion energy density. We have taken c = 5 and �̃i = 2.

4.1 GW spectrum

To compute the stochastic background of GWs, we consider the line element with the

tensor metric perturbations, hij :

ds2 = �dt2 + a2(�ij + hij)dx
idxj , (4.1)

where we neglect the scalar and vector metric perturbations. Note that hij satisfies the

transverse-traceless condition, @ihij = 0 and hii = 0. The linearized Einstein equation

gives the evolution of the tensor metric perturbation,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
P

⇧TT
ij , (4.2)

– 17 –

from Kitajima, 
Soda, 

Urakawa ‘18



Oscillon birth
• Parametric resonance leaves behind localized, 

approx spherically symmetric overdensities. 
Profile well fitted by

�� ⇠ A

cosh(r/�)



Oscillon birth
• Parametric resonance leaves behind localized, 

approx spherically symmetric overdensities. 
Profile well fitted by

�� ⇠ A

cosh(r/�)

• Configurations keep oscillating in time! 



Oscillons are attractor solution of Klein-Gordon 
equation in flat spacetime with nonlinear potential 

(similar to breather of sine-gordon in 1+1).

Bogolyubosky, Makhanov ´76/ 
Gleiser ’93/Copeland, Gleiser, 
Muller ´95/…/ Hindmarsh et alOscillons

�̈(t, r)� @2
r�(t, r)�

2

r
@r�(t, r) + V 0(�(t, r)) = 0



Oscillons
Localized oscillating bound state 

+  

radiated scalar waves.

Bogolyubosky, Makhanov ´76/ 
Gleiser ’93/Copeland, Gleiser, 

Muller ´95/…/Hindmarsh



Oscillons
Localized oscillating bound state 

+  

radiated scalar waves.

Bogolyubosky, Makhanov ´76/ 
Gleiser ’93/Copeland, Gleiser, 

Muller ´95/…/Hindmarsh

Radiated 
energy is 

very small!

Very large 
lifetime!



Oscillons are kept together purely by  
attractive self-interactions,  

gravity not involved.

Well-known in inflationary models, in connection 
with late reheating.

see Ikeda, Yoo, Cardoso 
’17 for gravity effects

Amin, Easther, Finkel, 
Flauger, Hertzberg ’11/…/

Lozanov, Amin ‘19 

Sometimes referred to as axitons for QCD axion 
DM, but in this case they decay soon and/or form 

very late.
Kolb, Tkachev ’93/…/

Visinelli et al. ‘18



Oscillon ID

�c ⇠ F

Core amplitude

Rosc ⇠ m�1

Radius

Mosc ⇠ V R3
osc ⇠

F 2

m

Mass

!osc . m

Frequency 

10�12M� ÷ 108M�

1 km÷ 102 pc
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Chapter II: Lifetime
• Long-lived oscillon is attractor, initial conditions not 

particularly relevant to estimate lifetime.

Figure 6: Time evolution of the mean of the absolute value of the field at the center of the

oscillon, �c, for p = 1/2 and three di↵erent initial conditions.

an A has been fixed. We are thus left only with the choice of the initial amplitude A, which

could result in di↵erent lifetimes.

Intuitively, the smaller A, the smaller the lifetime. However, starting with a larger

amplitude does not result in a dramatic longevity increase. This is illustrated in Fig. 6 for

the case p = 1/2 and manifestly illustrates the existence of a basin of attraction to which

inhomoegenous field configurations quickly tend to. Although we have used p = 1/2 as a

representative example, we have checked that this result is model-independent.

Together with the core field value �c, the defining properties of an oscillon are its radius

Rosc; its total mass Mosc; and main oscillating frequency !osc. Their scalings with the model

parameters are:

�c ⇠ F, Rosc ⇠ m�1, Mosc ⇠ V R3
osc ⇠ F 2/m, !osc ⇠ m. (7)

Their precise numerical values slowly depend on time and are model dependent. The goal

of this section is to estimate these when the oscillon is on the verge of decaying as well as

13

p = 1/2

see Salmi, 
Hindmarsh ’12 

for previous 
estimates



Oscillon lifetime
• Oscillon radius is much smaller than Hubble radius 

at formation, object is essentially decoupled from 
Hubble flow and behaves as DM.

Figure 7: E↵ect of Hubble friction with initial values of H = 10�2, 10�3 (red, green) compared

to evolution in Minkowski space (gray). On the left, the first few oscillations; on the right,

an average of the oscillations over longer timescales. The plots shown here are for p = 1/2.

For the expected value of H . 10�3 m at oscillon formation, the e↵ect of Hubble friction is

negligible.

As for the consistency of neglecting Hubble friction, we have seen in the previous section

that parametric resonance produces significant inhomogeneities after H . 10�2 m. While

we have not performed the full numerical analysis of oscillon formation from parametric

resonance, recent simulations with similar models [40, 41] suggest that oscillons actually form

a bit later, once H . 10�3 m [41]. Since the oscillon has a characteristic size at formation

Rosc ⇠ m�1
⌧ H�1, one expects that the impact of Hubble friction on the evolution of the

oscillon should be minimal. In order to support this expectation, in Fig. 7 we have plotted

the first few oscillations of a p = 1/2 oscillon, including Hubble friction in the equations of

motion. It is evident from Fig. 7 that for H . 10�3 m the e↵ect of friction on the evolution

of the oscillon is quite small and we can thus restrict our simulations to Minkowski space.

Let us now present the results of the numerical evolution of oscillon profiles, according to

(1). As in the previous sections, we make a distinction between p � 0 and p < 0, choosing

p = ±1/2 as its representatives. We find that the potential with p = 1/2 supports oscillons

with a lifetime ⌧ ⇡ 3⇥108 m�1. For p = �1/2 we quote only a lower bound ⌧ � 6.5⇥108 m�1

on the lifetime because we have not seen the oscillons to decay in our simulations after 1200

CPU hours. A snapshot of the lifetime of representative oscillons can be seen in Fig. 8,

15

H = 10�2
m

H = 10�3
m

H = 0



Oscillon lifetime

p = 0

p = 1/2
p = �1/2



Oscillon lifetime

0  p < 1 p < 0

⌧ ⇠ 108 m�1 ⌧ � 108 m�1

No decay 
observed yet!

For small m, oscillon survive until MR equality!



Chapter III: death
• Decay occurs via burst of scalar waves with 

k ⇠ R�1
osc . m

• Potential warm contribution to DM.

• However, overdensity will generically be trapped 
by its own gravitational potential, leading to mini 
clusters and/or gravitational solitons.



Chapter III: death
• Decay occurs via burst of scalar waves with 

k ⇠ R�1
osc . m

• Potential warm contribution to DM.

• However, overdensity will generically be trapped 
by its own gravitational potential, leading to mini 
clusters and/or gravitational solitons.



Chapter IV: Legacy 

or 

Observational Impact



Oscillon independence
• Before parametric resonance, will-be DM is made 

only of parent homogeneous (pseudo)scalar field. 

• After parametric resonance

Light scalar quanta/waves 
from misalignment Heavy oscillons

Usually   ⇢oscillon & 0.5 ⇢DM

+



Observational impact depends on 
epoch at which oscillon decays. 

Determined by the lifetime     , which 
depends on p and m.

⌧
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Rsol ⇠
✓
Mp

F

◆2

Rosc

• If decay occurs after MR equality, gravity comes 
into play. Difficult to understand further evolution 
(numerical simulations?) 

• Single oscillon: does gravity increase stability? 

• Overdensities of oscillons: they grow and lead to 
interactions, e.g. mergers, disruptions.  

• Oscillon leftovers: gravitational soliton waiting for 
them at

Decay after MR equality



Constraints from warm DM?

Rsol . H
�1(⌧)

Not straightforward due to gravity. 

 Conservative constraint



CMB
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Immortal oscillons?
• Can gravity extend lifetime (independently of p)? 

• Potentials with p<0: currently only a lower      
bound ~               on lifetime. 

• Simple fits suggest that lifetime is much larger!

109 m�1



Immortal oscillons?

p = �1/2

DM 
constraints 
and oscillon 
masses for



Summary

• Attractive self-interactions in the DM sector can 
lead to bound states/structures. 

• Relevant e.g. for ULDM, with/without connection to 
cusp vs core problem. 

• Self-interactions can lead to fragmentation of 
originally homogeneous field.



Summary
• Parametric resonance leads to formation of long-

lived oscillating bound states (oscillons) in certain 
well motivated potentials.  

• For small masses and/or p<0, oscillons survive until 
and beyond MR equality! 

• Need to take them into account as initial 
conditions for numerical simulations/analytical 
studies of ULDM.



Open questions
• Fate of decaying oscillons after MR equality? 

• Effects of gravity on oscillons? 

• Oscillon-to-soliton transition? 

• Black hole formation? 

• p<0, how to estimate lifetime? 

• Signatures of oscillons/solitons today?

Cotner, Kusenko, Takhistov ‘18

Amin, Mocz ‘19

Khmelnitsky, 
Rubakov ’13/De 
Martino et al. ´17



Thank you!



Gravitational soliton solution
M1 ⇡ 2.8 · 1012

✓
10�22 eV

m

◆
M�

R1 ⇡ 0.08

✓
10�22 eV

m

◆
pc

Fundamental solution

One-parameter family 
of solutions

M� = �M1

R� = ��1R1

� ⌧ 1

M� = Mosc ⇠
F 2

m

R� ⇠
✓
Mp

F

◆2

Rosc

Matching to 
oscillon



Decay before MR equality

p = 1/2

Rsol . 10�3
Heq



Signature of ULDM from PTAs
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Figure 1. Pulsar timing signal from the scalar field dark matter (3.9) for a range of scalar

field masses m. Shaded wedges represent the estimated sensitivity of various pulsar timing

array observations (adopted from [7]). For masses below 10�23 eV the scalar field behaves

like hot dark matter, and is incompatible with the observed power spectrum of density

perturbations [3, 13].

Therefore, the scalar field dark matter has the same e↵ect on the pulsar timing

measurements as gravitational wave background with characteristic strain

hc = 2
p
3 c = 2 · 10�15

✓
⇢DM

0.3GeV/cm3

◆✓
10�23 eV

m

◆2

, (3.9)

at frequency

f ⌘ 2⇡! = 5 · 10�9 Hz
⇣ m

10�23 eV

⌘
. (3.10)

The amplitude of the signal from the scalar field dark matter for a range of masses

m is shown in Fig. 1 together with the sensitivity curves of the pulsar timing array

experiments. The sensitivities are taken from [7] where three cases are considered.

The current limit from the Parkes PTA [9] corresponds to hc ⇡ 2 · 10�14 at the

frequency f = 8 · 10�9 Hz. The sensitivity achievable by PPTA by monitoring

20 pulsars for 5 years with the timing precision �trms = 100 ns is estimated as

hc ⇡ 2 · 10�15 at the frequency f = 7 · 10�9 Hz. Finally, assuming that SKA will

be able to monitor 100 pulsars for 10 years with the timing precision 50 ns, the

sensitivity of hc ⇡ 10�16 at the frequency f = 3 · 10�9 Hz can be achieved. We see

from Fig. 1 that the scalar field dark matter signal can be observed with SKA pulsar

timing array for the dark matter mass m . 2.3 · 10�23 eV.
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Signature of ULDM from PTAs4

FIG. 2: Predicted timing signal between pulsar pairs, for a
light scalar field of mB ∼ 0.8 × 10−22 eV. In the top panels
the relative timing signal between local pulsars at 8 kpc, and
pulsars close to the Galactic center at a radius of 50 and 500
pc. In the bottom left and right panels both members of the
pair are located at the same Galactocentric radius of 0.5 and
8 kpc, with relative phases chosen indicated in the inset box,
bottom right, illustrating the signal can cancel in such cases.
The shaded regions indicate how the density modulation on
the de-Broglie scale can enhance or diminish the pairwise rel-
ative timing signal.

center at a radius of 50 and 500 pc, fixing the boson
mass to mB ∼ 0.8 × 10−22 eV. In this case, the relative
timing amplitude is dominated by the pulsar closer to the
Galactic center and it can reach an amplitude of the order
of 600 ns. While taking the pulsars at approximately
the same distance from the Galactic center, the relative
timing amplitude signal strongly depends on the phase of
the pulse, canceling when the signals as seen from Earth
are in phase.
For convenience, we define ratio of the DM density at

the locations of the two pulsars as

δρDM =

(

Ψ(x1)

Ψ(x2)

)

=
ρDM (x1)

ρDM (x2)
. (8)

To estimate the detectability of forthcoming pulsar
timing arrays to the Axion oscillation we compute the
average square signal over all the phases

√

⟨S2(t)⟩ =
√
2

2ω

√

Ψ(x1)2 +Ψ(x2)2, (9)

and relate it to the GW strain, and since the Ψ(x) ampli-
tude of the oscillation only depends on the Axion density
we can always re-write Ψ(x2) in term of Ψ(x1)

hc =

√
6

2
Ψ(x2)

√

1 + δρ2DM . (10)

We compute the characteristic amplitude shown in Fig-
ure 3, highlighting the relatively strong signal expected

FIG. 3: Characteristic strain measured between pairs of pul-
sars, with Galactocentric radii chosen as in Figure 2 and com-
pared with the expected sensitivities from the current and
forthcoming PTA experiments (adapted from [7, 22]), with
the corresponding oscillation frequency shown above. We
highlight the relatively high signal strength we calculate for
pulsars within the Galactic soliton region as a function of Ax-
ion mass in a series of curves, demonstrating that this signal
is already detectable for central Galactic pulsars. For com-
parison, the diagonal dotted line is the prediction obtained by
[7] for local pulsars, assuming a smooth density distribution,
with the blue shaded region representing the wider range we
predict that includes our de-Broglie scale DM density modu-
lation. The local upper limit obtained by [35] is also shown
(black square with arrow).

for pulsars within ∼ 0.5 kpc of the Galactic center, We
also over-plot the confidence regions for the current re-
sults from Pulsar Timing Array (PTA), Parkes Pulsar
Timing Array (PPTA), Square Kilometre Array (SKA)
experiments to allow a direct comparison with expected
sensitivities of these new surveys [22], where even one
such central pulsar can provide a sufficient timing resid-
ual to test for the presence of light axionic dark matter.

DISCUSSION AND CONCLUSIONS

We have considered Compton and de-Broglie scale
modulations within the Axionic interpretation of dark
matter and examined their combined effect on Pulsar
timing. For our Galaxy we estimate the de-Broglie scale
is approximately 100 times larger than the Compton
scale, corresponding to ≃ 150pc for the Milky Way, with
the favoured axion mass of mB ≃ 10−22eV . Within viri-
alized halos our simulations reveal that the density dis-
tribution is fully modulated on the de-Broglie scale, as
shown in Figure 1, with a dense soliton at the center of
radius ≃ 150pc where the pulsar timing effect is strong.
Compton oscillation will be coherent within de-Broglie
sized patches, becoming unrelated on larger scales. We
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