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C. Wetterich, Phys. Lett. B 301 (1993) 90.
Trace is over momenta and all quantum numbers



FRGE Ill: ONE LOOP
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One—loop RG equation
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FRGE IV: BETA FUNCTIONS
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use to calculate I
or to investigate the UV properties of the theory



Dimensional analysis

Choose dimensionless coordinates.
Invariance under global Weyl transformations

Guv — QZQ}UA tha — Qda¢as gi — Qdigi

S(Gus Var 9i) = S(Q2 Gy, %, Q% g;)

fixes dj, d;. ALWAYS true.
Global scale transformations

S(g;un 1/)37 gl) = S(ngull) Qdal/}aa gl)

not always true, must be d; = 0.



Weyl’s idea

Interpret scale transformations as changes of the unit of length.
Allow choice of unit to depend on position.

“It is evident that two rods side by side, stationary with respect to
each other, can be intercompared....this cannot be done for....rods
with either a space- or time-like separation”.

“A statement such as “a hydrogen atom on Sirius has the same
diameter as one on the Earth” is either a definition or else
meaningless” (Dicke 1962)

Physics must be formulated in a way that is invariant under
local changes of units, i.e. under local rescalings of the metric.
Furthermore: allow parallel transport to affect norm of vectors.



Weyl gauging

Abelian gauge field b, — b, + Q70,0
scalar field ¢ transforming as ¢ — Q9

D.¢ = 0,9 — db,¢
More generally
C.2 =T = 63b, — 6)by + gu b

is invariant under local Weyl transformations, hence for a tensor
of dimension d
D,t=V,t— db,t

is diffeomorphism and Weyl covariant.



Weyl curvature

[Dy, D VP =R oV

Ruvps = Ruvpe +(d = 1)Fugps
+gup (vuba + buba) - g;w (vubp + bl/bp)
—Gvp (Vubs + bubs) + 9uo (Vub, + buby)
- (g,upgua - guagup) b2

Fuw = 0ub, — 0,b,



Weyl’s failed unification idea

Weyl regarded b, as e.m. field.
Einstein’s critique: spectral lines would be blurred.

Weyl’s theory still viable if b, interpreted as a piece of the
spacetime connection and its curvature is sufficiently weak.
Assume curvature of b, is zero. Then

b, = —anuX

where the field y transforming as x — Q 'y is....



...the dilaton

Starting from any action S(g,..., ¥a, 9i), replace
gi — x%§;, V — D and all curvatures R — R.

Resulting action S(gW, X, Va, i) is Weyl invariant and agrees
with original action in the gauge where y is constant

A

S(g,LLUa X0, ¢aa gl) = S(g,uzn ¢37 gl)

Dilaton acts as classical compensator field (Stlickelberg)



Motivation: scalar-tensor theory

[ o*xva |5V + Vi) + )R]

V(¢?) = Xo + Aad® + Aag* + ...
F(¢?) =&+ &2 + ...

[d*xva [w“ (VP + szqﬁzﬁ]

Weyl-invariant for & = 5.

Not preserved by RG flow

D. Perini and R.P. Phys. Rev. D68 044018 (2003) hep-th/0304222;

G. Narain and R.P. Cl. Q. Grav. 27 075001 (2010) arXiv:0911.0386 [hep-th])



The conformal anomaly

Cutoff breaks scale invariance, but anomaly can be avoided in
theories with dilaton

Englert, C. Truffin and R. Gastmans, “Conformal invariance in quantum
gravity”, Nucl. Phys. B117, 407 (1976)

R.Floreanini and R. P, “Average effective potential for the conformal factor”,
Nucl. Phys. B436, 141 (1995)

M. Shaposhnikov and I. Tkachev, “Quantum scale invariance on the lattice”,

Phys. Lett. B675, 403 (2009)



Example: matter in background metric and dilaton

R
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S(A, gw) = % / d*x\/g Fu F™



Trace anomaly

Ty = Zgv T ety pE

E = Rupo RMP" — 4R, R + R?
C? = Cpypo CH7P°

b 5 (ns+6np +12ny)

~ 120(4n)

b = n3+11nD+62nM)

~ 360(47)2 (



The scalar and fermion measure
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The Maxwell theory measure
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The Weyl-invariant scalar measure

a0 -Tle(15))

_ (g A(1/6) 1 1 1/6
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eigenvalues are Weyl invariant — det (%A(VG)) is Weyl
invariant



Weyl-covariant gauge fixing

_ L 4 L 2
Sor = 55 | I*xVA(D"A,)

1 1
S+Sar =4 / d'xax°g" Az (~D°8 + RD) A,

eigenvalues of %(—Dzéff + RE) are Weyl invariant
— det %(fDQcS{,‘ + RY) is Weyl invariant



Weyl invariant quantization

dilaton acts as compensator (Stlickelberg) field in the quantum
effective action

1 has been promoted to a field

Stiickelberg trick commutes with quantization



Another point of view

r'(g%) - '(g) = Twz(g.x)
Wess-Zumino consistency condition:

Fwz(9%, x%) — Twz(g,X) = ~Twz(g,Q)

where g2 = Q?g, x? =Q 'y
If we identify I''(g) with T(g, x = p),

rll(g’ X) - rl(g) + rWZ(g7 X)



Dynamical metric and dilaton

’
S = / d*x\/g [AZZX“ -5Z (gXZR + g“"i?ux@)c)]

foré =1/6
S= / NG [AZ2X4 _ JZZXZR}

can choose Weyl gauge (i.e. units) where

12 27
Zy? = ; ="—GA
=i T 9C
S reduces to Hilbert action.
For £ # 1/6 scalar field is physical.




Expansion of action

Let 09, = huw, Ox = .

S@ = JZu(hn).(hn)
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For(=1/6

oo 1 1 1 1 ‘
Hth :EXZ [_21WMD2 + g(VIUDIM)Dp _ Eg/prDU _ EQPUD(MDV;
1 1
g gPro D2 _ prevo _ Aleleplv)e o Z gk oo W po
+zggD R gHPR +2(gR+Rg)

+ (R=1202:2) Ko

1
Hhy =Hih = 5X (gWD2 — D'D” + RM — ;RgW> +2XZx%gH

H,yy =D? — ;R +12)02Z)2 .
background Weyl transformations

Guv — ngw, : X Q_1X : hu — th,u, : n— Q_117



Wave operators
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Weyl covariance of wave operators
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Gauge fixing

_ 1 4 1 2 muv
Sor = 5o [ ¢'xVE 5ZOCRGF, .

where

F, = D,h", — ?Dm

Sgh = ggh(aa OgnC) -
Gan (A, B) = / F*x /G \2A " B,
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Weyl-gauge-fixing n = 0



Weyl invariance of one loop effective action

1
T (G, x) = S(Guws X) + 5Trlog Opy — Trlog Ogp

If A h. = Ah,, then

gMVvX)
2 2 2
A(QZQMV,QAX) (Q h“”) =Q A(gw/:X)h/“’ =AQ hMV

The spectrum of A is Weyl invariant, so I'(") is Weyl invariant.
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1
8trk = éTrF(Ohh) — TI'F(Ogh)

r.h.s. of FRGE is Weyl invariant if initial point is Weyl invariant
also I is Weyl invariant



Beta functions

Example:

Mk = / d*x\/g [)\sz“ — 1122X2R}

2B
du  4r2
o)) u? 2

uw = 16.272 (u - 1842)\>

where u = k/x is assumed constant



23 , 23 ,
Z(u) = Zo+8—u — g2V

6412 Z2\ 2
)\(U):TF(U + 64n°Z5 0)_> T
(8127, + 23u?)2 529
note: Z is redundant coupling and does not reach a FP,
A is essential coupling and reaches a FP.
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Summary

@ in presence of a dilaton, it is possible to quantize theory
preserving Weyl invariance.

@ RG flow also preserves Weyl invariance.

@ trace anomaly still present

@ ¢{ =1/6is a fixed point of RG flow.

@ fixed point of the Einstein-Hilbert formulation appears in
different guise

@ since all couplings are dimensionless, situation similar to
usual renormalizable QFT



@ cutoff and renormalization scale can depend on position.
Theory with nonconstant cutoff equivalent to theory with
constant cutoff but conformally related metric.

@ relation between f(R) and scalar-tensor theories
@ generalize to nonflat Weyl connection



