CosMOLOGICAL CONSTANT FROM QQUANTUM
SPACETIME

Shahn Majid (QMUL); some joint w. E.Beggs (Swansea), W-Q.Tao (QMUL)

Quantum spacetime hypothesis:

Quantum

Quantum Riemannian Classical
Gravity??? — geometry (NCRG) B geometry

This is not surjective, not every classical geometry is "quantisable’!

Bertotti-Robinson

lllustrate this on Majid- ] = i\ pa exact soln w/
Ruegg quantum spacetime cosmological const

Poisson-Riemannian

@ Analyse in general at semiclassical level —
geometry



| REVIEW OF QQUANTUM SPACETIME

SM & H. Ruegg PLB 334 (1994)

m: |z, t] = 1Ap x;

U(m) noncommutative coordinate algebra

@ Quantum Born reciprocity

Position Momentum
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Quantum spacetime
hypothesis

Curved momentum space
hypothesis

C(M)NU(SOg,l) acting on U(m) semidual’n U(303,1|><]m) actingon C'(M)

<
C(SUs)>aU (suz) actingon U (sus)

bicrossproduct quantum group

See this in 3D QG

U(sug @ suz) actingon C(SU5)

factorising (quantum) group

SM & B. Schroers . Phys A 42 (2009) 425402




@ quantum Poincare group relation
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@ Freedom in extended differential structure = newtonian gravity

Eg point source:
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@ BH potential + minimal coupling => quantum Schw. black hole
wave operator => FT of 52 obeys

inh
lim D(w,r) = sinh(wAy)

S.M Commun. Math. Phys. 310 (2012)
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The time dilation/redshift is finite at the event horizon and
frequency dependent => harmonic multiples destroyed by gravity
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@® Continuum = © zero point energy. Planck scale cut off still 10122x obs.

Non-zero cosmological constant may be forced by quantum spacetime
which would explain why its small compared to Planck scale



Quantum differentials on an algebra A

@ space of 1-forms, i.e. differentials dx’

oL a((db)c)=(a(db))c ‘bimodule’
d:A— Q! d(ab)=(da)b+a(db) "Leibniz rule’
{) adb} =0 ‘surjectivity’
kerd = k.1 (' connected’)

@ require this to extend toa DGA Q =T,0' /7 =,0"%, d2=0

Thm. (SM+W.Tao) Let A =U(g) = Tg/{(zy — yr — [z, 9])

@ bicovariant Q'(U(g)) <> surjective ¢€Z(g, A1)
dz=1®((z), @' =U(g) @A’

@ connected and of classical dim «— pre-Lie algebra for g

o:gRg—¢g T,y =z0y—youx

(roy)oz—(yox)oz=xo(yoz)—yo(roz) Algg [z, dy] = Ad(z o y)

® = QU(g))



Classification in 2D Burde 1998
g:lrtl=r A:U,\(g)
i) tor=—r, tot=at
it) rot=p0r, tor=(B—-1)r, tot=pt
i) tor=—r, tot=r—t
iw) ror=t, tor=-—r, tot= -2t
v) rot=r, tot=r+t

=> Calculi in n-D on

@ (i) [t,dz'] = —\da’,

@ (i) [z, dt] = A\Bda’,

[2°,t] = Az" that are rotationally inv:

t, dt] = Aadt

[t,dz"] = A\(B — 1)dz?,

a-calculus

t, dt] = A\Bdt

B-calculus



Quantum metric tensor

g € Q0! Ag) =0 ‘quantum symmetric’
A

invertible in the sense exists inverse: (, ): Q! % Ol — A
((,)@id(weg) =w=(1da(, ))(gow), YweQ
a(w,n) = (aw,n), (w,n)a = (w,na) ‘bimodule map (tensorial)’

need this to be able to contract/ raise/lower’ via metric, eg to have
well defined contraction:

3 . ]. 1 ]_ 1 13 v 6
(, )®id: O (%)Q %Q — () P
but
1\ .2 — g ® ¢?
(w,9)g"=w  9=9 @Y
— (w,9")¢%a = wa = (wa,g')g* = (w,a9")g’

— ag = ga, Va € A need metric to be central



Work over C but specify real differential geometry via
@ +«: A— A antilinear involution "*-algebra’
@ extends to graded-anti-algebra hom on Q(A) *,d] =0

@ metric hermitian in sense (x® x)(g) = flip(g)
@ Ourcase: 2" =2, t"'=t N=-X r‘=r

— 1 Class. Quant. Gravity 31
g Calculus (2014) 035020 (39pp)

Propn.: In 2D the quantum metric has the unique form
g=drdr+b(v* ®@v+Adr®v—v"®dr)) beR

v = rdt —tdr. v* = (dt)r — tdr b#0

— in classical limit only
g=dr@dr+bv®uv = (1+ bt*)dr® + br?dt* — 2brtdr dt

can emerge (i.e. be quantised)
=> strong gravitational source/expanding universe
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(a) b < 0 All geodesics pass through P+ = (0,+

t
- timelike geodesics bounce between 1 = i(_bM2)i




(b) b > 0: use new FRW-like coordinates
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g = —dt? + R(£)%2di2, R() = Vbi?

All geodesics start/end on

i Py at 7 =400 {—0
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: no particle
o horizon
ricci
singularity
t=0

Thm: no central metrics exist for the 3 calculus for n>2



2D Ex: Moduli of quantum metric-compat V form a line + conic

0

4 «T=10
T=0¢e
. )
T=0
/T B
U ) 0

(a) b > 0 (b) | 4

b<0 , ’

0

@ black parts have classical limitas )\ — 0

@ redpartsblowupas ) — (0 sonotvisible classically

@ in each case a unique Levi-Civita point’ where torsion T=0



& Calculus arXiv:1412.2285 (gr-qgc) 13pp
n—1 n—1
g= Z aijdxi®da}j—|—z bi(dzr' ®@dt+dt@dx") +cdt®@dt

i,]

[f9]=0,Yf  => a;;,b;,c of degree —2,a — 1,2«
add spherical symmetry =>

g=061dO* +ar?dr@dr + br* ' (dr @ dt + dt ® dr) + cr**dt @ dt

2
5 = ca a,b,c e R, 0 >0 b2 —ac > 0

b? — ac

(n—2)(n —3)

G=— ;

6g + ((n — 3)8 — 6)dQ?

@ solves Einst Egn with Maxwell field and cosmological constant

1
2

(n—2)(n—23)

F=qgVb —acr®tdtAdr A= >

§ —q’an, ¢’Gy = ((n —3)0 — 5)

® Thisis the Bertotti-Robinson metric.VVe are forced to it!



Change of coordinates
\/a+ o
If § > 0 t'=—=lnr, 1 =et- ;
V3 ar®
- —2 -
g = 51402 _|_€2t’\/§d7,/2 _d¢? => S X dSQ 0o>0
similarly:  S"72 x AdS, 5<0

Quantum algebra [t r'] = N=2b —ac [ ,dr'] = X\/Edr’

r,dt | =[t,dr'] =[t',dt'] =0
Vdr' = —Vé(dr' @ dt’ + dt' @ dr)
quantum

vt = -5 e Vi(dr @ dt’ + dt' @ dr') sevievie

° Same change of variables that diagonalised metric also gives
canonical commutation relations



Sem |q uantisation arXiv:1403 423 1(math.QA) 57pp

Ap = C*°(M) quantisation at order A means a Poisson bracket

a.b —b.a = Ma,b} + O(\?) {. } < w" Poisson tensor

Similarly, quantization of Q'(AMf) at order A requires

a.db — (db).a = AV4adb + O(\?)

— V a Poisson pre-connection along Hamiltonian vec.fields @ = {a, }
1) Va(bde) = {a,b}dc+ bVsdc
2) d{a,b} = Vadb- V;da

At order )2 the bimodule associativity is (VaV; = ViVa =V ;,)de =0
(just consider [a,[b,dc]] + [b,[dc,a]] + [de, [a,b]] = 0)

@® non-flat connection => nonassociativity at ~ O(\?)



Thm: suppose (w,V)Poisson compat and metric g, Levi-Civita conn. ¥/

Exists quantum metric at order )\ <=> Vg =10

— A 1S ) ' ) m n
‘quant metric’ g1 -— (q 1(9 — Zgijw (T’;?Lm;s — Rjnms + ijns)dx ®0dZE )

vg — O <=> % =V -+ S Sgc = %gad(Tdbc - Tbcd - chd)

(w,V) compat <=> (Viw)™ +w'" Sﬁk — WISt =0

@® Conditions on Riemann curvature for integrability

Thm: Exists best possible quantum Levi-Civita V;: torsion free and
symmetric part of Vig; =0.

@ V: fully quantum Levi-Civita iff
VR +w" g, S;n(erki + S,:m;z-) dz" @ dz™ A dz™ = 0
‘generalised Ricci form’

R =gijw™ (T2, .. — 2R s )dz™ A dz”

nm;s




E.g. Schwarzschild black hole

Rotationally invariant t-indept Poisson bivector =>
WO = —w!% = k(r) and w?? = —w3* = f(r)/sind

k(r) f'(r) =0
T rotationally invariant & Poisson-compatibility => k(r) =0, f(r) =1

Too1 = f1(r) Tio1 = fa(r) Toos = —T302 = — f3(r) sinf
T212 =T T313 =T Sin2(9) T213 = —T312 = —f4(T) Siﬂ(g

Our obstruction to full Vig; = 0 is
{7“ sinf  (k,m,n) =(2,3,1) & (k,m,n) = (3,2,1)  => antisymmetic

r sin6 (k,m,n) =(2,1,3) & (k,m,n) =(3,1,2) opstruction to qua. LC
0 otherwise

"(r)+c2ryr™s ,
Rlolo = R0110 = - flc(2 21 . /7“) R2310 =sinf (2 fg(T) — Tfé(?“)) r=3

R3519 = —cscf (2 f3(r)—r f3(r)) r3  R3,03=-1 R2%395 =sin?0.

=> any quantization will have to be nonassociative.



Il Why is there Riemannian Structure!? SM arXiv:
1307.2778

Qg =C®Cl, §?=0, d’=0 DGA ofa ‘point’ (math.QA)

Defn: a central extension of a DGA 2(A) means

Qg — Q(A) = Q(A)

Q(A) = Q(A)®@Q  as vector space, @' graded-commutes

- cleft if the projection is a left A-module map.
- flat if equivalent to a central extension where d is undeformed

~ A - A
Extn <=> dw = dw — EQIACU’ WA =wAn-— 59’[[0), nll

Lwn, £1 + [w, 71¢ = [w, 7] + (=D wlln, {1

La(w,n) = dlw, ] + [dw, 7] + (-1)“'[w, dn]]
[A,d] =0

call (A,[, 1D a 2-cocycle’ (cf group central extensions). Here
Lg(w,n) := B(wn) — (Bw)n — (-1)?“wBn “leibnizator’




Thm |: Let M be a classical manifold. Associated to a cleft
central extension (Q(M),d) is a possibly degenerate metric and
covariant derivative

1 1
(w, da) = 5[[w, al, V,n= 5[[@, nll, VYae C°(M), w,n e QYM)

obeying g% = g’f’iTlgm + gk (T the torsion of V)

@® origin of metric, connection and weak metric compatibility.

Thm 2: The cleft extension is flat if A = dd + éd for some
degree -1 map ¢, which holds iff T=0.

@® origin of torsion-freeness and form of the Hodge laplacian

@ If § symmetric’ get a new formula for Levi-Civita and metric:

Von = (5((077) — (bw)n + won + i,dn + i,dw + d(w, 77))

DN | —

(w,da) = d(aw) — ad(w)




@ If (,) also nondegenerate, get BV identity
S(wnd) = (6wm)¢ + (=D wsmg) + (=D Mps(wd)
~(wnd = (=D w(Em¢ = (=D Manés

If 62 =0 get usual codifferential/divergence and Riemannian
structure becomes equiv to a type of Batalin-Vilkovisky algebra

Ricci = —=Ag Einstein’s eqn becomes someth‘lng I|I<‘e a ~
2 wave equation for 9 and A a ‘mass‘10733ev

Classical Riemannian geometry starts to make sense!

Thank You



