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•  Nature	  defines	  a	  fundamental	  minimal	  length	  	  
	  

•  Uncertainty	  determined	  by	  QM,	  but	  also	  gravitaTon:	  
	  
	  
	  
	  
	  
	  

–  Also	  emerges	  in	  sca_ering	  of	  strings	  
	   	  [	  Veneziano,	  Europhys.	  Le_.	  2,	  199	  (1986);	  AmaT,	  Ciafaloni,	  Veneziano,	  Phys.	  Le_.	  B	  197,	  81	  	  
	   	   	  (1987);	  AmaT,	  Ciafaloni,	  Veneziano,	  Phys.	  Le_.	  B	  216,	  41	  (1989)	  ]	  

	  
	  

•  Consequences	  at	  Planck	  scale:	  	  
–  Cri$cal	  point:	  smallest	  BH	  =	  largest	  parTcle	  	  (Planck	  mass)	  
–  gravity	  is	  self-‐complete:	  singulariTes	  cannot	  be	  probed	  

	  [Dvali	  and	  Gomez,	  arXiv:1005.3497	  ]	  

Historical	  Overview	  of	  GUP	  
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•  The	  large-‐	  and	  short-‐scale	  characterisTcs	  of	  a	  black	  hole	  are	  
defined	  by	  different	  theories	  

Large	  (IR):	  

Short	  (UV):	  

Gravita\onal	  Self-‐Completeness	  
[G.	  Dvali	  et	  al.,	  PRD	  84,	  024039	  (2011);	  	  
Dvali	  et.	  al.	  JHEP	  1108	  ,	  108	  (2011)	  ]	  	  
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ParTcle	  

•  Black	  holes	  with	  rg	  ≈	  λC	  are	  cri\cal	  points	  

	  

Gravita\onal	  Self-‐Completeness	  

Gravity	  self-‐completes	  
itself	  in	  the	  UV	  where	  
quantum	  effects	  take	  
over.	  

Inaccessible	  

[G.	  Dvali	  et	  al.,	  PRD	  84,	  024039	  (2011);	  	  
Dvali	  et.	  al.	  JHEP	  1108	  ,	  108	  (2011)	  ]	  	  
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•  There	  are	  (3+d)	  spaTal	  dimensions	  that	  extend	  spaceTme	  
•  Compac\fied	  (ADD)	  

•  Gravita\on	  is	  stronger	  at	  scales	  r	  <	  Rc	  

•  Solves	  the	  hierarchy	  problem;	  renormalizability	  

Compac\fied	  Extra	  Dimensions	  
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•  Modifica\ons	  to	  Newtonian	  gravity	  

•  Anomalous	  cooling	  of	  supernovae	  
•  If	  nova	  energy	  exceeds	  MD,	  gravitons	  are	  produced	  

and	  escape	  into	  extra	  dimensions;	  nova	  will	  cool	  
quicker	  than	  expected	  

	  

	  

•  Missing	  energy	  in	  par\cle	  collisions	  
•  ConservaTon	  of	  4-‐momentum	  will	  be	  violated	  

•  Mini	  black	  holes	  in	  par\cle	  collisions!	  
–  If	  energy	  is	  compressed	  into	  volume	  10-‐19	  m	  in	  

diameter	  

Consequences	  of	  Extra	  Dimensions	  

F =
GNmM

r2
=) GDmM

rd+2



•  Adjust	  rH	  to	  its	  (d+1)-‐D	  equivalent:	  

•  Self-‐completeness	  condiTon:	  

•  Dimensionful	  coupling:	  

	  

[	  JM	  and	  PN,	  EPJ+	  128:78	  (2013)	  ]	  	  

Gravity	  is	  self-‐complete	  in	  all	  (d+1)-‐D,	  d	  ≥	  3	  
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Extra-‐Dimensional	  Self-‐Completeness	  



Dimensional	  Reduc\on	  
•  There	  is	  evidence	  to	  suggest	  that	  the	  effec\ve	  dimension	  of	  

space\me	  reduces	  at	  high	  energy	  /	  short	  length	  scales	  

•  Advantages:	  
–  Gravita\on	  
•  Renormalizable	  	  
•  No	  hierarchy	  problem!	  
•  Exactly	  solvable	  quantum	  theory	  in	  (1+1)-‐D	  

–  Quantum	  field	  theory 	  	  
•  Divergences	  in	  radiaTve	  correcTons	  (e.g.	  Higgs)	  are	  tamed	  

	  

d = 2 =⇥ F2(�) � log(�)

d = 3 =⇥ F3(�) � �

d = 4 =⇥ F4(�) � �2



Dimensional	  Reduc\on	  Techniques	  

•  Spectral	  (CDTs/EDTs,	  Hořava-‐Lifshitz,	  non-‐commutaTve)	  
	  	  
	  	  	  
•  Evolving	  (Vanishing)	  Dimensions	  

•  Brane-‐world	  

•  MulTfractal	  gravity	  

	  

[	  Ambjorn,	  Jurkiewicz,	  Loll,	  PRD72:064014	  (2005);	  
	  	  Horava,	  PRL102,	  161301	  (2009);	  	  
	  	  Modesto	  and	  Nicolini,	  PRD81:104040	  (2010)	  ]	  	  

[	  Anchordoqui	  et	  al.,	  PRD83,114046	  (2011);	  
	  	  JRM	  and	  Stojkovic,	  PRL	  106,	  101101	  (2011);	  	  
	  	  Anchordoqui	  et	  al.,	  MPLA27,1250021	  (2012)	  ]	  

[	  C.	  Callan,	  J.	  Maldacena,	  Nucl.Phys.	  B513,	  198	  	  (1998),	  
N.	  Constable,	  R.	  Myers,	  O.	  Tasord,	  PRD61:106009	  (2000)	  ]	  
	  

[	  Calcagni,	  PRL	  104,	  251301(2010);	  	  
	  	  Calcagni	  PLB697,	  251	  (2011);	  
	  	  Arzano	  et	  al.,	  PRD84:125002	  (2011)	  ]	  



Spectral	  Dimensional	  Reduc\on	  
[	  Modesto	  and	  PN,	  PRD81:104040	  (2010)	  ]	  	  

Minimal	  
length	  
constraint	  

Spectral	  
dimension	  for	  
diffusion	  	  
Tmestep	  s	  



Vanishing	  Dimensions	  
[Anchordoqui	  et	  al.,	  PRD83,114046	  (2011);	  
	  	  JRM	  and	  Stojkovic,	  PRL	  106,	  101101	  (2011);	  	  
	  	  Anchordoqui	  et	  al.,	  MPLA27,1250021	  (2012)	  ]	  

	  Dimension	  depends	  on	  
interac\on	  /	  energy	  scale	  
of	  associated	  
phenomena	  

d	  <	  (3+1)	  at	  small	  scales	  /	  high	  energy	  
d	  =	  (3+1)	  at	  macroscopic	  scales	  /	  low	  energy	  
d	  >	  (3+1)	  at	  very	  large	  scales	  /	  very	  low	  energy	  



Vanishing	  Dimensions	  Model	  
[	  	  Afshordi	  and	  Stojkovic,	  in	  prep.;	  
	  	  	  JRM	  and	  Stojkovic,	  in	  prep.	  ]	  	  
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•  What	  happens	  in	  spaceTmes	  with	  dim	  <	  (3+1)?	  

(2+1)-‐D:	  	  No	  local	  curvature	  and	  no	  black	  holes	  unless	  Λ	  <	  0	  	  

	  

(1+1)-‐D:	  	  Gravity	  is	  dilatonic;	  G1	  is	  dimensionless	  

	  

Lower-‐Dimensional	  Self-‐Completeness	  
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ds2 = (2G1M |x|� C) dt2 � dx2

2G1M |x|� C

[R.	  B.	  Mann	  and	  S.	  Ross,	  CQG	  10	  (1993)	  1405]	  	  

xg =
C

2G1MBH

[	  JM	  and	  PN,	  EPJ+	  128:78	  (2013)	  ]	  	  



•  Self-‐completeness	  
condiTon:	  

	  

•  No	  fundamental	  scale	  

•  Par\cles	  are	  par\cles	  

•  Black	  holes	  are	  black	  holes	  

•  Gravity	  is	  “naturally”	  QM?	  

	  

	  

(1+1)-‐Dimensional	  Self-‐InCompleteness	  

�C = xg =� C = 2G1+1 = 8⇥2

(1+1)-‐D	  gravity	  is	  self-‐
INcomplete	  (?)	  

[	  JM	  and	  PN,	  EPJ+	  128:78	  (2013)	  ]	  	  



Hawking	  Temperature	  from	  HUP	  

The	  Hawking	  Temperature	  can	  be	  derived	  heurisTcally:	  
Consider	  a	  photon	  sca_ered	  from	  a	  BH:	  

Momentum	  of	  
photon	  radiated	  
from	  BH	  

�p ⇠ ~
�x

, �x =
2GM

c

2

=) �p ⇠ ~c2
2GM

T = �pc =) T =
~c3
2GM



Hawking	  Temperature	  from	  GUP	  

The	  localizaTon	  of	  a	  parTcle	  is	  limited	  by	  two	  factors:	  

Necessitates	  minimum	  resoluTon	  as	  	   (�x)min ⇠ `Pl =

r
~G
c

3

Adler	  and	  Chen,	  Nucl.	  Phys.	  Proc.	  Suppl.	  124	  (2003)	  103	  
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GUP	  Black	  Hole	  Remnants	  
The	  minima	  of	  the	  GUP	  relaTon	  are	  

Adler	  and	  Chen,	  Nucl.	  Phys.	  Proc.	  Suppl.	  124	  (2003)	  103	  
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Problems	  
•  Temperature	  cannot	  be	  derived	  from	  any	  known	  metric	  or	  

surface	  gravity	  

•  Remnant	  is	  VERY	  hot	  (Planckian)	  

•  Remnant	  is	  unstable	  (	  C	  <	  0	  before	  remnant	  )	  

•  Not	  viable	  candidate	  for	  anything	  (e.g	  dark	  ma_er)	  

•  BUT:	  all	  results	  are	  derived	  heurisTcally	  –	  self-‐completeness	  
is	  an	  a	  priori	  condiTon	  

•  Is	  self-‐completeness	  a	  result	  of	  some	  formalism?	  

•  Solu\on:	  find	  metric	  solu\on	  for	  GUP	  	  



Generalized	  Uncertainty	  Principle	  

�x �p � ~
2

�
1 + �(�p)2

�

Canonical	  commutaTon	  relaTons	  subject	  to	  a	  minimum	  length:	  

which	  results	  in	  a	  modified	  uncertainty	  relaTon:	  

Derived	  from	  deformaTon	  in	  momentum-‐space	  measure:	  

What	  is	  influence	  on	  metric?	  

[	  Kempf,	  Mangano,	  Mann,	  PRD52,	  1108	  (1995)	  ]	  



Can	  modify	  stress	  tensor	  via	  non-‐local	  modificaTons	  (enTre	  funcTon)	  

We	  choose	  the	  enTre	  funcTon	  to	  reflect	  the	  desired	  	  
momentum	  measure:	  

[	  Barvinski,	  PLB710,	  12	  (2012);	  Modesto,PRD86:044005	  (2012)	  ]	  

Given	  a	  non-‐local	  acTon	   S ⇠
Z

d

4
x

p
�g G

µ⌫ A�1(⇤)

⇤ Rµ⌫

[	  Modesto,	  Moffat,	  PN,	  PLB695,	  397	  (2011)	  ]	  



GUP	  Sta\c	  Metric	  

Evaluate	  the	  deformaTon	  of	  the	  stress-‐energy	  components:	  

This	  can	  be	  wri_en	  as	  the	  Fourier	  integral	  (in	  local	  coordinates)	  

T

0
0 = � M

4⇡r2
�(~x)

whose	  soluTon	  yields	  

T 0
0 = � M

4⇡r2
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T 0
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�

e

�|~x|/�

4⇡|~x|

[	  Balasin,	  Nachbagauer,	  CQG	  10,	  2271	  (1993)	  ]	  
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GUP	  Metric	  

The	  deformed	  mass	  distribuTon	  is	  thus	  

	  
	  

[	  PN,	  PRD52,	  1202.2102	  [hep-‐th];	  	  
	  	  M.	  Isi,	  JM,	  PN,	  JHEP	  11:139	  (2013)	  ]	  
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The	  metric	  is	  thus	  
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dt2 +
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1� 2GM
r �
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�

⌘ + r2d⌦2

Characteris\cs:	  
	  

•  Schwarzschild-‐like	  for	  
•  STll	  singular	  at	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
•  Remnants	  possible	  
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GUPBH	  Thermodynamics	  
[	  PN,	  1202.2102	  [hep-‐th];	  	  
	  	  M.	  Isi,	  JM,	  PN,	  JHEP	  11:139	  (2013)	  ]	  
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Hawking
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Heat	  Capacity	  

New GUP

Hawking
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2 4 6 8 10 12 14
r! !!P"0.000

0.005

0.010

0.015

0.020

T !TP"

[	  PN,	  1202.2102	  [hep-‐th];	  	  
	  	  M.	  Isi,	  JM,	  PN,	  JHEP	  11:139	  (2013)	  ]	  
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GUP	  and	  Self-‐Completeness	  

Since	  singular	  behavior	  persists,	  GUP	  gravity	  is	  not	  UV	  complete.	  	  

But	  is	  it	  self-‐complete?	  

No	  BHs	  can	  exist	  below	  the	  remnant	  scale;	  they	  are	  parTcles	  

r0 =
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M0c
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2
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GUP	  and	  Self-‐Completeness	  

The	  GUP	  can	  now	  be	  wri_en	  

which	  defines	  three	  “phases”:	  
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Quantum	  GUP	  BH	  



Extra	  Dimensional	  GUP	  BHs	  

We	  can	  extend	  the	  metric	  formalism	  to	  (n+1)-‐dimensions:	  

T 0
0 (||x||) = M

1
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2 ·Kn
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T 0
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Z
dnp e�ixp

1 + �p2

which	  evaluates	  to	  

[	  M.	  Isi,	  M.	  Knipfer,	  	  JM,	  PN,	  in	  prep.	  ]	  
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M(r)

M
= 1� 21�

n
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��n/4rn/2Kn/2
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◆

•  Recovers	  previous	  results	  for	  n	  =	  3	  
•  Schwarzschild	  for:	  
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•  GUP	  BH	  derived	  from	  first	  principles;	  corrects	  earlier	  heurisTc	  

approach	  

•  Momentum	  space	  deformaTon	  yields	  correcTon	  to	  self-‐
completeness	  paradigm	  by	  introducing	  curvature	  correcTons	  
near	  the	  fundamental	  scale	  

•  Extra-‐dimensional	  GUP-‐BH	  
–  In	  prepara$on!	  (M.	  Isi,	  M.	  Knipfer,	  	  JM,	  PN)	  
	  

•  AddiTonal	  effects	  (NCBH,	  unparTcle)	  by	  modeling	  enTre	  funcTon	  
	  

	   	  	  

Conclusions	  



Thank	  you!	  
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GUP	  Metric	  

Encode	  deformaTon	  via	  coordinate	  effects	  into	  the	  source	  term	  

We	  choose	  the	  enTre	  funcTon	  to	  reflect	  the	  desired	  	  
momentum	  measure:	  

[	  PN,	  PRD52,	  1202.2102	  [hep-‐th];	  	  
	  	  M.	  Isi,	  JM,	  PN,	  JHEP	  11:139	  (2013)	  ]	  



M(r)/M vs r


