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Amplitude-noise-resilient entangling gates for trapped ions
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Noise resilience of quantum information processing is a crucial precondition to reach the fault-tolerance
threshold. While resilience to many types of noise can be achieved through suitable control schemes,
resilience to amplitude noise seems to be elusive within the common harmonic approximation for the
bus mode of trapped ions. We show that weak anharmonicities admit control schemes that achieve
amplitude-noise resilience consistent with state-of-the-art experimental requirements and that the required
anharmonicities can be achieved with current standards of microstructured traps or even the intrinsically
anharmonic Coulomb interaction. This approach applies broadly to any platform that employs a bosonic
bus as a qubit coupler.
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I. INTRODUCTION

Bosonic couplers are ubiquitous in emerging quantum
computing platforms. By utilizing quantized excitation of
a bosonic mode, such as a phonon in a collective motional
mode [1,2], a photon in a cavity field [3–8], or a collec-
tive excitation in a superconducting circuit [9,10], it is
possible to engineer a quantum bus that mediates inter-
action between qubits. While proof-of-principle demon-
strations of entangling gates exist for a variety of plat-
forms, from trapped ions [11,12], neutral atoms [3], or
cavity-coupled spins [8,13,14] to superconducting qubits
[4,5,10,15], any practical device will require a certain level
of noise resilience so that the benefits of using a quan-
tum instead of a classical computer are not lost to the
effort required for highly accurate and frequent system
calibration [16–19].

Concerning trapped ions, existing demonstrations of the
resilience of quantum gates against fluctuations of a vari-
ety of quantities [12,20–24] put this architecture much
closer to practicality than many competing platforms. By
design, most of the currently employed quantum gates
are resilient to fluctuations in the initial state of the ions’

*Contact author: nguyen.le@imperial.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

motion [2,11,25]. Resilience against motional heating and
fluctuations in the ions’ confining potential or the carrier
frequency of driving fields used to realize gates can be
achieved in terms of suitably tailored temporal shapes of
the driving fields [20,24,26–28]. A crucial system param-
eter that has proven tricky to achieve noise resilience
against is the amplitude of driving fields; but typical fluc-
tuations in Rabi frequency are in the range of a few
percent.

The linear spatial dynamics of the ions are conflicting
with resilience against amplitude fluctuations of driving
fields. The required nonlinearity can be obtained from the
intrinsically nonlinear light-matter interaction [29] beyond
the Lamb-Dicke approximation. As we will show here, it
is possible to achieve resilience against amplitude fluc-
tuations without the strong driving required for sizable
nonlinearity in the light-matter interaction using anhar-
monicities in trapping potential or even the fundamentally
anharmonic Coulomb interaction. Even though such anhar-
monicities impair resilience to thermal excitations, they do
so only to an extent that can be reclaimed with the choice
of temporal profile of the driving fields. With the explicit
design of gate electrodes, we underpin the experimental
feasibility of the required anharmonic potential. Although
we present the gate scheme specifically for trapped ions,
it can be extended to any architecture that uses a weakly
anharmonic (or weakly nonlinear) bosonic mode as a bus.
In such setups, this scheme mitigates detrimental effects
of amplitude fluctuations and unwanted excitations in the
coupler.
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II. TWO-QUBIT GATE WITH ANHARMONIC
POTENTIAL

The Hamiltonian of a pair of trapped ions with off-
resonant driving on a red and a blue sideband is given by
[2]

H(t) = H0 + �R
(
f (t)a† + af ∗(t)

)
Sy , (1)

where Sy = σ 1
y + σ 2

y is the y-component of the total spin
operator; a and a† are the annihilation and creation oper-
ators of the bus mode; �R is the Rabi frequency for the
utilized sideband transitions; the function f (t) includes
the time-dependence of the carrier frequencies of the driv-
ing fields and any time-dependence resultant from pulse
shaping; and H0 is the noninteracting Hamiltonian of the
internal qubit degrees of freedom of the ions and the bus
mode.

In the case of a perfectly harmonic bus mode, the impact
of the noninteracting part H0 of the system Hamiltonian
reduces to an oscillatory time-dependence of the anni-
hilation and creation operators, a and a†. The system
Hamiltonian in the interaction picture thus reads H̃(t) =
�R(f̃ (t)a† + af̃ ∗(t))Sy , with a drive f̃ (t) dressed with the
time-dependence of the noninteracting dynamics.

The gate dynamics can be represented by translation in
phase space along a closed loop with length proportional to
�R [2,25]. The Rabi angle �R of the effective S2

y interac-
tion in the dynamics induced by H̃(t) is given by the area
enclosed by the loop, thus exhibiting the quadratic depen-
dence �R = �2

R Im
∫ T

0 dτ f̃ (τ )
∫ τ

0 dτ ′ f̃ ∗(τ ′) [26]. The
dependence of �R on the driving pattern factorizes into
an amplitude term �2

R and a factor with the detailed time-
dependence of the driving. There is thus no possibility
of choosing driving patterns f (t) that could modify the
quadratic dependence on the Rabi frequency and any fluc-
tuation of �R will unavoidably result in the corresponding
fluctuation of the Rabi angle �R.

In the case of an anharmonic bus mode, however, the
interplay between the interaction and the noninteracting
dynamics can break this factorization, and it is possible
to achieve resilience against fluctuations in the Rabi fre-
quency �R in terms of suitably tailored driving patterns
f (t).

The ideal entangling gate for the qubit degrees of free-
dom that can be realized with the Hamiltonian H(t) [Eq.
(1)] is given by

UT = exp
(

i
π

8
S2

y

)
. (2)

Since any level of anharmonicity will restrict a gate func-
tionality to a limited range of initial motional states, it is
essential to define a gate fidelity for the joint dynamics
V of the qubits and bus mode that takes this range into

account. For any projector P onto a subspace of the full
Hilbert space of the bus mode, one can define

F(V, UT, P) =
∣∣∣tr((U†

T ⊗ P)V)/(4 tr P)

∣∣∣
2

(3)

as the fidelity of a unitary V for the full system of qubits
and bus mode with respect to the desired gate UT of the
qubits and the desired trivial dynamics of the bus mode
within the subspace given by P. Resilience against ampli-
tude fluctuations is characterized in terms of an average
infidelity

I = 1 − 〈F(V(�R), UT, P)〉�R , (4)

where V(�R) denotes the system dynamics obtained with a
given Rabi frequency �R taking a value in the error range
(�C − δ�) ≤ �R ≤ (�C + δ�), where �C is the central
value and δ� the error magnitude.

Although the anharmonicity can be induced by any
higher-order terms in the potential, for clarity the
remaining discussion focuses on the quartic potential
1
2 mω2

(
z2 + z4/ξ 2

)
for the bus mode, where ξ is the length

scale on which the potential becomes anharmonic. The per-
turbative correction to the center of mass (COM) mode’s
eigenfrequencies resultant from the anharmonicity is given
by χn(n − 1), with the phonon number n and the scalar
prefactor

χ = 3�

4mξ 2 , (5)

referred to as the “anharmonicity” in the following.
With the anharmonic potential terms included in the

Hamiltonian of Eq. (1), the driving function f (t) is opti-
mized with common pulse-shaping algorithms [30–32].
The optimization is performed over an ensemble of Hamil-
tonians that share the same general form but differ in their
Rabi frequencies �R. The goal is to design a single driv-
ing function f (t) that works effectively for all members
of the ensemble, ensuring consistent control despite varia-
tions in �R. In the following, we will pursue a numerically
exact approach [given H(t) in Eq. (1)], applicable to any
anharmonicity, and an approximate analytic approach that
is applicable to the regime of strong anharmonicities. The
latter approach provides an intuitive understanding of the
functionality of the control scheme; using its driving func-
tions as initial conditions for the iterative refinement of the
former approach helps to avoid suboptimal extrema.

III. AMPLITUDE-NOISE RESILIENCE

Figure 1(a) depicts the infidelity 1 − F [Eq. (3)] for
several gates as a function of the Rabi frequency �R.
The solid red curve corresponds to a perfectly harmonic
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FIG. 1. (a) Dependence of infidelity on Rabi frequency for the Mølmer-Sørensen (MS) gate in a harmonic trap (solid red curve) and
for the anharmonic gate with 1 phonon excitation (with χ = 2.5�G, �C = 2.3�G, dotted blue curve) and the anharmonic gate with
10 phonon excitations (with χ = 6�G, �R = 2.6�G, dashed orange curve); here, �G = 2π/T is the gate frequency. (b, c) Infidelity
averaged over a 5% error range of the Rabi frequency for (b) 1 phonon excitation and (c) up to 10 phonon excitations, as a function of
the anharmonicity and mean Rabi frequency.

system in which no resilience can be achieved, and the infi-
delity grows quickly with increasing deviation |�R − �C|
of the Rabi frequency from its ideal value. The other
two curves correspond to an anharmonic system, show-
ing the fidelities obtained with driving patterns optimized
for an equally spaced grid of Rabi frequencies in the
interval [9.5/10�C, 10.5/10�C], centered around the cen-
tral Rabi frequency �C. The pulses are optimized under
the constraint |f (t)| ≤ 1. The dotted blue curve refers to
gate fidelities with up to 1 phonon in the initial states,
i.e., P = |0〉〈0| + |1〉〈1| in Eq. (3), for an anharmonicity
χ = 2.5�G, where �G = 2π/T is the gate frequency, with
T the gate duration. The dashed orange curve refers to
the case with up to 10 phonons, P = ∑10

n=0 |n〉〈n|, and
anharmonicity χ = 6�G. The value of the gate frequency
is chosen to be �G = �C/2.3 for the former gate; given
the broad range of initial states, the latter gate requires a
slightly lower gate frequency �G = �C/2.6 to achieve the
resilience shown in Fig. 1(a).

A more quantitative picture of the noise resilience is pro-
vided by the average infidelity I [Eq. (4)]. Figures 1(b) and
1(c) depict I as a function of the central Rabi frequency �C
and the anharmonicity χ for the cases of up to 1 phonon
and up to 10 phonons in the initial states, respectively.

Both graphs show suboptimal infidelities for vanish-
ing anharmonicity, as expected. With increasing anhar-
monicity, however, the infidelities decrease and values
below 10−4 are achieved in the strong anharmonicity limit.
This decrease is faster in Fig. 1(b) than in Fig. 1(c),
highlighting that the required anharmonicity increases
with the dimensions of the subspace to which its initial
motional state is confined. While a Rabi frequency of value
�R = �G is enough to realize a fully entangling gate in the
absence of amplitude fluctuations, Figs. 1(b) and 1(c) also
show that—depending on the desired infidelity—slightly

larger Rabi frequencies can be required in order to real-
ize resilient gates. In addition, the required anharmonicity
for achieving an average fidelity of 99.9% rises moderately
with error magnitude for error values in the range 1%–10%
(Appendix C). While robustness against motional exci-
tation is demonstrated for up to 10 phonons in Fig.
1(c), to highlight the potential of the method, typical
motional excitation levels in many experiments are signif-
icantly lower, with 〈n〉 � 1 [33–35]. In this regime of low
motional excitation, higher gate fidelities can be achieved
with weaker anharmonicity, as illustrated in Fig. 1(b).

IV. ANALYTICAL PULSES FOR LARGE
ANHARMONICITY

To understand the physical origin of the robustness
against fluctuations in the Rabi frequency �R, it is instruc-
tive to pursue an approximate treatment that is valid
for large anharmonicity, a regime in which a transition
between any pair of Fock states can be driven on res-
onance without sizable off-resonant transitions between
other pairs. The realization of a gate that works with an
initial motional state in the subspace spanned by the lowest
N Fock states requires a driving profile with components
gn(t) that are close to resonant with the transition between
one pair of Fock states each [Eq. (B3) in Appendix B].

With such a driving profile, the system Hamiltonian
in the interaction picture is approximated (in the rotating
wave approximation) as

HI = �R

N∑

n=1

√
n

(
gn(t)σ †

n + σng∗
n(t)

)
Sy , (6)
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with σn = |n − 1〉〈n|. The operators

Xn = 1
2

(
σn + σ †

n

)
Sy and Yn = i

2
(
σn − σ †

n

)
Sy

(7)

satisfy the commutation relation [Xn, Yn] = 2iZn with
Zn = [σ †

n , σn]S2
y/4 and cyclic permutations, i.e., the same

commutation relations as the Pauli operators. The dynam-
ics with driving of a single transition are thus equivalent to
those of a single qubit.

If the dynamics V of qubit degrees of freedom and the
bus mode satisfy the relation

V(1 ⊗ P) = exp

(

−i
π

2

N∑

n=1

nZn

)

(1 ⊗ P), (8)

then the desired gate for initial motional states in the sub-
space P = ∑N−1

n=0 |n〉 〈n| is realized, and thus the infidelity
I [Eq. (3)] is minimized. Such dynamics can be realized in
terms of a sequence of steps in which a single transition is
driven with a driving function gn that is optimized for the
target dynamics exp(−inZnπ/2), or any other target within
2π -periodicity. In fact, since the dynamics resultant from
driving profile gn(t) commutes with the dynamics resultant
from driving profile gm(t) for |n − m| > 1, such a driving
scheme can comprise only two steps, with gn = 0 for all
even n in one step and gn = 0 for all odd n in the other
step.

For a two-level transition, the unitary dynamics can be
made robust against pulse amplitude error using composite
pulses [36–38]. A possible choice for each of the driv-
ing functions gn(t) that achieves the desired resilience to
amplitude noise is given by the simple piecewise constant
driving function with four segments gj , for (j − 1)T/4 ≤
t < jT/4 [37], with

g1 = g∗
4 = 2π i√

n �CT
exp

(
−i

3φ

4

)
,

g2 = g∗
3 = 2π i√

n �CT
exp

(
−i

φ

4

)
.

(9)

This driving pattern for gn(t) results in the gate
exp(iφZn) at the final time T, given a central Rabi fre-
quency with the value �C. Fluctuations in the Rabi fre-
quency contribute only quadratically to the gate angle, and
deviations from the type of gate (i.e., induced by Zn) are
of third-order in Rabi frequency fluctuations. That is, the
gate is resilient to amplitude fluctuations up to second-
order, resulting in a robustness up to fourth order in the
gate fidelity.

Figure 2(a) depicts trajectories on the Bloch sphere
(defined in terms of X1, Y1, and Z1) for the dynam-
ics induced by the analytic pulse sequence in Eq. (9)

(a) (b)

FIG. 2. (a) Trajectories of the Bloch vector in the strong anhar-
monicity limit with the analytic pulse sequence of Eq. (9), for
Rabi frequency varying in a 10% error range. The color gradi-
ent depicts temporal evolution, from bright orange for the initial
vector [1, 0, 0] to dark red for the final vector [−1, 0, 0]. (b) Sim-
ilar trajectories for a finite anharmonicity, χ = 2�G, and a 10%
error range in the Rabi frequency. The trajectories shown are pro-
jections in the subspace of the lowest two levels, thus residing
inside the Bloch sphere. The opacity represents the length of the
projected vector.

with φ = π/2. Trajectories for relative Rabi frequencies
�R/�C from 0.9 to 1.1 in steps of 0.025 are shown.
The color gradient indicates the temporal evolution, from
bright orange for t = 0 to dark red for t = T. The tra-
jectories diverge at first, owing to variation in the Rabi
frequency, but converge toward the end, demonstrating the
robustness of the gate. Outside the regime of strong anhar-
monicity and weak driving, the separation into dynamics
in distinct two-dimensional subspaces breaks down. Yet a
three-dimensional projection of the (N 2 − 1) generalized
Bloch vector (onto X1, Y1, and Z1), shown in Fig. 2(b) for
χ = 2�G, can still reveal the refocusing of the trajectories
toward the gate time.

V. ANHARMONICITY ESTIMATION

The anharmonicity necessary for the presented scheme
can be induced by a quartic potential in a trap geometry,
where the dc control electrodes are placed directly under-
neath the ions [39]. It scales as the inverse of the square
of the separation between the electrodes and thus can be
enhanced by reducing the size of the device. We show next
that it is more advantageous to use the stretch mode, rather
than the COM mode, as the intrinsic anharmonic Coulomb
interaction can produce a substantial contribution to the
anharmonicity. In this section, we provide details on esti-
mating the anharmonicity for the COM mode and the
stretch mode in the quartic potential

V(z) = mω2

2

(
z2 + z4

ξ 2

)
. (10)

For the COM mode, the effective potential is the same
as that of a single trapped ion. The level shift is estimated
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by perturbation theory, mω2 〈n| z4 |n〉 /2ξ 2, giving (n2 +
n)�χ , where χ = 3�/(4mξ 2). We write this as ��n +
2n�χ , where �n = (n2 − n)χ , and group the second term
into the harmonic part of the energy spectrum, redefining
ω as the transition between the shifted ground and first
excited levels.

For the stretch mode, the potential energy of the system
is

V(z) = ke2

2z
+ mω2

(
z2 + z4

ξ 2

)
, (11)

where ±z are the axial positions of the two ions. The equi-
librium separation is given by d0 = 2z0, where z0 is given
by V′(z0) = 0, which yields

− L2

2z2
0

+ 2
z0

L
+ 4

z3
0

ξ 2L
= 0, (12)

where L = (ke2/mω2)1/3 is the length scale of the ion sep-
aration in a harmonic trap [40]. This equation is solved
numerically to obtain the equilibrium position z0. Let u
be the small displacement in the stretch mode, i.e., the
positions of the ions are z = ±(z0 + u). We expand the
potential V(z) up to the fourth order in u to obtain

V(u)

�ω
=

(
1 + L3

2z3
0

+ 6z2
0

ξ 2

) (u
l

)2

−
(

L3l
z4

0
− 4z0l

ξ 2

) (u
l

)3
+

(
L3l2

2z5
0

+ l2

ξ 2

) (u
l

)4
,

(13)

where l = √
�/mω is the harmonic oscillator length.

As the total energy is mu̇2 + V(ηz), the effective poten-
tial for the motion of the stretch mode is Veff(u) = V(u)/2.
Using perturbation theory to estimate the anharmonic shift
for this potential is not straightforward, as the second-order
contribution of the cubic term can dominate the first-order
contribution of the quartic term. Therefore, we compute
the lowest three energies numerically with Numerov’s
method, and obtain the anharmonicity shift by χ = (E2 −
E1) − (E1 − E0).

Figure 3 shows the anharmonicity for two Yb+ ions
with mass m = 171 u in a potential with trapping frequen-
cies ω/2π varying from 0.1 to 10 MHz and characteristic
lengths ξ from 0.1 to 1000 µm. There are two distinct con-
tributions to the anharmonicity: the intrinsic anharmonicity
of the Coulomb potential, which increases with ω, and the
external anharmonicity from the trapping potential, which
increases with 1/ξ 2. In the purely harmonic limit, where ξ

is very large, anharmonicity χ 
 2π × 100 Hz is achieved
for ω 
 2π × 5 MHz. The required trap frequency can be
reduced with an addition of a small quartic component in

m

kHzAnharmonicity,

FIG. 3. Dependence of the stretch mode’s anharmonicity on
the trap frequency and the characteristic length of the quartic
potential.

the potential. Data from Fig. 3 show that a potential with
ω = 2π × 100 kHz and characteristic length ξ = 1 µm
yields an anharmonicity of χ 
 2π × 1 kHz.

To demonstrate that this range of parameter values is
achievable with current trap design, the electrostatic poten-
tial for our trap design, with the layout shown in Fig. 4(a),
was simulated. The control voltage on the electrodes was
configured to create a quartic component in the potential.
Figure 4(b) shows the potential obtained with boundary
element method (BEM) simulation. The trap frequency
ω ≈ 2π × 100 kHz and the characteristic length ξ ≈ 2 µm
correspond to an anharmonicity χ ≈ 2π × 150 Hz. For
comparison, the anharmonicity for the COM mode in the
same quartic potential is only 3�/(4mξ 2) ≈ 2π × 10 Hz.

VI. DISCUSSION AND OUTLOOK

As shown in the previous section, anharmonicities
around 2π × 100 Hz are readily achievable via the intrin-
sic Coulomb interaction, and values exceeding 2π × 1
kHz can be obtained with the addition of a quartic com-
ponent, with ξ ≈ 1 µm in the trap potential. While anhar-
monicity in the trap potential may lead to coupling of
modes [41], which causes loss of fidelity [42–44], the
anharmonicity required in our gate is much smaller than
typical trap frequencies, in the range ω/2π ≈ 0.1–1 MHz,
and thus the coupling between different motional modes is
negligible, so that the reduction of the motional dynam-
ics to only the bus mode is well justified. Changes to the
coherence properties of the motional bus resulting from
such a small anharmonicity are also insignificant.

In addition to energy level shifts, the quartic potential
also gives rise to cross terms of the form |n〉〈n + 2| + H.c.
and |n〉〈n + 4| + H.c. in the laboratory frame. The dynam-
ics of the entangling gate, however, are considered in the
rotating frame of the harmonic part of the motional Hamil-
tonian, ω(n + 1/2), and the cross terms become rapidly
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(a) (b)

FIG. 4. (a) Geometry of a surface ion trap with control electrodes placed directly underneath the central trapping axis, in between
the rf electrodes (purple). Five different voltages are applied symmetrically to nine control electrodes (cyan, orange, red, blue, green) to
produce an axial potential with quadratic and quartic terms at the ion location (black circle). The quartic component can be enhanced by
reducing the separations between the electrodes. (b) Potential curve obtained with boundary element method simulation. The maximum
voltage on the electrodes (outside the range shown in the figure) is 70 V. The ion height is kept at 125 µm to avoid any anomalous
heating from the chip that might affect the ion.

oscillating with frequencies 2ω and 4ω, which are much
larger than the relevant energy scale of the gate dynamics,
i.e., the Rabi frequency and the anharmonic energy shift.
Therefore, these cross terms can be neglected in the rotat-
ing wave approximation. The contribution of these fast
oscillating terms is of the order of χ/ω in the unitary evo-
lution operator, and (χ/ω)2 in the infidelity, which is in the
range 10−6 to 10−4 for the parameter values considered in
the paper, χ/2π ≈ 1 kHz and ω/2π ≈ 0.1–1 MHz. For
trap frequencies closer to the 1 MHz range, this is much
smaller than the range of 10−4 infidelity considered in this
paper; hence, the approximation is justified.

The required anharmonicity for achieving 99.9% aver-
age fidelity in the presented scheme is of the order of
�G ≡ 2π/T (see Appendix C). A gate time of the order
of 1 ms is thus achievable for anharmonicity of the order
of χ/2π 
 1 kHz. Although a gate time of 1 ms is longer
than the typical duration for an MS gate (≈ 100 µs) [45],
it is much shorter than the typical coherence time, which
is of the order of minutes [46,47]; hence, the effect of
decoherence is negligible.

An appealing feature of anharmonicity-based appr-
oaches is that noise resilience can be achieved with a
Rabi frequency comparable to that of an MS gate [as
seen in Fig. 1(b)]. In contrast, approaches based on non-
linear light-matter interaction, where the nonlinearity is
second-order in the Lamb-Dicke parameter [29], require
orders-of-magnitude increases in the Rabi frequency to
compensate for the small nonlinearity in systems with
small Lamb-Dicke parameters.

The presented scheme can be applied for two selec-
tively driven ions in a multi-ion chain. As with schemes
based on higher-order nonlinearity [29], the anharmonicity
decreases with the number of ions, as 1/n (Appendix A).

However, most scalable trapped-ion architectures utilize
one-qubit and two-qubit gates in separate entanglement
zones, each with only a few ions, and interleave the gates
with ion transport between zones [48–50]; thus, these noise
resilience schemes are still applicable.

An anharmonicity-based approach for achieving
amplitude-noise resilience can be combined with pre-
viously known pulse-shaping techniques for achieving
robustness against additional noise sources, such as fre-
quency fluctuation, motional noise, and motional heat-
ing, providing a complete method for a generally robust
Mølmer-Sørensen gate. Moreover, while they are dis-
cussed here for the specific platform of trapped ions, both
the problem of amplitude fluctuations and the foundations
of the currently proposed solution are prevalent in many
quantum technological platforms: interactions between
superconducting qubits, for example, can be mediated via
weakly anharmonic qubit couplers [9,10,15], while long-
range interactions are frequently realized via coupling to
a shared cavity mode [4,13,14]. With intrinsic or engi-
neered anharmonicities, all such systems can benefit from
the noise resilience that can be achieved with control
techniques following the principles exemplified here for
the specific example of trapped ions. Thus, these tech-
niques not only help to bring trapped-ion technology closer
to the error-correction threshold but they can also find
application in a broad platform of emerging technologies.
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APPENDIX A: ANHARMONICITY IN A
MULTI-ION CHAIN

In a chain with n ions, the displacement of each ion in
a normal mode is zj = z(0)

j + uj q, where z(0)
j is the equi-

librium position, uj the coefficient of the normal mode’s
eigenvector, and q the mode’s spatial displacement [40].
The quartic term in the total potential energy of the mode
is

α
mω2

2
q4

ξ 2 , (A1)

where

α =
∑

j

u2
j (A2)

determines the scaling with the system size.
For the COM mode, uj = 1/

√
n and hence the anhar-

monicity decreases as 1/n. For the stretch mode,

uj = z(0)
j√

∑
j

(
z(0)

j

)2
, (A3)

which can be determined numerically. Using the numerical
values for the equilibrium positions, zj

0, from James [40],
we plot α against the system size, n, in Fig. 5, showing
that, for large system size, α, and hence the anharmonic-
ity, scales as 1/nβ , where β ≈ 0.9. As with the previ-
ous approaches based on light-matter nonlinearity, which
scales as 1/n, the robust gate is more useful in architec-
tures where a few ions can be effectively trapped together,
such as the quantum charge-coupled device (QCCD) archi-
tecture [50].

APPENDIX B: HAMILTONIAN IN THE STRONG
ANHARMONICITY LIMIT

The control Hamiltonian, in the rotating frame of the
free spin terms and the harmonic motional term, is then

H̃(t) ≈
∞∑

n=0

�n|n〉〈n| + �R

[
f̃ ∗(t)a + a† f̃ (t)

]
Sy . (B1)

Ion number

FIG. 5. Dependence of the coefficient α on the number of ions
in a chain (blue diamonds). The fit (dashed line) shows a scaling
of 1/nβ , where β ≈ 0.9.

The interaction Hamiltonian in the rotating frame of∑
n �n|n〉〈n| is

H̃1(t) ≈ �R

∞∑

n=0

√
n
[

f̃ ∗(t)e−i(�n−�n−1)t|n − 1〉〈n|

+ |n〉〈n − 1|f̃ (t)ei(�n−�n−1)t
]

Sy . (B2)

In the strong anharmonicity limit, where the anhar-
monicity is much larger than the Rabi frequency of the
drive, we consider a polychromatic control of the form

f̃ (t) =
N−1∑

n=1

gn(t)e−i(�n−�n−1)t, (B3)

where gn(t) are slowly varying on the time scale 1/(�n −
�n−1). The control Hamiltonian reads, after neglecting the
counter-rotating terms,

H̃2(t) ≈ �R

N∑

n=1

√
n

[
gR

n (t)Xn − gI
n(t)Yn

]
, (B4)

where gR
n (t) and gI

n(t) are the real and imaginary parts of
gn(t). This rotating wave approximation is valid when χ �
gn(t), and only the N lowest Fock states are involved in the
dynamics.

APPENDIX C: REQUIRED ANHARMONICITY

The required anharmonicity for achieving a sufficiently
low average infidelity in the error range increases with
increasing error magnitude. Figure 6 shows the minimum
anharmonicity needed to achieve an average infidelity
below 10−3 for the cases of 0, 1, and 10 phonon excitations
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Amplitude error
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FIG. 6. Required anharmonicity for achieving an average
infidelity of 10−3 with respect to error magnitude.

in the initial state. The anharmonicity rises with the error
magnitude, as expected, but this rise is only moderate.

APPENDIX D: NUMERICAL PROPAGATION AND
OPTIMIZATION

We use piecewise controls; thus, the control variables
are the set of amplitudes for each time bin. The Hamilto-
nian equation [Eq. (B1)] is written in matrix form using
the basis |n〉 ⊗ |j1〉 ⊗ |j2〉, where |n〉 is the motional Fock
state and

∣∣j1,2
〉

are the spin states. We include a sufficiently
large number of Fock states in the basis to make sure that
there is no error caused by this truncation. This is veri-
fied by ensuring that the population of the highest Fock
state in the basis is negligibly small (< 10−10) at all times
during the dynamics. The unitary evolution for each small
time interval is obtained by matrix exponentiation with
Padé approximation, implemented in the EXPM function in
MATLAB.

The gradient of the fidelity with respect to the control
variable is computed using the analytical formula utilized
in GRAPE [30]. The fidelity is optimized using a gradient-
based optimization method, implemented in the FMINCON
function in the MATLAB OPTIMIZATION toolbox.

We start with the strong anharmonicity limit, where we
find the optimal gn, and use the solution in Eq. (B3) as
an initial guess to find the optimal f̃ (t) for lower anhar-
monicity, for which the numerical propagation must be
implemented using the full Hamiltonian given in Eq. (B1).
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