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A 4$576/8�92:;6 . An intuitionistic, hybrid modal logic suitablefor reasoningaboutdistribution of re-
sourceswas introducedin [10]. We extendthe Kripke semanticsof intuitionistic logic, enriching
eachpossibleKripkestatewith a setof places,andshow thatthis semanticsis bothsoundandcom-
pletefor the logic. In thesemantics,resourcesof a distributedsystemareinterpretedasatoms,and
placementof atomsin a possiblestatecorrespondsto thedistribution of theresources.Themodali-
tiesof thelogic allow usto validatepropertiesin a particular place, in someplaceandin all places.
We extendthe logic with disjunctive connectives,andrefineour semanticsto obtainsoundnessand
completenessfor extendedlogic. Theextendedlogic canbeseenasaninstanceof Hybrid IS5[2, 18].

1 Intr oduction

In currentcomputingparadigm,distributed resourcesspreadover and shared
amongstdi< erentnodesof a computersystemis very common. For example,
printersmaybesharedin localareanetworks,or distributeddatamaystoredoc-
umentsin partsat di< erentlocations.The traditionalreasoningmethodologies
arenot easilyscalableto thesesystemsasthey maylack implicitly trustableob-
jectssuchasacentralcontrol.

This hasresultedin the innovationof several reasoningtechniques.A pop-
ular approachin the literaturehasbeenthe useof algebraicsystemssuchas
processalgebra[13, 8, 5]. Thesealgebrashave rich theoriesin termsof seman-
tics [13], logics[7, 15,4, 3], or types[8]. Anotherapproachis logically-oriented
[9, 10, 19, 14]: intuitionistic modallogicsareusedasfoundationsof typesys-
temsby exploiting thepropositions-as-types,proofs-as-programsparadigm[6].
An instanceof thiswasintroducedin [9, 10] andthelogic introducedthereis the
focusof our study.

The formulaein this logic includenames,calledplaces. Assertionsin the
logic areassociatedwith places,andarevalidatedin places.In additionto con-
sideringwhethera formula is true,we arealsointerestedin where a formula is
true. The threemodalitiesof the logic allow us to infer whethera propertyis
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validatedin aspecificplaceof thesystem(@p), or in anunspecifiedplaceof the
system( = ), or in any part of the system(> ). The modality @p internalisesthe
modelin the logic andhencecanbe classifiedasa hybrid logic [1, 16, 2]. An
intuitionisticnaturaldeductionfor thelogic is givenin [9, 10],andjudgementsin
thelogic mentiontheplacesunderconsideration.Thenaturaldeductionrulesfor
= and > resemblethosefor existentialanduniversalquantificationof first-order
intuitionistic logic.

As notedin [9, 10], thelogic canalsobeusedto reasonaboutdistributionof
resourcesin additionto servingasthefoundationof a typesystem.Thepapers
[9, 10], however, lackamodelto matchtheusageof thelogic asa tool to reason
aboutdistributed resources.In this report,we bridge the gap by presentinga
Kripke-stylesemantics[12] for the logic of [9, 10]. In Kripke-stylesemantics,
formulaeareconsideredvalid if they remainvalid whentheatomsmentionedin
the formulaechangetheir valuefrom falseto true. This is achievedby usinga
partially orderedsetof possiblestates. Informally, moreatomsaretruein larger
states.

We extend the Kripke semanticsof the intuitionistic logic [12], enriching
possiblestateswith a fixedsetof places.In eachpossiblestate,di< erentplaces
satisfydi< erentformulae. For the intuitionistic connectives,the satisfactionof
formulaeat a placein a possiblestatefollows thestandarddefinition [12]. The
enrichmentof themodelwith placesrevealsthetruemeaningof themodalities
in the logic. The modality @p expressesa property in a namedplace. The
modality > correspondsto aweakform of universalquantificationandexpresses
acommonproperty, andthemodality = correspondsto aweakform of existential
quantificationandexpressesapropertyvalid somewherein thesystem.

In themodel,we interpretatomicformulaeasresourcesof a distributedsys-
tem,andplacementof atomsin apossiblestatecorrespondsto thedistributionof
resources.As in intuitionistic logic [12], we neednot evaluateall the formulae
of thelanguage,sincetheinterpretationfollows inductively from thestructureof
formulae.

In orderto givesemanticsto a logical judgment,weallow modelswith more
placesthanthosementionedin thejudgement.This admitsthepossibilitythata
usermaybeawareof only a certainsubsetof namesin a distributedsystem.As
weshallsee,this is crucialin theproofof soundnessandcompleteness.

In the model,we canduplicateplacesin a conservative way. This fact is
thekey to theproof of soundnessof introductionof > , andtheeliminationof = .
The proof of completenessfollows closelythe standardproof of completeness
of intuitionistic logic with oneimportantdi< erence:in additionto witnessesfor
theexistential( = ), weneedwitnessesfor theuniversal( > ) too.

Thelogic in [9, 10] did nothavedisjunctiveconnectives.Weextendthelogic
with disjunctive connectives,andrefineour Kripke semanticsin orderto obtain
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completeness.? In therefinedsemantics,thesetof placesin Kripkestatesarenot
fixed.Di < erentpossibleKripkestatesmayhavedi@ erentsetof places.However,
thesetof placesvary in a conservative way: largerKripke statescontainlarger
setof places.

We show that the refinedsemanticsis both soundandcompletefor the ex-
tendedlogic. The proof of soundnessonceagain dependson duplicationof
places.Theproof of completenessfollows closelythestandardproofsof com-
pletenessof intuitionistic modallogics. The extendedlogic canbe seenashy-
bridizationof thewell-known intuitionistic modalsystemIS5[2, 18].

The restof the paperis organisedasfollows. In Section2, we presentthe
logic in [9, 10]. In Section3 we presentthe distributedKripke modelusedto
interpretthelogic, andprovesoundnessandcompletenessof thesemantics.We
presenttheextensionof logic with logical connectivesin Section4.Therefined
semanticsis givenin Section5,wherewealsoshow soundnessandcompleteness
of therefinedlogic. Wediscussrelatedwork in Section6, andwesummariseour
resultsin Section7.

2 Logic

Wenow introduce,throughexamples,thelogic presentedin [9, 10]. Thelogic is
usedto reasonaboutheterogeneousdistributedsystems.To gain someintuition,
consideradistributedpeerto peerdatabasewheretheinformationis partitioned
over multiplecommunicatingnodes(peers).

Informally, thedatabasehasa setof nodes,or places, anda setof resources
(data)distributedamongsttheseplaces.Thenodesarechosenfrom theelements
of a fixed set, denotedby pA qA r A sA2B2B2B . Resourcesare representedby atomic
formulaeAA BA2B2B2B Atoms. Intuitively, anatomA is verifiedin a placep if that
placecanaccesstheresourceidentifiedby A.

Werewe reasoningabouta particularplace,the logic connectivesof the in-
tuitionistic framework wouldbesuC cient.For example,assumethataparticular
document,doc, is partitionedin two parts,doc1 anddoc2, andin orderto access
to the documenta placehasto accessboth of its parts. This canbe formally
expressedasthelogical formula: (doc1 doc2) doc, where and arethe
logicalconjunctionandimplication.particularplace,thentheusualintuitionistic
rulesallow to infer thattheplacecanaccesstheentiredocument.

The intuitionistic framework is extendedin [10] in order to reasonabout
di< erentplaces.An assertionin sucha logic takesthe form “ D at p”, meaning
thatformula D is valid atplacep. Theconstruct“ at ” is ameta-linguisticsymbol
andpointsto the placewherethe reasoningis located.For example,doc1 at p
anddoc2 at p formalisesthenotion that the partsdoc1 anddoc2 arelocatedat
thenodep. If in addition,theassertion((doc1 doc2) doc) at p is valid, we
canconcludethatthedocumentdoc is availableat p. A formula D mayitself use
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threemodalitiesto accommodatereasoningaboutthepropertiesvalid atdi< erent
locations.

In orderto internaliseresourcesat a singlelocation,the modality @p, one
for every placein thesystem,is used.Themodality@ caststhemeta-linguistic
“ at ” on the languagelevel, and in fact the two constructswill have the same
interpretationin thesemantics.Themodalformula D @p meansthattheproperty
D is valid at p, and not necessarilyanywhereelse. An assertionof the form
D @p at pE meansthatin theplacepE wearereasoningaboutthepropertyD valid
at the placep. For example,supposethat the placep hasgot the first half of
thedocument,i.e., doc1 at p, andpE hasgot thesecondone,i.e., doc2 at pE . In
the logic we canformalisethe fact that pE cansendthepartdoc2 to p by using
the assertion(doc2 (doc2@p)) at pE . The rulesof the logic will conclude
doc2 at p andsodoc at p.

Knowing exactlywhereapropertyholdsis astrongability, andwemayonly
know that thepropertyholdssomewherewithout knowing thespecificlocation
where it holds. In order to deal with this, the logic has the = modality: =FD
meansthattheformula D holdsin someplace.In theexampleabove,thelocation
of doc2 is not importantas long aswe know that this documentis locatedin
someplacethatcansendit to p. Formally, this canbeexpressedby theformula
= (doc2 (doc2 (doc2@p))) at pE . By assumingthis formula, we caninfer
doc2 at p, andhencethedocumentdoc is availableat p.

Evenif we dealwith resourcesdistributedin heterogeneousplaces,we can-
not avoid thefactthatcertainpropertiesarevalid everywhere.For this purpose,
the logic hasthe > modality: >.D meansthat theformula D is valid everywhere.
In the exampleabove, p canaccessthe documentdoc, if thereis a placethat
hasthepartdoc2 andcansendit everywhere.This canbeexpressedby thefor-
mula = (doc2 (doc2 > doc2)) at pE . Therulesof thelogic would allow usto
concludethatdoc2 is availableat p.

We now definethelogic in [10] formally. For therestof thepaper, we shall
assumea fixedcountablesetof atomicformulaeAtomsandwe will vary theset
of places.Givena countablesetof placesPl, let Frm(Pl) bethesetof formulae
built from thefollowing grammar:

D :: G A D D D D D @p >.D =HD)B

Herethesyntacticcategory p standsfor elementsfrom Pl, andthesyntacticcat-
egory A standsfor elementsfrom Atoms. Theelementsin Frm(Pl) aresaidpure
formulae, andaredenotedby smallGreeklettersDIAKJ�AMLNB2B2B An assertionof the
form D at p is calledsentence. Wedenoteby capitalGreeklettersOPAQO 1 A2B2B2B (pos-
sibly empty)finite setsof pureformulae,andby capitalGreeklettersRSAQR 1 A2B2B2B
(possiblyempty)finite setsof sentences.
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Eachjudgementin this logic is of theform

O ; R P D at pB
where

the global context O is a (possiblyempty)finite setof pure formulae,and
representsthepropertiesassumedto hold atevery placeof thesystem;

the local context R is a (possiblyempty)finite setof sentences;sincea sen-
tenceis a pureformulaassociatedto a place,R representswhatwe assume
to bevalid in any particularplace.

thesentenceD at p saysthat D is derivedto bevalid in theplacep by assum-
ing O ; R .

In the judgement,it is assumedthat theplacesmentionedin O and R aredrawn
from thesetP. In orderto bemoreformal,we definethefunctionPL(X), which
denotesthesetof placesthatappearin X, for any syntacticobjectX. It is defined
asfollow

D�
*%������������� 1 (P� �������T�U�V�W*%�#�%�) � � ). Wedefineinductively theoperatorPL( ) on
any syntacticobjectof thelogic as:

PL(A)
defG ; PL( )

defG ;

PL(D 1 D 2)
defG PL(D 1) PL(D 2); PL(D 1 D 2)

defG PL(D 1) PL(D 2);

PL( >"D )
defG PL(D ); PL(=HD )

defG PL(D );

PL(D @p)
defG PL(D ) p ; PL(D at p)

defG PL(D ) p ;

PL(D 1 A2B2B2BXAKD m)
defG PL(D 1) B2B2B B2B2B PL(D m);

PL(D 1 at p1 A2B2B2BXAKD n at pn)
defG PL(D 1 at p1) B2B2B PL(D n at pn);

PL(O ; R )
defG PL(O ) PL(R ).

Whenwe write a judgmentof the form O ; R P D at p, thenit mustbe the
casethat PL(O ) PL(R ) PL(D at p) P. Any judgmentnot satisfyingthis
conditionis assumedto beundefined.

In Fig. 1 wegive thenaturaldeductionfor thejudgementsasdefinedin [10].
The most interestingof theserules are = E, the elimination of = , and > I , the
introductionof > . In theserules, we useP Y p to denotethe disjoint union
P p , and witnessthe fact that the place p doesnot occur in O and R . If
p P, thenP Y p, andany judgmentcontainingsuchnotation,is assumedto be
undefinedin orderto avoid asideconditionstatingthis requirement.

Therule = E explainshow wecanusetheformulaevalidatedatsomeunspeci-
fiedlocation:weintroduceanew placeandextendthelocalcontext by assuming
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O ; RZAKD at p P D at p
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O)AKD ; R P D at p
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O ; R P at p

\
I

O ; R P D 1 at p
O ; R P D 2 at p
O ; R P D 1 D 2 at p

\
Ei (i ] 1̂ 2)

O ; R P D 1 D 2 at p
O ; R P D i at p

_ I

O ; RZAKD at p P J at p
O ; R P D J at p

@I

O ; R P D at p
O ; R P D @p at pE

@E

O ; R P D @p at pE
O ; R P D at p

_ E

O ; R P D J at p
O ; R P D at p
O ; R J at p

`
I

O ; R P D at p
O ; R P =HD at pE

`
E

O ; R P =HD at pE
O ; RZAKD at q Pa q J at pE�E
O ; R P J at pE�E

b I

O ; R Pa q D at q
O ; R P >.D at p

b E

O ; R P >.D at p
O)AKD ; R P J at pE
O ; R P J at pE

Fc�d(e$8�f 1. Naturaldeduction.

thattheformulais validatedthere.If any assertionthatdoesnotmentionthenew
placeis validatedthus,thenit is alsovalidatedusingtheold local context. The
rule > I saysthat if a formula is validatedin somenew place,without any local
assumptionon thatnew place,thenthatformulamustbevalid everywhere.

The rules = I and > E are reminiscentof the introductionof the existential
quantification,and the eliminationof universalquantificationin first-orderin-
tuitionistic logic. This analogy, however has to be taken carefully. For ex-
ample,if O ; R P =HJ at p, thenwe canshow using the rulesof the logic that
O ; R P >g=FJ at p.
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3 Kripk e Semantics

Therearea numberof semanticsfor intuitionistic logic andintuitionistic modal
logics that allow for a completenesstheorem[2, 11, 18]. In this sectionwe
concentrateon thesemanticsintroducedby Kripke [12, 20], asit is convenient
for applicationsand fairly simple. This would provide a formalisationof the
intuitive conceptsintroducedin Section2.

In Kripke semanticsfor intuitionistic propositionallogic, logical assertions
areinterpretedover Kripke models.Thevalidity of anassertiondependson its
behaviour asthetruth valuesof its atomschangefrom falseto trueaccordingto
a Kripke model. A Kripke modelconsistsof a partially ordered setof Kripke
states, andan interpretation, I , that mapsatomsinto states.The interpretation
tells which atomsaretruea state.It is requiredthat if anatomis truein a state,
thenit mustremaintruein all largerstates.Hence,in a largerstatemoreatoms
maybecometrue. Considera logical assertionbuilt from theatomsA1 A A An.
The assertionis saidto be valid in a stateif it continuesto remainvalid in all
largerstate.

In order to expressthe full power of the logic introducedin Section2, we
needto enrichthemodelby introducingplaces.We achieve this by associating
a fixedsetof placesPls to eachKripkestate.Theinterpretation,I , in our model
mapsatomsinto placesin eachstate.Sincewe consideratomsto beresources,
themapI tellshow resourcesaredistributedin aKripkestate.Werequirethatif
I mapsanatominto aplacein astate,thenit wouldmaptheatominto thatplace
in all larger states. In termsof resources,it meansthat placesin larger states
have possiblymoreresources.Theadditionof placesmakestheKripke model
distributedin theobvioussense.Wearereadyto defineKripkemodelformally.

D�
*%������������� 2 (D �����%�	��3( .����� K �����ih	� M �#�
� � ). A distributedKripkemodelis aqua-
druple G (K A A PlsA I ), where

K is a (nonempty)set;

is apartialorderon K;

Pls is a (nonempty)setof places;

I : Atoms Pow(K Pls) is suchthat if (k A p) I (A) then(l A p) I (A) for
all l k.

for Pow() thepowersetoperator.

ThesetK is thesetof Kripke states,whoseelementsaredenotedby kA l A2B2B2B
Relation is thepartialorderon thestatesand I is the interpretationof atoms.
Thedefinitiontellsonly how resources,i.e. atoms,aredistributedin thesystem.

In orderto givesemanticsto thewholesetof formulaeFrm(Pls), weneedto
extend I . The interpretationof a formuladependson its compositepartsandif
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it is valid in a given state,thenit remainsvalid at the sameplacesin all larger
states.For example,theformula D J is valid in a statek at placep, if both D
and J aretrueatplacep in all statesl k.

Theintroductionof placesin themodelallowstheinterpretationof thespatial
modalitiesof the logic. Formula D @p is satisfiedat a placein a statek, if it is
trueat p in all statesl k; =HD and >.D aresatisfiedat a placein statek, if D is
truerespectively at someor at everyplacein all statesl k.

We extendnow theinterpretationof atomsto interpretationof formulae,we
useinductionon thestructureof theformulae.

D�
*%������������� 3 (K �����ih	� S�
���
���%���%� ). For G (K A A PlsA I ) a distributed Kripke
model,the relation G betweencouples(k A p) andpureformulaeis inductively
definedby

(kA p) G A i j (k A p) I (A);
(kA p) G for all (k A p) K Pls;
(kA p) GkD J i j (k A p) G D and(k A p) I E (J );
(kA p) GkD J i j l k and(l A p) G D imply (l A p) G J ;
(kA p) GkD @q i j (k A q) G D ;
(kA p) Gl>.D i j (k A q) G D for all q Pls;
(kA p) Gm=HD i j thereexistsq Pls suchthat(qA k) G D .

We pronounce(k A p) G D it as (k A p) forces D , or (k A p) satisfiesD . We write
k G D at p if (k A p) G D .

Pleasenotethatin thisextension,exceptfor logical implication,wehavenot
consideredlargerstatesin orderto interpreta modalityor a connective. It turns
outthatthesatisfactionof aformulain astateimpliesthesatisfactionin all larger
states.

L ���P��� 1 (K �����$h	� M �����n�2�����������%, ). Given G (K A A PlsA I ) distributedKripke
model, G preservesthe partial order in K, that is for eachp Pls andeach
D Frm(Pls), if l k then(k A p) G D implies(l A p) G D .

Proof: Weproceedby inductionon thestructureof formulae.
Basecase. If D Atomsor DoG , thelemmaholdsby Definitions2 and3.
InductiveHypothesis.We considera formula D Frm(Pls). We assumethat

for every sub-formulaD i of D andfor every p Pls: if l k then(k A p) G D i

implies(l A p) GpD i . Wereferto Definition3. CasesDqGrD 1 D 2 andDoGsD 1 D 2

aretreatedasin [20]. CasesDtGlD 1@q, DtGu>.D 1 and DtGv=HD 1 aresimilar. We
show only the caseD GwD 1@q. Assume(pA k) G D 1@q, then(qA k) G D 1 by
definition,hence(qA l) G D 1 for every l k by inductive hypothesis,andsowe
concludethat(pA l) G D 1@q. x

Considernow thedistributeddatabasedescribedin Section2. Wecanexpress
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they samepropertiesthatwe inferredin Section2 by usinga distributedKripke
model. Fix a Kripke statek. The assumptionthat the two parts,doc1 A doc2,
canbecombinedin p in a statek to give thedocumentdoc canbeexpressedas
(k A p) G (doc1 doc2) doc. If theresourcesdoc1 anddoc2 areassignedto the
placep, i.e., (k A p) G doc1 and(k A p) G doc2, then,since(k A p) G doc1 doc2,
it follows that(k A p) G doc.

Let usconsideraslightly morecomplex situation.Supposethatk Gl= ( doc2

(doc2 > doc2) ) at pE . Accordingto the semanticsof = , thereis someplace
r suchthat (k A r) G doc2 (doc2 > doc2). The semanticsof tells us that
(k A r) G doc2 and(kA r) G (doc2 > doc2). Since(k A r) G doc2, weknow from
thesemanticsof that(k A r) Gu> doc2, andfrom > that(k A p) G doc2. Therefore,
if doc1 is placedat p in thestatek, thenthewholedocumentdoc wouldbecomes
availableatplacep in statek.

3.1 Someusefulproperties

In order to prove soundnessof our semantics,we shall needsomeimportant
propertiesof thedistributedKripkemodels.Westateandprove thoseproperties
in this section.

Lemma2 saysthat if we adda new placewhich duplicatesa specificplace
in all Kripke states,thenthesetof valid propertiesdoesnot change.Moreover,
thenew placemimicstheduplicatedplace.In orderto statethis lemma,we first
prove thatduplicationgivesusadistributedKripkemodel.

P���#�$�#����������� 1 (p-D .� � ���%���(��� E0#���
��������� q(p)). Let G (K A A PlsA I ) bea dis-
tributed Kripke model. For p Pls and q z Pls a new place, let q(p) G
(Kq(p) A q(p) A Plsq(p) A Iq(p)) where

Kq(p) is K;

q(p) is ;

Plsq(p) is Pls q ;

Iq(p) : Atoms Pow(Kq(p) Plsq(p)) is definedas

(k A r) Iq(p)(A) i j (k A r) I (A) (r Pls);
(k A p) I (A) (r G q) B

Then q(p) is a distributedKripke model,and q(p) is saidto bea p-duplicated
extensionof .

Proof: We just needto checkthat Iq(p) satisfiesthe monotonicityconditionon
atomswhich follows immediatelyfrom definition. x
We show that p-duplicatedextensionis conservative over all the formulaethat
do not mentiontheaddedplace.Moreover, for all suchformulae,thenew place
mimicstheduplicatedone.
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L ���P��� 2 ( q(p)
���{�������/���
+�������+�� ). Let G (K A A PlsA I ) bea distributedKripke

modeland q(p) be its p-duplicatedextension. Let G and G q(p) extend the
interpretationof atomsin and q(p) respectively. For everyk K andformula
D Frm(Pls), wehave:

1. if r Pls, then(k A r) G q(p) D if andonly if (k A r) G D ; and

2. if r G q, then(k A q) G q(p) D if andonly if (k A p) G D .

Proof: Weprovebothof thepropertiessimultaneouslyby inductiononthestruc-
tureof formulaein Frm(Pls).

Baseof induction.Thetwo propertiesareverifiedonatomsby thedefinition
of Iq(p), andon by Definition3.

Inductivehypothesis.We considera formula D Frm(Pls) andwe assume
thepointshold for eachof its sub-formulaeD i . In particularweassumethat:

1. if r Pls, then(k A r) G q(p) D i if andonly if (k A r) G D i ; and

2. if r G q, then(kA q) G q(p) D i if andonly if (kA p) G D i .

We considerr Pls andfix it. We prove only property1, asthe treatmentof
point 2 is analogous.Now, weconsiderseveralpossibilitiesfor | .

CaseD}G~D 1 D 2. Theassertion(k A r) G q(p) D 1 D 2 i < (k A r) G q(p) D 1 and
(k A r) G q(p) D 2. By inductive hypothesis,this is equivalent to (k A r) G D 1 and
(k A r) G D 2, which is equivalentto (k A r) G D 1 D 2 by Definition3.

CaseD�GrD 1 D 2. (k A r) G q(p) D 1 D 2 i < (l A r) G q(p) D 1 implies(l A r) G q(p) D 2

for every l k. By inductive hypothesis,this is equivalentto (l A r) G D 1 implies
(l A r) G D 2 for every l h, andthis is equivalentto (k A r) G D 1 D 2.

CaseD}G�D 1@s. (k A r) G q(p) D 1@s i < (k A s) G q(p) D 1. Moreover, we know
that s Pls as D 1@s Frm(Pls). By inductive hypothesis(k A s) G q(p) D 1 i <
(k A s) G D 1. By definition,(k A s) G D 1 i < (k A r) G D 1@s.

Case D G =HD 1. Suppose(k A r) G q(p) =HD 1, then thereexists s Plsq(p) G
Pls q suchthat (k A s) G q(p) D 1. If s Pls, thenwe useinductive hypothesis
(property1) to obtain (kA s) G D 1, and therefore(k A r) G =HD 1. Otherwiseif
s G q, thenweuseinductivehypothesis(property2) 2 to obtain(k A p) G D 1, and
therefore(k A r) G =HD 1.

Vice versa,if (k A r) G =HD 1 thenthereexists s Pls suchthat (k A s) G D 1.
Henceby inductive hypothesis(property1) (k A s) G q(p) D 1, and we conclude
(k A r) G q(p) =HD 1.

CaseD�G�>"D 1. Supposethat(k A r) G q(p) >.D 1. Thismeansthat(k A s) G q(p) D 1

for every s Pls q . We canconcludethat(k A r) G >"D 1 by consideringevery
s Pls andapplyinginductive hypothesis(property1).

Vice versa,if (k A r) G >"D 1 then(k A s) G D 1 for every s Pls. By inductive
hypothesis(property2) (k A s) G q(p) D 1 for every s Pls. Also,since(kA s) G�D 1 for
every s Pls , we get(k A p) G D 1. Henceby inductive hypothesis(property2),
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(k A q) G q(p) D 1. We conclude(kA t) G q(p) D 1 for every t Plsq(p), which implies
(k A r) G q(p) >.D 1. x

Anotherpropertyof distributedKripke modelsis the possibility to rename
theplacesin themodel.Thepropertysaysthatif werenameaplacein themodel,
thenwedonotmodify thesetof validpropertiesnotinvolving therenamedplace.
First we prove that the renamedmodelis still a distributedKripke model,then
we formalizethepropertyin Lemma3.

P���#�$�#����������� 2 (p-R�
�H���
����1 q� p). GivenadistributedKripkemodel G (K A
A PlsA I ), wherePls G P Y p . For a new placeq z P, we define q� p G
(Kq� p A q� p A Plsq� p A Iq� p) where

Kq� p is K;

q� p is ;

Plsq� p is P q ;

Iq� p : Atoms Pow(Kq� p Plsq� p) is definedas

(k A r) Iq� p)(A) i j (kA r) I (A) (r P);
(kA p) I (A) (r G q) B

Then q� p is a distributedKripke model,and q� p is saidto bea p-renamingof
.

Proof: As for Proposition1, We just needto checkthat Iq(p) satisfiesthemono-
tonicity conditionon atoms,which follows immediatelyfrom definitionandthe
monotonicityof I . x

By mimickingtheproofof Lemma2, weshow that q� p is conservativewith
respectto andtherenamedplacebehaveslike theoriginal one.

L ���P��� 3 ( q� p ���{�%�����/���
+�������+�� ). Let G (K A A PlsA I ) bea distributedKripke
modelsuchthat Pls G P Y p and q� p be its p-renaming.Let G and G q� p
extendthe interpretationof atomsin and q� p respectively. For every k K
andformula D Frm(P), wehave:

1. if r P, then(k A r) G q� pD if andonly if (k A r) G D ; and

2. if r G q, then(k A q) G q� pD if andonly if (k A p) G D .

Proof: Weproceedasin theproofof Lemma2, andprovebothof theproperties
simultaneouslyby inductionon thestructureof formulaein Frm(Pls).

Baseof induction.Thepropertiesareverifiedon atomsand by definition.
Inductivehypothesis.As for Lemma2, we considera formula D Frm(Pls)

andwe assumethat thetwo propertieshold for eachof its sub-formulaeD i . In-
ductive casesdealwith connectivesandmodalities.Herewe consideronly the
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two mostsignificantcasesandprove property1. The othercasescanbe dealt
with easily.

CaseD�Gt=HD 1. Let r P andsuppose(k A r) G q� p =HD 1. Then,by definition
thereexistss Plsq� p G P q suchthat(k A s) G q� pD 1. If s P, weuseinductive
hypothesis(property1) to obtain(k A s) G D 1, andin that case(kA r) G =FD 1 by
definition. In thecases G q, we useinductive hypothesis(property2) to obtain
(k A p) G D 1 andso(k A r) G =HD 1. Theoppositedirectionis analogous.

Case D G >.D 1. Suppose(k A r) G q� p >"D 1. Then the definition saysthat
(k A s) G q� pD 1 for every s P q . Wegetby usinginductivehypothesis

(k A s) G D 1 for every s P, and

(k A p) G D 1

We concludethat(k A t) G D 1 for every t P Y p , andhence(kA r) G >.D 1. The
oppositedirectionis analogous. x
3.2 Soundness

We shall now give a semanticsof the judgmentsintroducedin 2 using dis-
tributedKripke models. We shall thenshow that the semanticsis both sound
andcomplete.In orderto introducethe semantics,we extendthe definition of
validity for pureformulaeto setsof pureformulaandsetsof sentences.

D�
*%������������� 4 (F�#��������1 E0#������������� ). Let G (K A A PlsA I ) beadistributedKripke
model.Given O , afinite setof pureformulaeandR , afinite setof sentences,such
thatPL(O ; R ) Pls, we saythat theKripke statek K forcesthecoupleO ; R ,
(andwe write k G O ; R ) if

1. (k A p) G D for every D O andp Pls;

2. k G J at q for every J at q R .

A judgmentis respectedby a distributedKripke model,if whenever its as-
sumptionsarevalid in a Kripke state,then its conclusionis also valid in that
state.Wearenow readyto definethesatisfactionof a judgement.

D�
*%������������� 5 (S���%���'*(������������*%�#��� J .�	1
�)�
��� ). Wesaythat O ; R G PL at p, andwe
readit as“ O ; R P L at p is valid” , if

PL(O ) PL(R ) p P; and

for every distributedKripke model G (K A A PlsA I ) with P Pls, it is the
casethatfor every k K, whenever k G O ; R , then(k A p) GwL too.

We prove that the semanticsis soundfor the judgementsof the logic. The
proofof soundnessdependsonLemma2 andLemma3. Weneedto show thatif
a judgementis provablein thenaturaldeductionsystem,thenit is alsovalid.
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T�#�	�#����� 1 (S�� F����������� ). If O ; R P L at p is derivable in the logic, then it is
valid.

Proof: The proof proceedsby induction on the numbern of inferencerules
appliedin thederivationof the judgementO ; R P L at p. Themostinteresting
casesare > I , theintroductionof > , and = E, theeliminationof = .

BaseCase(n G 1). Supposethejudgmentis provedby usingaxiomL, or the
axiomG, or theaxiom I . Weconsidera model(K A A PlsA I ) suchthatP Pls.
Weneedto show thatfor everyk K if k G O ; R then(kA p) GwL .

Supposethederivationconsistsof just theaxiomL, thentheassertionL at p
is in R . Hence,by definition,for every k K if k G O ; R then(k A p) GwL .

If thederivationconsistsof just theaxiomG, thentheformula L is in O , and
sok G O ; R implies(k A r) GwL for every r Pls. In particular(k A p) G�L .

Finally If the derivation is the applicationof I , then L is andthe result
holdsby definition.

Inductivehypothesis(n � 1). Weassumethetheoremholdsfor any judgment
thatis deducibleby applyinglessthann instancesof inferencerules.In particular
weassumethat:
If the judgmentO ; R P L at p is deduciblein the logic by using lessthan n

instancesof therules,thenO ; R G PL at p.
We considera judgment O ; R P L at p which is derivable in the logic by

usingexactly n instancesof inferencerules. We fix a model G (K A A PlsA I )
suchthat P Pls, andlet G be theextensionof I on Frm(Pls). We fix k K
suchthat k G O ; R . We needto prove (k A p) G L . We considerthe last rule
appliedto obtain O ; R P L at p, andproceedby cases.In mostcases,we apply
theinductive hypothesison themodel only. However, for > I and = E we will
useinductivehypothesison anextensionof .

Cases I and E follow from Definition3 andaretreatedasin [20].
Case I . Then L G�D J andwe canderive O ; RSAKD at p P J at p by

applying n 1 instancesof the rules. The inductive hypothesissaysthat for
every l K: l G O ; RSAKD at p implies l G J at p.

Let l k. Thenl G O ; R by Kripke Monotonicity(Lemma1). If we assume
(l A p) G�D , thentheinductivehypothesissaysthat(l A p) G�J too. Hence,wehave
thatfor all l k, if l G D thenl G J also.We concludethat(kA p) G D J by
definitionof G .

Case E. Then,wehavethat O ; R P D L andO)AQR P D for someD . The
inductive hypothesissaysthat (k A p) G D L and(kA p) G D . Hence,we get
(k A p) GwL accordingto Definition3.

Case@I . Then L is of the form D @q, and O ; R P D at q. The inductive
hypothesissaysthat(k A q) G D , andhence(k A p) G D @q.

Case@E. Then we have that O ; R P L @p at q for someq P. The
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inductivehypothesissaysthat(k A q) G D @p, andtherefore(k A p) G D .
Case > I . Then L is of the form >.D . Moreover O ; R Pa q D at p1 for some

p1 z P by usingn 1 instancesof theinferencerules. By inductive hypothesis
we know that O ; R G Pa p1 D at q. Pleasenotethat since O ; R P L atp, we also
havePL(O ; R ) PL(D ) P. Let Pls beP Y p1.

First, considerthecasewhenp1 z Pls. We needto show thatk G >.D at p.
Accordingto semanticsof > , it suC cesto show thatk G D at r , for all r Pls.
Fix oner Pls, andconsiderthe r-duplicatedextension q(r). Let G q(r) bethe
extensionof Iq(r). Wegetk G q(r) O ; R by usingLemma2 (sincek G O ; R ).

Now, wehavethat O ; R Pa q D at p1 .andP Y p1 Plsq(r). Sincek G q(r) O ; R ,
we getby usinginductive hypothesison q(r) that(k A p1) G q(r) D . Now, we can
conclude(k A r) G D at r by usingLemma2.

Sincer wasarbitrary, wededucek G >.D at p.
If p1 Pls, then Pls G PlsE Y p1 with PL(O ; R ) PL(D ) P PlsE .

We chooset z Pls andconsider t � p1 to be the p1-renamingof , asdefined
in Proposition2. Let G t � p1 be the extensionof It � p1. By following the above
reasoningwederivek G t � p1 >.D at p, hencek G >"D at p by Lemma3.

Case > E. Then we have that thereis someformula D suchthat O ; R P

>.D at p1 andO)AKD ; R P >�L at p by usinglessthann instancesof inferencerules.
Theinductivehypothesison O ; R P >.D at p implies(kA p1) G}>.D , andthismeans
that(k A q) G D for every q Pls. By definition,we obtaink G O)AKD ; R andusing
inductivehypothesison OPAKD ; R P >�L at p we conclude(kA pE ) G J .

Case = I . Thenwe have that L is of the form =HD for someformula D , and
O ; R P D at p1 for somep1. Theinductive hypothesissaysthat(k A p1) G D , so
weconclude(k A p) G =FD .

Case = E. Then for somepE P and D Frm(P) we canderive O ; R P

=HD at pE and O ; RZAKD at q Pa q L at p by usinglessthann instancesof therules.
Henceby inductivehypothesis:O ; R G P =HD at pE and O ; RSAKD at q G Pa qL at p.

As in thecasefor > I , first assumeq z Pls. We needto show that(k A p) G�L .
Sincek G O ; R weget(k A pE ) G =HD , andthismeansthatthereexistsr Plssuch
that(k A r) G D .

Considernow ther-duplicatedextension q(r) of . Let G q(r) betheexten-
sionof Iq(r). By Lemma2 we have (kA q) G q(r) D , andk G q(r) O ; R . Hence,we
getk G q(r) O ; RSAKD at q. SinceO ; RSAKD at q G Pa qL at p, we get(k A p) G q(r)L . As
PL(L ) P Pls andp P Pls, weobtain(k A p) GwL by Lemma2.

In thecasethat is suchthatq Pls, wecanrenameq by a freshaswedid
in > I , andobtainthedesiredresult. x
3.3 Completeness

Weshallshow thatoursemanticsis completefor thenaturaldeductionin Section
2. First, we extend the notion of provability to possiblenon-finite sets � of
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sentences� by sayingthat O ; � P D at q, if andonly if, thereexists a finite set
R � suchthat O ; R P D at q.

As in standardproofsof completenessof intuitionistic logics[20, 18,2], the
proof of completenessis basedon the constructionof a particulardistributed
Kripke model: thecanonicalmodel. We will prove thata sequentis valid in the
canonicalmodelif andonly if it is derivablein thelogic. In theconstructionof
thecanonicalmodel,weconsiderparticularkindsof setsof formulae.

D�
*%������������� 6 (P�����P� S��� ). Given a setof placesPls anda finite set O of pure
formulaein Frm(Pls), a(possiblynon-finite)set� of sentenceswith PL(� ) Pls,
is saidto be(O)A Pls)-primeif for every formula D Frm(Pls):

1. O ; � Pls =FD at p, impliesthatthereexistsq Pls s.t. O ; � Pls D at q;

2. O ; � Pls D at r for all r Pls, implies O ; � Pls >.D at p for all p Pls.

The canonicalmodelwill be built by choosingthe prime setsof formulae
as Kripke states. We would show that given O and R , we canconstructa set
of placesPls anda prime set � R suchthat � is (OPA Pls)-prime. Beforewe
proceed,wefirst stateapropositionprovedin [9]:

P���#�$�#����������� 3. Let P PE andsupposePL(O ) PL(R ) PL(D at p) P, then
O ; R P� D at p if andonly if O ; R P D at p .

Now, weshow theexistenceof primeextensions:

L ���P��� 4 (P���U�)� E0#������������� ). Let P beasetof placesandO beafinite setof pure
formulaein Frm(P). For every finite set R of sentencessuchthat PL(R ) P,
thereexistsa setof placesPE extendingP anda (OPA PE )-primesetof sentences�
containingR , suchthatgiven D Frm(P) andp P:

O ; R P D at p if andonly if O ; � P� D at pB
Proof: We enrichthesetof placesby introducingtwo kind of places:qi , which
will bethewitnessesfor theformulae=HD , andp j , which will bethenew places
usedto introduce>"J in thecaseJ is provablefor everyplace.

The setof placesPE is obtainedby a seriesof extensionsP G P0 P1

P2 B2B2B The setsPna 1 are constructedas Pna 1 G Pn qna 1 A pna 1 , where the
placesqna 1 A pna 1 arenew, i.e.,qna 1 A pna 1 z Pn. Also, qna 1 is di< erentfrom pna 1.
ThesetPE is takenasPE G n� 0 Pn.

Beforewe proceedwith theconstruction,we pick up anenumerationof the
pureformulaeFrm(PE ), andfix it. Theset � is obtainedby seriesof extensions
R�Gr� 0 � 1 � 2 B2B2B thatverify thefollowing:

Property1. For every n 0:

1. PL(� n) Pn.
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2. Given D Frm(Pn) and p Pn, we have O ; R P D at p if and only if
O ; � n

Pn D at p.

Theseriesis constructedinductively. In the induction,we will createwitnesses
for the formulaeof the type =HJ . We shall alsoconstructa set,treatedn, of for-
mulaeof thesort =HJ . This set,initialised to be theemptyset,will be thesetof
theformulaefor whichwehavealreadycreatedwitnesses.

We put treated0 G , P0 G P and � 0 G�R . It is clearthatPL(� 0) P0, and
O ; R P D at p if andonly if O ; � 0

P0 D at p.
Now, we proceedinductively. Let � n (n 0) extend R andsatisfyingProp-

erty 1. In stepn Y 1, wepick thefirst formula =HJ in theenumerationsuchthat

=FJ is in Frm(Pn), i.e.,all theplacesin =FJ aretakenfrom Pn;

=FJ�z treatedn; and

O ; � n
Pn =FJ at q, for someq Pn.

We define � na 1 G�� n J at qna 1 and treatedna 1 G treatedn =HJ . The
placeqna 1 witnessestheexistential = . ClearlyPL(� na 1) Pna 1. Now we prove
thefollowing:

Claim. For any D Frm(Pn) and p Pn, O ; � n
Pn D at p if and only if

O ; � na 1
Pn� 1 D at p.

Thedirectionfrom left to right is a consequenceof inferencerule L, andPropo-
sition 3. In orderto prove theconverse,assumeO ; � na 1

Pn� 1 D at p. Now let J
betheformulachosenat stepn Y 1. We haveby construction,O ; � n

Pn =HJ at q.
Also sinceO ; � na 1

Pn� 1 D at p, we getby usingtheinferencerule L andPropo-
sition 3 that O ; � n AKJ at qn

Pn a qn� 1 D at p. Hence,we get O ; � n
Pn D at p by

applicationof theinferencerule = E.
Supposenow that D Frm(P) and p P. We canassertusing the claim

above that O ; R P D at p if andonly if O ; � na 1
Pn� 1 D at p. We have just proved

Property1 for theinductivestepn.
Finally, we define � G n� 0 � n. Clearly O ; R P D at p implies O ; � P�

D at p, by definitionandProposition3.
In the other direction, supposeO ; � P� D at p with D Frm(P) and p

P. Accordingto the definition, thereexists a finite sequence� � suchthat
O ; � P� D at p. We canthenchoosen 0 big enoughto have � � n andso
O ; � n

P� D at p by theinferenceruleL. UsingProposition3 onceagain,wehave
O ; � n

Pn D at p. SincePL(O ) A PL(D ) A p P Pn, we concludeO ; R P D at p
usingProposition1.

All weneedto provenow is that � is (OPA PE )-prime.

1. If O ; � P� =FD at p, let n bethe leastsuchthat =HD PL(Pn) andp Pn. By
construction,thereis somem n, suchthat =HD is pickedin theconstruction
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of � m. HenceD at qm � m � , andwe concludethat O ; � P� D at qm.

2. Let J Frm(PE ) andsupposeO ; � P� J at p for all p PE . In particular,
considertheplacepn, with n suchthat J Frm(Pn). We have that O ; � P�
J at pn.

Using Proposition3, we canfind m 0 suchthat O ; � m
Pm J at pn. If

m � n thenwe usetheabove claim iteratively to concludeO ; � n
Pn J at pn.

In thecasem n weobtainthesameconclusionby theinferencerule L.
Sincepn z PL(� n) by construction,wecaninfer that O ; � n

Pn �M� pn � >.J at p
for all p Pn by the inferencerule > I . Hence O ; � P� >.J at p for all
p Pn pn by Proposition3.

We concludeby extendingO ; � P� >.J at r to any r (PE Pn) pn in
thefollowing way (herezE is chosento beaplace z PE ):

O ; � P� >.J at p OPAKJ ; � P��a z J at z

OPAKJ ; � P� >.J at r
� I

G

O ; � P� >.J at r
� E

x
Wearereadyto definethecanonicalmodelfor afinite setof pureformulaeO

andplacesPls. In this model,theworldswill be(OPA Pls)-primesets.Thepartial
orderwill besubsetinclusion,andtheatomswill beplacedin a specificplacep
in aworld � if O ; � Pls A at p.

D�
*%������������� 7 (C�
����������� � M �#�
� � ). Givena setof placesPls anda finite set O of
pureformulaein Frm(Pls), we definethe(OPA Pls)-canonicalto bethequadruple

(�2^ Pls) G (M A A PlsA I � ), where:

- M is composedby all the(OPA Pls)-primesets;

- is setinclusion;

- I � : Atoms Pow(M Pls) is definedby: (�TA p) I � (A) i j�O ; � Pls A at p.

We now show that the model is a distributedKripke model. We will also
demonstratethat the extensionof I � to interpretationof formulaecorresponds
exactly to theprovability in the logic, i.e., (�TA q) G J in thecanonicalmodelif
andonly if O ; � Pls J at q.

L ���P��� 5 (C�
����������� � E+�� �  ����%����� ). Givenasetof placesPlsandafinite set O of
pureformulaein Frm(Pls), wehave:

1. the(OPA Pls)-canonicalmodel ( �$^ Pls) G (M A A PlsA I � ) is a distributedKripke
model;
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2. for all D Frm(Pls), � M andq Pls: (�TA q) G D if andonly if O ; � Pls

D at q.

Proof: Clearly the inclusion amongsets is a partial order on M and I � is
monotoneon M, sinceif � 1 � 2 then O ; � 1

Pls A at p implies O ; � 2
Pls A at p

by definition. All we have to prove is thepart2 of theproposition.We proceed
by inductiononthestructureof theformula D andweprovethatfor every � M
andq Pls: (�TA q) G D if andonly if O ; � Pls D at q.

BaseCase. Thepropertyis verifiedonAtoms, by thedefinitionof I � , andon
, by Definition3.

Inductivehypothesis.We assumethepropertyholdsfor any sub-formulaof
theformula D we areconsidering.In particularweassumethat:
Given D i sub-formulaof D Frm(Pls), then for every � M and q Pls:
(�TA q) G D i if andonly if O ; � Pls D i at q.

We needto show that (�TA q) G D if andonly if O ; � Pls D at q. We proceed
by casesonstructureof D . Thecasesin which D is D 1 D 2, and D is D 1 D 2 are
fairly standard.We just considerthethreemodalities.

CaseD 1@p. Supposethat(�TA q) G~D 1@p. By definition,wehave(�TA p) G~D 1.
We get O ; � Pls D 1 at p by inductive hypothesis. We can concludeO ; � Pls

D 1@p at q by usingtheinferencerule @I .
In theotherdirection,the fact O ; � Pls D 1@p at q implies O ; � Pls D 1 at p

by usingtheinferencerule@E. Hence(�TA p) G D 1 by inductivehypothesis,and
therefore(�TA q) G D 1@p.

Case >.D 1. (�TA q) G >.D 1 implies (�TA p) G D 1 for all p Pls. By inductive
hypothesis,this is O ; � Pls D 1 at p for all p Pls. Since� is (OPA Pls) prime,we
canconcludeO ; � Pls >.D 1 at q

In the otherdirection, let us assumethat O ; � Pls >"D 1 at q. We apply the
inferencerule > E to obtainO ; � Pls D 1 at p for every p Pls. Hence(�TA p) G�D 1

for every p Pls, andtherefore(�TA q) G >.D 1.
Case=HD 1. (�TA q) G = 1D saysthat thereexists p Pls suchthat(�TA p) G D 1.

Using inductive hypothesis,we get O ; � Pls D 1 at p. We concludeO ; � Pls

=HD 1 at q by = I .
In the otherdirection,assumeO ; � Pls =HD 1 at q. Since � is (OPA Pls) prime,

thereexists p Pls suchthat O ; � Pls D 1 at p. Using inductive hypothesis,we
obtain(�TA p) G D 1. Weget(�TA q) G =HD 1 accordingto Definition3. x

Finally weusethecanonicalmodelto provecompleteness.

T�#�	�#����� 2 (C����� � �����
������� ). O ; R G PL at p G O ; R P L at p.

Proof: AssumeO ; R G P D at p. This meansthat

PL(O ) PL(R ) p P; and

for every distributedKripke model G (K A A Pl A I ) with P Pl, it is the
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casethatfor every k K, whenever k G O ; R then(k A p) G�L also.

Weneedto show that O ; R P D at p.
UsingLemma4, constructasetof placesPls P, anda(OPA Pls)-primesetof

sentence� suchthat: for every D Frm(P) and p P O ; R P D at p if andonly
if O ; � Pls D at p.

Considernow the(OPA Pls)-canonicalmodel,asstatedin Definition 7. In the
canonicalmodel, the worlds arethe (OPA Pls)-prime setsandthe setof placesis
Pls. We focusourattentionon theworld � .

First we claim that in thecanonicalmodel � G O ; R . In orderto show this,
weneedthefollowing:

For every J OPA q Pls , we needto show that � G J at q. Given J O ,
anapplicationof inferenceruleG (seefigure1) givesus O ; � Pls J at q. By
Lemma5, � GlJ at q if andonly if O ; � Pls J at q. Hence,weget � G~J at q.

For every J at q R , we needto show that � G J at q. Given J at q R ,
an applicationof the L rule (seefigure 1), givesus that O ; R Pls J at q. �
extendsR , andhencewe get O ; � Pls J at q. By Lemma5 onceagain, we
get � G J at q.

So we have a model in which � G O ; R . By assumption,this implies � G
L at p. UsingLemma5, wegetthat OPAQ� Pls L at p. Since� is aprimeextension
of R constructedthroughLemma4, weconcludeO ; R P L at p. x

4 Hybrid IS5

We now extendthelogic in [9, 10] with disjunctive connectives,thusachieving
the full setof intuitionistic connectives. Given a setof places,Pl, the new set
of pureformulae(seesection2), Frm(Pl), is the setof formulaebuilt from the
following grammar:

D :: G A D D D D D D D @p >.D =HDIB
To accountfor the new connectives, we extend the naturaldeductionpre-

sentedin Figure1 with rules for the disjunctive connectives. Theserules are
givenin Figure2. Pleasenotethattherule E asstatedhasalocalflavour: from

at p, we caninfer any otherpropertyin thesameplace,p. However, therule
hasa ”global” consequence.If we have at p, thenwe can infer @q at p.
Using@E, wecantheninfer at q. Henceif asetof assumptionsmakeaplace
to beinconsistent,thenit will makeall placesto beinconsistent.

As we shall seein section5, the Kripke semanticsof this extendedlogic
would besimilar to theonegiven for intuitionistic systemS5 [18]. Hencethis
logic canbeseenasaninstanceof Hybrid IS5[2].
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� E

O ; R P at p
O ; R P J at p

�
I (i ] 1̂ 2)

O ; R P D i at p
O ; R P D 1 D 2 at p

�
E

O ; RSAKD 1 at p P J at p
O ; RSAKD 2 at p P J at p O ; R P D 1 D 2 at p
O ; R P J at p

Fc�d(e$8�f 2. Disjunctiverules

5 RefinedKripk e Semantics

We wereunableto prove completenessfor theextendedlogic usingtheseman-
tics definedin Section3. We hadto changethe semanticsin orderto obtaina
completenessresult, andwe presentthe semanticsin this section. The di< er-
encefrom the modelof Section3, is that the setof placesin Kripke statesare
not fixedandmayvary. However, they changein a conservative way in that the
setof placesin a Kripke stateis alwayscontainedin larger Kripke states.We
now presenttheextendedKripkemodelswhichweshallcall RefinedDistributed
Kripkemodels.

D�
*%������������� 8 (R�
*%������� D ����������3� .�(��� K �����$h	� M �#��� � ). A quadruple ref G (K A
A Pk k � K A Ik k � K) is calledrefineddistributedKripkemodelif

K is a (nonempty)set;

is apartialorderon K;

Pk is a non-emptysetof placesfor all k K;

Pk Pl if k l;

Ik : Atoms Pow(Pk) is suchthatif p Ik(A) thenp I l(A) for all l k.

Let Pls G k � K Pk. WeshallsaythatPls is thesetof placesof ref.

We extendtheforcing relationof Def. 3. Thedi< erencefrom thatrelationis
that the interpretationfor > changes.This is becauselarger Kripke statesmay
have moreplaces.Hencewheninterpreting >.| at a placein particularKripke
state,we have to accountfor placesthat may exist in a larger Kripke state. If
we stick to the old interpretation,then Kripke monotonicitywould fail. The
interpretationof > is similar to thoseusedfor modalintuitionistic logic [2, 18].

D�
*%������������� 9 (R�
*%������� S�
���
�������%� ). Let ref G (K A A Pk k � K A Ik k � K) be a re-
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fined� distributedKripke modelwith setof places,Pls. Givenk K, p Pk, a
pureformula D with PL(D ) Pls, wedefine(k A p) G D inductively as:

(k A p) G A i j p Ik(A);
(k A p) G i j p Pk;
(k A p) G never;
(k A p) GkD J i j (k A p) G D and(k A p) G J ;
(k A p) GkD J i j (k A p) G D or (k A p) G J ;
(k A p) GkD J i j l k and(l A p) G D imply (l A p) G J ;
(k A p) GkD @q i j q Pk and(k A q) G D ;
(k A p) Gl>.D i j l k andq Pl imply (l A q) G J ;
(k A p) Gm=HD i j thereexistsq Pk suchthat(qA k) G D .

Wepronounce(k A p) G D as(k A p) ref-forcesD , or (k A p) ref-satisfiesD . Wewrite
k G D at p if (k A p) G D .

It is clearfrom thedefinitionthatif k G D at p, thenPL(D at p) Pk. More-
over, theusualKripkemonotonicitystill holds.

L ���P��� 6 (K �����$h	� M �����n�2�����������%, ). Let ref G (K A A Pk k � K A Ik k � K) be a re-
fineddistributedKripkemodelwith setof places,Pls. Therelation G preserves
thepartialorderon K, i.e., for eachk A l K, p Pk, and D Frm(Pk), if l k
then(k A p) G D implies(l A p) G D .

Proof: By inductionon thestructureof formulae,andis similar to theproof for
Lemma1. x

Now, we arereadyto extendthe definitionof forcing to judgements.First,
weextendthedefinitionto contexts.

D�
*%������������� 10 (F�#��������1 ��� C�������	0#��� ). Let ref G (K A A Pk k � K A Ik k� K) be a
refineddistributedKripke model. Givenk K, a finite setof pureformulaeO ,
anda finite setof sentencesR , suchthatPL(O ; R ) Pk, we saythatk ref-forces
thecontext O ; R (andwewrite k G O ; R ) if

1. for every D O andany p Pk: (kA p) G >.D ;

2. for every J at q R : q Pk and(kA q) G J .

Finally, weextendthedefinitionof forcing to judgements.

D�
*%������������� 11 (S���%���'*(������������*%�#�¡� J .�	1
�)�
��� ). Let ref G (K A A Pk k � K A Ik k � K)
bea refineddistributedKripkemodel.We saythatthejudgementO ; R P L at p
is valid in ref, if

PL(O ) PL(R ) p P;

for everyk K suchthatP Pk, if k G O ; R thenk GwL at p.
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Moreover we saythat O ; R P L at p is ref-valid (andwe write O ; R G L at p) if
it is valid in every refineddistributedKripkemodel.

5.1 Soundness

In this sectionwe shall prove the soundnessof the extendedlogic in refined
distributedKripke models.Theproof of soundnesswill follow theproof of the
soundnessin section3.2. We startby definingthe p-duplicatedextensionof a
refineddistributedKripkemodel.

P���#�$�#����������� 4 (p-D .� � ���%���(��� E0#���
��������� ref pA q ). Considera refineddistrib-
uted model ref G (K A A Pk k � K A Ik k� K) with Pls as set of places. Choose

two placespA q such that p Pls and q z Pls. Let ref pA q defG (K E;A E
A PEk k � K � A I Ek k � K � ) where

K E is K;

E is ;

PEk is Pk q if p Pk, andPk otherwise;

I Ek : Atoms Pow(PEk) is definedas

r I Ek(A) i j r Ik(A) (for r Pk);
p Ik(A) (for r G q) B

Then ref pA q is a refineddistributed Kripke model, and is said to be a p-
duplicatedextensionof .

Proof: We just needto checkthat PEk k � K � and I Ek k � K � satisfythemonotonicity
conditionsof Def. 8. They follow immediatelyfrom thedefinitionof PEk andI Ek.
x

We now show that the refined p-duplicatedextensionis conservative over
all the formulaethat do not mentionthe addedplace. Moreover, for all such
formulae,thenew placemimicstheduplicatedone.

L ���P��� 7 ( ref pA q ���¢�%�����/���
+�������+�� ). Let ref be a refineddistributedKripke
modelwith setof places,Pls, and ref pA q be its p-duplicatedextension.Let
G and G E extendthe interpretationof atomsin and ref pA q respectively.
For every k K andformula D Frm(Pls), we have:

1. for every r Pk, (k A r) G E D if andonly if (k A r) G D ; and

2. if q PEk, then(k A q) GNE�D if andonly if (k A p) G D .

Proof: Theproofissimilarto theproofof Lemma2andweprovebothproperties
simultaneouslyby inductionon thestructureof formulaein Frm(Pls).

Baseof induction.Thetwo propertiesareeasilyverifiedon atomsandon
by thedefinitionof p-duplicatedextension.

22



Inductivehypothesis.We considera formula D Frm(Pls) andassumethat
thetwo propertieshold for everysub-formulaof D . In particular, weassumethat
if D i is asubformulaof D thenfor everyk K:

1. if r Pk, then(k A r) GVE�D i if andonly if (k A r) G D i ; and

2. if q PEk, then(k A q) G E D i if andonly if (k A p) G D i .

Theinductivecasesfor theconnectivesandmodality@havethesametreatment
asin Lemma2. Hereweshow themostinterestingcases,> and= , by considering
only property1. Thetreatmentof property2 is analogous.Pickk K andr Pk,
andfix them.

CaseD�Gu=HD 1. Suppose(k A r) G E =HD 1, thenthereis somes PEk suchthat
(k A s) G£D 1. In thecases Pk weuseinductionto obtain(k A s) G¤D 1 andtherefore
(k A r) G =FD 1. In the cases G q we useinduction to obtain (k A p) G D 1 and
therefore(k A r) G =HD 1. Vice versa,if (k A r) G =HD 1 thenthereexists s Pk such
that(k A s) G D 1. Hence(k A s) G E D 1 by inductionandweconclude(k A r) G E =FD 1.

CaseD¤G�>.D 1. Supposethat (k A r) GvE¥>.D 1. This meansthat (l A s) GvE�D 1 for
every l k andevery s PEl . SincePEl containsPl , weobtain(l A s) G E D 1 for every
l k andevery s Pl . Hence,by induction(l A s) G D 1 for every l k andevery
s Pl , andweconcludethat(k A r) G >.D 1.

Vice versaif (k A r) G >.D 1 then(l A s) G D 1 for every l k andevery s Pl .
By inductive hypothesis,we get that for every l k ands Pl , (l A s) G E D 1. If
q z PkEl for all l k, thenPl G PEl . In this casewe concludethat (k A r) G E >.D .
On theotherhand,if q PEl for somel k, thenit meansthat p Pl andhence
(l A p) G D 1. By induction(seeproperty2 of theproposition)(l A q) G E D 1, andwe
conclude(k A r) GVE¥>.D 1. x

Wenow show thatby renamingaplacein aKripkemodel,wedonotchange
thesetof valid formulaeaslong astheformulaedo not mentionrenamedplace
or thefreshname.

P���#�$�#����������� 5 (p-R�
�H���
����1 ref q¦ p ). Let ref G (K A A Pk k � K A Ik k� K) be a
refineddistributedKripke modelwith setof placesPls. For a placeq z ref,
define ref q¦ p G (K E A A PEk k � K � A I Ek k � K � ) where

K E is K;

E is ;

PEk is (Pk p ) q if p Pk, andPk otherwise;
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I Ek : Atoms Pow(PEk) is defined1 as

r I Ek(A) i j r Ik(A) (if r Pk);
p Ik(A) (if r G q) B

ref q¦ p is a refineddistributedKripke model,andis saidto bea p-renaming
of ref.

Proof: As for Proposition4, we just needto checkthat PEk k� K � and I Ek k � K �
satisfythemonotonicityconditions.They follow immediatelyby definition. x
L ���P��� 8 ( ref q¦ p ���T�������'�	�
+�������+�� ). Let ref G (K A A Pk k � K A Ik k � K) beare-
fineddistributedKripke modelon ref q¦ p be its p-renaming.Let G and GWE
extendtheinterpretationof atomsin ref and ref q¦ p respectively. For every
k K, formula D Frm(Pls), andr Pkk wehave:

1. if r § p, then(kA r) G D if andonly (k A r) G E D ; and

2. if r G p, then(kA p) G D if andonly if (k A q) G E D .

Proof: Theproof is by inductionon thestructureof formulaein Frm(Pls), and
is similar to theproof for Lemma7. x

We arenow readyto prove that the semanticsis soundfor the judgements
of the logic. We needto show that if a judgementis provablein the extended
naturaldeductionsystem,thenit is alsovalid with respectto refineddistributed
Kripkemodels.

T�#�	�#����� 3 (S�� F����������� ). If O ; R P L at p is derivable in the logic, then it is
ref-valid.

Proof: Theproof is by inductionon thenumbern of inferencerulesusedin the
derivationof the judgementof O ; R P L at p. Theproof is similar to theproof
of Theorem1.

Baseof induction(n G 1). If thethederivationconsistsof eithertheaxiomL,
or theaxiomG, or rule I weusethesameargumentasin theproofof Theorem
1. Thecase E followsby definitionof theforcing relation.

Inductivehypothesis(n � 1). We assumethat the theoremholds for any
judgmentthat is deducibleby applyinglessthann instancesof inferencerules.
We considera judgmentO ; R P L at p which is derivablein the logic by using
exactlyn instancesof inferencerules.

We fix a model ref G (K A A Pk k � K A Ik k � K) with set of placesPls such
that P Pls, andlet G be theextensionof Ik. Let k K beanarbitrarystate
suchthat k G O ; R . Fix k. We needto show (kA p) G L . For this we consider
the last inferencerule usedto obtain O ; R P L at p andproceedby cases.The

1Notethatit cannotbethecasethatr ¨ p, sincep © Pªk.
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treatmenty of logical connectivesis standard.Themodalities@ and = areteated
as in Theorem1. If the last inferencerule usedis > E, thenthe result follows
from asimpleapplicationof thedefinition.Themostinterestingcaseis when > I
is thelastinferenceused,andwediscussthis casebelow.

Case> I . It mustbecasethat L is of theform >.D . Moreover O ; R Pa q D at q
for someq z P by usingn 1 instancesof therules,andPL(O ; R ) PL(D ) P. By
inductionwe know that O ; R Pa q D at q is ref-valid. Without lossof generality,
wecanassumethatq z Pls (otherwise,wecanrenameq in Pls, usingLemma8).

We prove thatk G >"D at p. Thesemanticsof > saysthatwe needto show
thatl GpD at r , for all l k andr Pl . Fix onel k andoner Pl , andconsider
the refinedr-duplicatedextension ref r A q . ref r A q is a refineddistributed
Kripke modelwith setof places,Pls q . Let G E be the forcing relationon

ref r A q .
Fromthehypothesisk GtO ; R andby Kripkemonotonicity(Lemma6) weget

l G O ; R . Therefore,since ref r A q is a r-duplicatedextension,we get l G E O ; R
by usingLemma7. Now, sinceP Y q Pls q wecanuseinductivehypothesis
on ref r A q to obtaink G E D at q. UsingLemma7 onceagain,weconcludethat
l G D at r . Sincel andr arearbitrary, weconcludethatk G >.D at p. x
5.2 Completeness

In thissection,wewill show thattherefinedsemanticsis completefor thenatural
deductionpresentedin Section4. Theproof will follow the standardproofsof
completenessfor intuitionistic modal logic [18]. In the proof, we constructa
canonicalmodel. If a judgementis not provable,thenit will be invalidatedin
oneof theKripkestatesof thecanonicalmodel.

Pleasenotethat the notionof provability canbe extendedon possiblenon-
finite sets� of sentences,asin Section3.3. We saythat O ; � P D at p, if and
only if, thereexistsafinite subsetR � suchthat O ; R P D at p. Also, notethat
Proposition3 statedin Section3.3canbeextendedto thelogic with disjunctive
connectives.Thecanonicalmodelis definedby consideringa particularkind of
setof sentences.

D�
*%������������� 12 (R�
*%������� P�	���)� S�	� ). Let P be a setof placesand O be a setof
pureformulaein Frm(P). A (possiblynon-finite)set� of sentenceswith PL(� )
P, is saidto be(OPA P)-refinedprimeif it satisfiesthefollowing four properties.

1. If O ; � P D at p then D at p � (Deductive Closure).

2. O ; � P at p for any p P (Consistency).

3. If O ; � P D J at p then either D at p � or J at p � (Disjunction
Property).

4. If O ; � P =HD at p thenthereexists q P suchthat D at q � (Diamond
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Property).

As in [18, 2] we first show thatevery setof sentencescanbeextendedto a
primeset,thatrespectsthenon-provability with respectto aparticularsentence.

L ���P��� 9 (R�
*%������� P�����)� E0#���
��������� ). Let P bea setof placesand O bea finite
setof pureformulaein Frm(P). Let D bea pureformula, p bea place,and R be
asetof sentencessuchthat

PL(D at p) PL(R ) P, and

O ; R P D at p.

Thenthereis a setof placesPE extendingP anda (OPA PE )- refinedprime setof
sentences� containingR , suchthat O ; � P� D at p.

Proof: We enrich the set of placesby introducinga denumerableset of new
places:q1 A q2 A2B2B2B . They will bethewitnessesfor theformulae=FD andareintro-
ducedin orderto satisfythediamondproperty.

The setof placesPE is obtainedby a seriesof extensionsP G P0 P1

P2 B2B2B . Beforewe proceedwith theconstruction,we pick up anenumerationof
thepureformulaeFrm(PE ) andfix it. Theset� is obtainedby seriesof extensions
R�Gr� 0 � 1 � 2 B2B2B thatverify thefollowing:

Property2. For every n 0:

1. PL(� n) Pn;

2. O ; � n
Pn D at p.

The seriesis constructedinductively. In the induction,at an odd stepwe will
createa witnessfor a formula of the type =HJ . At an even stepwe deal with
disjunctionproperty. We shallalsoconstructtwo sets:

treated
`
n, thatwill be the setof the formulae =HD for which we have already

createdawitness.

treated
�
n , that will be the setof the formulae D J at p which satisfy the

disjunctionproperty.

We start treated
`
0 G , treated

�
0 G , P0 G P and � 0 G�R . It is clear that

PL(� 0) P0, and O ; � 0
P0 D at p.

Then we proceedinductively, and assumethat Pn AQ� n (n 0) have been
constructedsatisfyingProperty2. In stepn Y 1, weconsidertwo cases:

1. If n Y 1 is odd,pick thefirst formula J 1 J 2 in theenumerationsuchthat

J 1 J 2 is in Frm(Pn), i.e.,all theplacesin J 1 J 2 aretakenfrom Pn;

O ; � n
Pn J 1 J 2 at q, for someq Pn;
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J 1 J 2 at q z treated
�
n .

Pleasenotethatif both O ; � n AKJ 1 at q Pn D at p andO ; � n AKJ 2 at q Pn D at p,
thenwe candeduceO ; � n

Pn D at p. However, we have that � n A Pn satisfy
Property2. Hence,it mustbethecasethateither O ; � n AKJ 1 at q Pn D at p, or
O ; � n AKJ 2 at q Pn D at p.

We define � na 1 Gp� n J 1 at q if O ; � n AKJ 1 at q Pn D at p, and � na 1 G
� n J 2 at q otherwise.We definePna 1 G Pn. We getby constructionthat
Pna 1 AQ� na 1 satisfyProperty2. Finally, we let treated

�
na 1 G treated

�
n J 1

J 2 at q andtreated
`
na 1 G treated

`
n.

2. If n Y 1 is even,pick thefirst formula =FJ in theenumerationsuchthat

=FJ is in Frm(Pn), i.e.,all theplacesin =FJ aretakenfrom Pn;

O ; � n
Pn =HJ at q, for someq Pn;

=FJ�z treated
`
n.

Let Pna 1 G Pn Y q(na 1)� 2, � na 1 Gk� n J at q(na 1)� 2 , treatedna 1 G treatedn
=HJ andtreated

�
na 1 G treated

�
n . Weclaim that O ; � na 1

Pn� 1 D at p.
If O ; � na 1

Pn� 1 D at p, then O ; �TAKJ at q(na 1)� 2 Pa q(n� 1)« 2 D at p. Since
O ; � n

Pn =HJ at q, we get O ; � n
Pn D at p by the inferencerule = E. This

contradictsthehypothesison Pn AQ� n. HenceO ; � na 1
Pn� 1 D at p.

Therefore,we getby constructionthat Pn AQ� n satisfyProperty2. We define
PE G n� 0 Pn, and �pG n� 0 � n. Clearly P PE , and R � . Moreover, using
Property2, we caneasilyshow that O ; � P� D at p. Finally, we show that � is a
(OPA PE )-refinedprimeset.

1. (DisjunctionProperty)If O ; � P� J 1 J 2 at q, thenlet n be the leastnum-
ber suchthat O ; � n

Pn J 1 J 2 at q. Clearly, J 1 J 2 at q z treated
�
n , and

O ; � m
Pm J 1 J 2 at q for every m n. Eventually J 1 J 2 at q hasto be

treatedat somestageh n. Hence,either J 1 at q � ha 1 or J 2 at q � ha 1.
Therefore,J 1 at q � or J 2 at q � .

2. (DiamondProperty)If O ; � P� =HJ at q, thenlet n be the leastnumbersuch
that O ; � n

Pn =HJ at q. As in the previous case,we assertthat =HJ at q is
treatedfor someevennumberh n. Weget J at qh� 2 � by construction.

3. (DeductiveClosure)If O ; � P� J at q, thenO ; � P� J J at q. Thefirst case
thengivesusthat J at q � .

4. (Consistency) If O ; � P� at q, thenO ; � P� D @p at q by theinferencerule
E. Therefore,O ; � P� D at p by @E, which contradictsour construction.

Hence,� ; O P� at q.

We concludethat � is a (OPA PE )- refinedprimeextendingR suchthat O ; � P�
D at p. x
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Now, wedefinetherefinedcanonicalmodel.In therefinedcanonicalmodel,
Kripkestatesareprimesetsof sentences.

D�
*%������������� 13 (R�
*%������� C�����������%� � M �#��� � ). Given a finite set O of pureformu-
lae,we definethe O -refinedcanonicalmodelto bethequadruple � Ref G (M A
A Pl l � M A I l l � M), where:

- M is setof all pairs(�TA P) suchthat P is a setof places,and � is a (OPA P)-
refinedprimeset.

- (� 1 A P1) (� 2 A P2) if andonly if � 1 � 2 andP1 P2.

- P(¬�^ P)
defG P.

- I( ¬�^ P) : Atoms Pow(P(¬�^ P)) is definedby: p I( ¬�^ P)(A) i j A at p � .

We now show that in the canonicalmodela sentenceis forcedby a Kripke
state(OPAQ� ) if andonly if it is containedin � .

L ���P��� 10 (R��*%���	�	� C�����������%� � E+�� �  ­��������� ). Let O beafinite setof pureformu-
lae.

1. The O -refinedcanonicalmodel � Ref G (M A A Pl l � M A I l l � M) is a refined
distributedKripkemodel.

2. Let Plsbethesetof placesof � Ref, and G betheforcingrelationin � Ref.
For every (�TA P) � Ref, every formula D Frm(Pls), and every place
p Pls, (�TA P) G D at p if andonly if D at p � .

Proof: Clearlyall thepropertiesrequiredfor a refineddistributedKripke model
areverified. All we have to prove is the part 2 of the proposition. The proof
is standard,andwe proceedby inductionon the structureof the formula D
Frm(Pls). Here,we just illustratethe inductive casein which D is >.D 1. In the
inductivehypothesis,weassumethatpart2 is valid on all subformulaeof D .

Case >"D 1. Assumethat (�TA P) G >.D 1 at p. By definition, this meansthat
for every (� E A PE ) greaterthan (�TA P) and for every r PE , it is the casethat
(�{E;A PE ) G D at r (andthereforeD at r �{E by inductivehypothesis).

Choseanew placeq z P. Weclaimthat O ; � Pa q D 1 at q. SupposeO ; � Pa q

D 1 at q. Thenby Lemma4, thereis a setof placesQ extendingP Y q anda
(OPA Q)-refinedprime set �{E extending � suchthat O ; �{E Q D 1 at q. That means
D 1 at p z¤� E . Since(� E A Q) is greaterthan (�TA P), we obtain a contradiction.
Thereforeweconcludethat O ; � Pa q D 2 at q.

Usingtheinferencerule > I , we get O ; � P >.D 1p. Since� is a (OPA P)-prime
set,wegetthatmeans>.D 1 at p � .

Vice-versa,let >.D 1 at p � . Pick (� E A Q) greaterthan(�TA P). We needto
show (�{E;A Q) G >.D 1 at p. We have that � �{E , andtherefore>.D 1 at p �{E . We
canapply > E to prove that OPAQ� E Q D at q for every q Q. By definitionof the
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canonical� model, �{E is (OPA Q)-prime set. Therefore,we obtain D 1 at q �{E for
every q Q. Henceby inductive hypothesis,(� E A Q) G D 1 at q for every q Q.
SinceP Q, we get(� E A Q) G >.D 1 at p. x

We arenow readyto provecompleteness.

T�#�	�#����� 4 (R�
*��U����� C����� � ���(�
������� ). O ; R G P D at p G O ; R P D at p

Proof: Assumethat O ; R G PD at p G O ; R P D at p. Wehave:

1. PL(O ) PL(R ) p P.

2. If ref G (K A A Pk k� K A Ik k � K) is a refineddistributedKripke model,then
for everyk K suchthatP Pk, k G D at p whenever k G O ; R .

Weneedto show that O ; R P D at p.
Assumethat O ; R P D at p. Then by Lemma9, thereis a set of places

PE P, anda (OPA PE )-refinedprime setof sentences� containingR suchthat
O ; � P� D at p. Weget D at p z¡� .

Now considerthe O -canonicalmodel � Ref, andlet G betheforcingrelation
in � Ref. Considerthe Kripke state(�TA PE ). R is containedin � , andtherefore
(�TA PE ) G O ; R by Lemma10.By our assumption,we get (�TA PE ) G D at p. By
Lemma10,weget D at p � . Wehavejust reachacontradiction.Therefore,we
canconcludethat O ; R P D at p. x

6 RelatedWork

The logic studiedin Section2 wasintroducedin [9, 10], whereit wasusedas
thefoundationof a typesystemfor a distributed ® -calculusin thepropositions-
as-typesparadigm. Although the authorsof [9, 10] do discusshow the logic
couldbeusefulin distribution of resources,they have no correspondingmodel.
Theproof termscorrespondingto modalitieshave computationalinterpretation
in termsof remoteprocedurecalls (@p), commandsto broadcastcomputations
to all nodes( > ), andcommandsto useportablecode( = ). In [9], theauthorsalso
introduceasequentcalculusfor thelogic andprovethatit enjoyscutelimination.

Fromalogicalpointof view, this logic canbeviewedasahybrid modallogic
[16, 1]. A hybrid logic internalisesthe model in the logic by usingmodalities
built from purenames[16, 1]. In [9, 10], the modality @p gives the logic a
hybrid flavour. Work on hybrid logics hasbeenusuallycarriedout in a classi-
cal setting,seethehybrid logicswebpage(̄g°�°n±³²Q´�´�¯Hµg¶n·³¸2¶n·�¹Xº�»{¸$¼½¹H´ ). More
recently, afirst intuitionistic versionof hybrid logicswereinvestigatedin [2].

Thereareseveral intuitionistic modal logics in the literature,and[18] is a
goodsourceon them. The modalitiesin [18] have a temporalflavour, andthe
spatialinterpretationwasnot recognisedthen.Thereareno placesin theKripke
states,andthereis anaccessibilityrelationon statesthatexpressesthenext step
of acomputation.
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Thework in [2] introducesthefirst intuitionistic versionof hybrid logics. It
investigateshow to addnamesin constructivelogicsresultingin hybrid versions.
A modal logic is hybridisedby addinga new kind of propositionalsymbols:
nominals. Thenominalsarethenamesin thelogic. Theauthorsextendthemodal
systemof [18] by introducingnominals.They give a naturaldeductionsystem
anda Kripke semanticsfor this logic. They prove soundnessandcompleteness
for thesemantics,andalsogiveanormalisationresultfor thenaturaldeduction.

The extensiongiven in Section4 is a hybrid versionof the intuitionistic
modalsystemIS5[18]. In themodalsystemIS5, theaccessibilityrelationamong
placesis total. Hence,the logic in Section4 canbe seenasan instanceof the
hybrid modal logic in [2]. The only di< erenceis that namesin our logic only
occurin themodality@p. In [2], namesalsooccuraspropositions.

Otherwork onlogicsin resourcescanberelatedto theseparationlogics[17],
or the logic of bunchedimplications[15]. In [15], the authorsgive a Kripke
model foundedon a monoidalstructure. In the logic, the formulaearethe re-
sources,andareinterpretedaselementsof themonoid.Thefocusof thiswork is
thesharingof resourcesandnot their distribution. Thereis no notionof places,
andthelogic hasnomodalities.

In theclassicalsetting,therearealsoanumberof logicsusedto studyspatial
properties.In [4, 3], for example,theauthorsuseprocesscalculi astheir mod-
els. They have a classicalmodal logic to studyspatial,temporalandsecurity
propertiesof theprocesses.

7 Conclusionsand Futur eWork

Westudythehybrid modallogic presentedin [9, 10]. Formulaein thelogic con-
tainnames,alsocalledplaces.Thelogic maybeusedto reasonaboutplacement
of resourcesin a distributedsystem.An intuitionistic naturaldeductionfor this
logic is presentedin [10], andjudgementsmentiontheplacesunderconsidera-
tion.

We interpretthe judgementsin the logic in Kripke-stylemodels[12]. Typi-
cally Kripke models[12] consistsof partially orderedKripke states.In our case
themodelsareobtainedfrom theKripke modelsby addinga fixedsetof places
to eachpossibleKripke state.In eachKripke state,di< erentplacesmaysatisfy
di< erentformulae. The satisfactionof atomscorrespondsto placementof re-
sources.The modalitiesof the logic allow formulaeto be satisfiedin a named
place(@p), someplace(= ) andeveryplace( > ). Weshow thattheinterpretation
of judgmentsin thesemodelsis bothsoundandcomplete.

We adddisjunctive connectivesto themodallogic in [9, 10], andrefineour
semanticsto obtainsoundnessandcompletenessresults.In thenew Kripkemod-
els,largerKripkestatesmaycontainbiggersetof places.Therefinedsemantics
canbeseenasaninstanceof hybrid IS5[2, 18].
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As future work, we arecurrently investigating decidabilityof the extended
logic. The intuitionistic modalsystemsin [18] aredecidable.In orderto prove
decidabilityof thosesystems,[18] usesbirelationalmodels. Thesemodelsare
soundandcomplete,andenjoy finite modelproperty:if a judgementis notvalid
in thelogic, thenthereis afinite birelationalmodelwhich invalidatesthejudge-
ment.Thefinite modelpropertyis notenjoyedby theKripkemodelsin [18]. We
areinvestigatingif we canadaptstheproofsin [18].

We arealsoconsideringotherextensionsof thelogic. A major limitation of
thelogic presentedin [10] is thatif aformula D is validatedatsomenamedplace,
sayp, thentheformula D @p canbeinferredateveryotherplace.Similarly if =FD
or >"D canbeinferredat oneplace,thenthey canbeinferredat any otherplace.
In a large distributed system,we may want to restrict the rights of accessing
informationin a place. This canbedoneby addingan accessibilityrelationas
in [18, 2]. We are currently investigating the computationalinterpretationof
this extendedlogic. This would resultin anextensionof ® -calculuspresentedin
[9, 10].

A �%h	����¾ � ���	1
�
�)�
���%� . We thank AnnalisaBossi, Giovanni Conforti, Matthew
Hennessy, andBernhardReusfor interestingandusefuldiscussions.
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