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ArstrACT. An intuitionistic, hybrid modallogic suitablefor reasoningaboutdistribution of re-
sourceswasintroducedin [10]. We extendthe Kripke semanticof intuitionistic logic, enriching
eachpossibleKripke statewith a setof placesandshaw thatthis semanticss bothsoundandcom-
pletefor thelogic. In the semanticsresource®f a distributedsystemareinterpretedasatoms,and
placemenbf atomsin a possiblestatecorrespondso the distribution of the resourcesThe modali-
tiesof thelogic allow usto validatepropertiesn a particular place in someplaceandin all places.
We extendthelogic with disjunctive connectves,andrefineour semantic4o obtainsoundnesand
completenestor extendedogic. Theextendedogic canbeseerasaninstanceof Hybrid 1S5[2, 18].

1 Intr oduction

In currentcomputingparadigm,distributed resourcesspreadover and shared
amongstdifferentnodesof a computersystemis very common. For example,
printersmaybe sharedn local areanetworks, or distributeddatamay storedoc-
umentsin partsat differentlocations. The traditionalreasoningnethodologies
arenot easilyscalableo thesesystemsasthey maylackimplicitly trustableob-
jectssuchasa centralcontrol.

This hasresultedin theinnovation of severalreasoningechniquesA pop-
ular approachin the literature hasbeenthe use of algebraicsystemssuchas
processlgebrg 13, 8, 5]. Thesealgebrashave rich theoriesin termsof seman-
tics[13], logics[7, 15,4, 3], or types[8]. Anotherapproachs logically-oriented
[9, 10,19, 14]: intuitionistic modallogics are usedasfoundationsof type sys-
temsby exploiting the propositions-as-typegroofs-as-pogramsparadigm{6].
An instanceof thiswasintroducedn [9, 10] andthelogic introducedhereis the
focusof our study

The formulaein this logic include names calledplaces Assertionsin the
logic areassociateavith placesandarevalidatedin places.In additionto con-
sideringwhethera formulais true, we arealsointerestedn whee a formulais
true. The threemodalitiesof the logic allow usto infer whethera propertyis
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validatedin a specificplaceof thesystem(@p), or in anunspecifieglaceof the
system(¢), or in ary partof the systemg). The modality @p internaliseshe
modelin the logic andhencecanbe classifiedasa hybrid logic [1, 16, 2]. An

intuitionistic naturaldeductiorfor thelogic is givenin [9, 10], andjudgementsn

thelogic mentiontheplacesunderconsiderationThenaturaldeductiorrulesfor

¢ ando resemblehosefor existentialanduniversalquantificationof first-order
intuitionisticlogic.

As notedin [9, 10], thelogic canalsobeusedto reasoraboutdistribution of
resourcesn additionto servingasthe foundationof a type system.The papers
[9, 10], however, lack amodelto matchthe usageof thelogic asatool to reason
aboutdistributed resources.In this report, we bridge the gap by presentinga
Kripke-stylesemanticg§12] for thelogic of [9, 10]. In Kripke-stylesemantics,
formulaeareconsideredvalid if they remainvalid whentheatomsmentionedn
the formulaechangetheir valuefrom falseto true. This is achieved by usinga
partially orderedsetof possiblestates Informally, moreatomsaretruein larger
states.

We extend the Kripke semanticof the intuitionistic logic [12], enriching
possiblestateswith afixedsetof places.In eachpossiblestate differentplaces
satisfydifferentformulae. For the intuitionistic connectes, the satistction of
formulaeat a placein a possiblestatefollows the standarddefinition[12]. The
enrichmenf the modelwith placesrevealsthe true meaningof the modalities
in the logic. The modality @p expressesa propertyin a namedplace. The
modalityo correspond$o aweakform of universalguantificatiorandexpresses
acommonproperty andthemodality ¢ correspondso aweakform of existential
guantificationandexpresses propertyvalid someavherein the system.

In the model,we interpretatomicformulaeasresource®f a distributedsys-
tem,andplacemenbf atomsin apossiblestatecorresponds$o thedistribution of
resourcesAs in intuitionistic logic [12], we neednot evaluateall the formulae
of thelanguagesincetheinterpretatiorfollows inductvely from the structureof
formulae.

In orderto give semantic$o alogicaljudgmentwe allow modelswith more
placeshanthosementionedn the judgement.This admitsthe possibilitythata
usermay be awareof only a certainsubsebf namesn adistributedsystem.As
we shallsee thisis crucialin the proof of soundnesandcompleteness.

In the model, we canduplicateplacesin a conserative way. This factis
the key to the proof of soundnessf introductionof o, andthe eliminationof ¢.
The proof of completenes$ollows closelythe standardoroof of completeness
of intuitionistic logic with oneimportantdifference:in additionto witnessegor
the existential(¢), we needwitnessedor the universal(o) too.

Thelogicin [9, 10] did nothave disjunctive connectves. We extendthelogic
with disjunctve connectves,andrefineour Kripke semanticsn orderto obtain
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completenesdn therefinedsemanticsthe setof placesn Kripke statesarenot
fixed. DifferentpossibleKripke stategnayhave differentsetof places.However,
the setof placesvary in a conserative way: larger Kripke statescontainlarger
setof places.

We shaow thatthe refinedsemanticss both soundand completefor the ex-
tendedlogic. The proof of soundnes®nce again dependson duplication of
places.The proof of completenesollows closelythe standardoroofs of com-
pletenes®f intuitionistic modallogics. The extendedlogic canbe seenashy-
bridizationof thewell-known intuitionistic modalsystemiS5[2, 18].

The restof the paperis organisedasfollows. In Section2, we presentthe
logic in [9, 10]. In Section3 we presentthe distributed Kripke modelusedto
interpretthelogic, andprove soundnesandcompletenessf the semanticsWe
presenthe extensionof logic with logical connectvesin Section4.Therefined
semanticss givenin Sections, wherewe alsoshaov soundnesandcompleteness
of therefinedlogic. We discusgelatedwork in Section6, andwe summariseur
resultsin Section?.

2 Logic

We now introduce throughexamplesthelogic presentedhn [9, 10]. Thelogicis
usedto reasomboutheterogeneoudistributedsystems.To gain someintuition,
consideradistributedpeerto peerdatabasevheretheinformationis partitioned
over multiple communicatinghodeg(peers).

Informally, the databasdasa setof nodesor places anda setof resources
(data)distributedamongstheseplaces.Thenodesarechoserfrom theelements
of a fixed set,denotedby p,q,r,s,.... Resourcesre representedby atomic
formulaeA, B, ... € Atoms Intuitively, anatomA is verifiedin aplacep if that
placecanaccessheresourcadentifiedby A.

Werewe reasoningabouta particularplace,thelogic connectesof thein-
tuitionistic framework would be suficient. For example,assumehataparticular
documentdoc, is partitionedin two parts,doc; anddoc,, andin orderto access
to the documenta placehasto accessooth of its parts. This canbe formally
expressedisthelogical formula: (doc,; A doc,) — doc, whereA and— arethe
logical conjunctionandimplication. particularplace thentheusualintuitionistic
rulesallow to infer thatthe placecanaccesshe entiredocument.

The intuitionistic framenork is extendedin [10] in orderto reasonabout
differentplaces.An assertionn suchalogic takesthe form “¢ at p”, meaning
thatformulay is valid atplacep. Theconstruct' at ” is ameta-linguisticsymbol
andpointsto the placewherethe reasonings located. For example,doc; at p
anddoc, at p formalisesthe notionthatthe partsdoc,; anddoc, arelocatedat
thenodep. If in addition,theassertior((doc; A doc,) — doc) at p is valid, we
canconcludethatthedocumentloc is availableat p. A formulae mayitself use
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threemodalitiesto accommodatesasoningboutthepropertiesvalid atdifferent
locations.

In orderto internaliseresourcest a singlelocation,the modality @p, one
for every placein the systemjs used.The modality @ caststhe meta-linguistic
“at” onthelanguagdevel, andin factthe two constructswill have the same
interpretationin thesemanticsThemodalformulap@p meanghattheproperty
¢ is valid at p, and not necessarilyanywhereelse. An assertionof the form
p@p at p" meanghatin theplacep’ we arereasoningaboutthe propertyy valid
at the placep. For example,supposéhatthe place p hasgot the first half of
thedocumentj.e.,doc; at p, andp’ hasgotthe secondone,i.e.,doc, at p’. In
thelogic we canformalisethe factthat p’ cansendthe partdoc, to p by using
the assertion(doc, — (doc,@p)) at p’. The rulesof the logic will conclude
doc, at p andsodoc at p.

Knowing exactly wherea propertyholdsis a strongability, andwe mayonly
know thatthe propertyholds someavherewithout knowing the specificlocation
whereit holds. In orderto dealwith this, the logic hasthe ¢ modality: ¢¢
meandhattheformulae holdsin someplace.In theexampleabove, thelocation
of doc, is not importantaslong aswe know that this documents locatedin
someplacethatcansendit to p. Formally, this canbe expressedy theformula
¢(doc, A (doc, — (doc,@p))) at p’. By assuminghis formula, we caninfer
doc, at p, andhencethedocumentoc is availableat p.

Evenif we dealwith resourceslistributedin heterogeneouglaceswe can-
not avoid the factthatcertainpropertiesarevalid everywhere.For this purpose,
thelogic hasthe o modality: op meanghatthe formulay is valid everywhere.
In the exampleabove, p canaccesgshe documentdoc, if thereis a placethat
hasthe partdoc, andcansendit everywhere.This canbe expressedy thefor-
mula¢(doc, A (doc, — Odocy)) at p’. Therulesof thelogic would allow usto
concludethatdoc, is availableat p.

We now definethelogic in [10] formally. For the restof the paper we shall
assumea fixed countablesetof atomicformulaeAtomsandwe will vary the set
of places.Givena countablesetof placesPI, let Frm(Pl) bethe setof formulae
built from the following grammar:

e:=T|AleANgle—¢|le@p|Og| 0.

Herethe syntacticcateyory p standdor elementdrom PI, andthe syntacticcat-
egory A standdor elementdrom Atoms The elementsn Frm(PI) aresaidpure
formulae andaredenotedoy small Greeklettersy, ¥, ... An assertiorof the
form ¢ at pis calledsentenceWe denoteby capitalGreeklettersl’, I'1,... (pos-
sibly empty)finite setsof pureformulae,andby capitalGreeklettersA, Aq, . ..
(possiblyempty)finite setsof sentences.
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Eachjudgemenin thislogic is of theform
AR pat p.
where

e the global context I' is a (possiblyempty) finite setof pureformulae,and
representshe propertiesassumedo hold at every placeof the system;

e thelocal contet A is a (possiblyempty)finite setof sentencessincea sen-
tenceis a pureformulaassociatedo a place,A representsvhatwe assume
to bevalid in ary particularplace.

e thesentence at p saysthaty is dervedto bevalid in the placep by assum-
ingT; A.

In thejudgementjt is assumedhatthe placesmentionedn I andA aredravn
from the setP. In orderto be moreformal, we definethe function PL(X), which
denoteghesetof placeghatappeain X, for arny syntacticobjectX. It is defined
asfollow

Dermnirion 1 (PLaces INn A FormuLA).  We defineinductiely theoperatoPL() on
ary syntacticobjectof thelogic as:

def def

PL(A) = 0; PL(T) = 0;

PL(p1 A ¢2) = PL(p1) UPL(¢2);  PL(¢1 — ¢2) € PL(¢1) U PL(g2);

PL(O¢)  E PL(g); PL(op)  E'PL();

PL(e@p) = PL(g)U{p}; PL(patp) £ PL@)UIPY
PL(¢1, . .. om) L PL(p)U...U...PL(om);

def
PL(¢1 at pa, ..., ¢nat pn) = PL(p1 @t p1) U... U PL(p, at pn);

PL(T; A) L pLI) U PL(A).

Whenwe write a judgmentof theform I'; A +F ¢ at p, thenit mustbe the
casethat PL(I') U PL(A) U PL(¢ at p) € P. Any judgmentnot satisfyingthis
conditionis assumedo be undefined.

In Fig. 1 we give the naturaldeductiorfor thejudgementsasdefinedin [10].
The mostinterestingof theserules are ¢E, the elimination of ¢, andal, the
introductionof O. In theserules, we useP + p to denotethe disjoint union
P U {p}, andwitnessthe fact that the place p doesnot occurin I" and A. If
p € P, thenP + p, andary judgmentcontainingsuchnotation,is assumedo be
undefinedn orderto avoid a sideconditionstatingthis requirement.

Therule ¢ E explainshow we canusetheformulaevalidatedatsomeunspeci-
fiedlocation: weintroduceanew placeandextendthelocal context by assuming

5



G

Tl

A patprPpatp Lo;ArP patp AP Tatp
Al AE; (i=1,2) -l
AP prat p
AP o at p AP o1 Ao at p A patprPyatp
AP o1 Ao at p AP g atp AP p s yatp
@l @E —E
AP o s yatp

AP gatp AP p@pat p/ AP gpatp
;AP p@p at pf AP patp ARy atp
ol oE

AP opat pf
AP patp ;A @atqr"ty at p”
T AP opat pf ;AR yoat p”
ol oE

AP Opatp
AP g at g o AP yatp
AR Opat p AP yat p’

Ficure 1. Naturaldeduction.

thattheformulais validatedthere.If any assertiorthatdoesnotmentionthenewn
placeis validatedthus,thenit is alsovalidatedusingthe old local contet. The
rule ol saysthatif aformulais validatedin somenew place,without ary local
assumptioron thatnew place,thenthatformulamustbevalid everywhere.

The rules ¢1 andoE arereminiscentof the introductionof the existential
guantification,and the elimination of universalquantificationin first-orderin-
tuitionistic logic. This analogy however hasto be taken carefully For ex-
ample,if T; A P oy at p, thenwe canshav using the rules of the logic that
I A P ooy at p.



3 Kripk e Semantics

Therearea numberof semanticgor intuitionistic logic andintuitionistic modal
logics that allow for a completenessheorem([2, 11, 18]. In this sectionwe
concentraten the semanticantroducedby Kripke [12, 20], asit is corvenient
for applicationsand fairly simple. This would provide a formalisationof the
intuitive conceptsntroducedn Section?2.

In Kripke semanticdor intuitionistic propositionallogic, logical assertions
areinterpretedover Kripke models. The validity of anassertiordependon its
behaiour asthetruth valuesof its atomschangefrom falseto trueaccordingto
a Kripke model. A Kripke modelconsistsof a partially ordered setof Kripke
states andan interpretation I, thatmapsatomsinto states.The interpretation
tells which atomsaretrue a state.lIt is requiredthatif anatomis truein a state,
thenit mustremaintruein all larger states.Hence,in alarger statemoreatoms

may becomerue. Considera logical assertiorbuilt from theatomsAy, - - - , An.
The assertions saidto bevalid in a stateif it continuesto remainvalid in all
larger state.

In orderto expressthe full power of the logic introducedin Section2, we
needto enrichthe modelby introducingplaces.We achieve this by associating
afixedsetof placesPIsto eachKripke state.Theinterpretation], in our model
mapsatomsinto placesin eachstate. Sincewe consideratomsto be resources,
themapl tells how resourcesredistributedin aKripke state.We requirethatif
| mapsanatominto a placein astate thenit would maptheatominto thatplace
in all larger states. In termsof resourcesit meansthat placesin larger states
have possiblymoreresources.The additionof placesmakesthe Kripke model
distributedin the obvioussenseWe arereadyto defineKripke modelformally.

Dernrrion 2 (DistriButep KriPKE MobeL). A distributedKripke modelis aqua-
drupleK = (K, <, PIs I), where

e K isa(nonempty)set;
e < isapartialorderonK;
e Plsis a(nonempty)setof places;

e | : Atoms— Powm(K x PIs) is suchthatif (k, p) € 1(A) then(l, p) € I1(A) for
alll > k.

for Pow() the powersetoperator

ThesetK is the setof Kripke stateswhoseelementsaredenotedoy k, I, . ..
Relation< is the partial orderon the statesand| is the interpretationof atoms.
Thedefinitiontells only how resourcesi.e. atoms,aredistributedin the system.

In orderto give semanticgo thewhole setof formulaeFrm(PIs), we needto
extendl. Theinterpretationof a formula dependsn its compositepartsandif
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it is valid in a given state,thenit remainsvalid at the sameplacesin all larger
states.For example,theformulay A  is valid in a statek at placep, if bothe
andy aretrueatplacep in all stated > k.

Theintroductionof placesn themodelallowstheinterpretatiorof thespatial
modalitiesof the logic. Formulae@p is satisfiedat a placein a statek, if it is
trueat p in all stated > k; ¢0¢ andogy aresatisfiedat a placein statek, if ¢ is
truerespectrely atsomeor at every placein all stated > k.

We extendnow theinterpretationof atomsto interpretatiorof formulae,we
useinductionon the structureof theformulae.

Dermnition 3 (Kripke SEmanTics). For K = (K, <, Pls 1) a distributed Kripke
model, the relation=  betweencouples(k, p) andpureformulaeis inductively
definedby

(k. p) E A iff (k, p) € [(A);

kpET for all (k, p) € K x PIs;

(kP Eery iff (kp)FE ¢andk p)el’ )
(kp)F¢—y iff | 2kand(l,p) k= ¢ imply(l,p) E ¢;
(k.p) Fe@q iff (kQ)k ¢;

(kp)EOp iff (kq)kE ¢forallqePls;

(k p) E 0p Iff thereexistsq € Pls suchthat(q, k) = ¢.

We pronouncelk, p) E ¢ it as(k, p) forcesy, or (k, p) satisfiesp. We write
ki patpif (k,p)E ¢

Pleasanotethatin this extensionexceptfor logical implication,we have not
consideredarger statesn orderto interpreta modality or a connectve. It turns
outthatthesatisaictionof aformulain astatempliesthesatistictionin all larger
states.

Lemma 1 (Kripke Monoronicity). GivenK = (K, <, Pls 1) distributed Kripke
model,|= preseresthe partial orderin K, thatis for eachp € Pls andeach
¢ € Frm(Pls), if 1 > kthen(k, p) E ¢ implies(l, p) E .

Proof: We proceedby inductionon the structureof formulae.

Basecase If ¢ € Atomsor ¢ = T, thelemmaholdsby Definitions2 and3.

InductiveHypothesisWe consideraformulay € Frm(Pls). We assumehat
for every sub-formulay; of ¢ andfor every p € Pls. if | > kthen(k, p) E ¢
implies(l, p) E ¢i. Wereferto Definition 3. Cases = ¢1 A gz andy = ¢1 — @2
aretreatedasin [20]. Casesp = ¢1@Q, ¢ = Og; andy = ¢, aresimilar. We
shaw only the casep = ¢;@g. Assume(p,k) E ¢1@q, then(q,k) E ¢1 by
definition,hence(q,l) E ¢1 for every| > k by inductive hypothesisandsowe
concludethat(p,l) E ¢1@aq. |

Considemnow thedistributeddatabaseescribedn Section2. We canexpress
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the samepropertieshatwe inferredin Section2 by usinga distributedKripke
model. Fix a Kripke statek. The assumptiorthat the two parts,doc,, doc,,
canbe combinedn p in a statek to give thedocumentoc canbe expresseds
(k, p) E (docy Adoc,) — doc. If theresourcesloc; anddoc, areassignedo the
placep, i.e.,(k, p) £ doc; and(k, p) E doc;, then,since(k, p) £ doc; A docy,
it followsthat(k, p) £ doc.

Letusconsidemslightly morecomple situation.Supposéhatkl= ¢(doc, A
(doc, — Odoc,)) at p’. Accordingto the semanticof ¢, thereis someplace
r suchthat(k,r) E doc, A (doc, — Odoc,). The semanticof A tells usthat
(k,r) E doc, and(k,r) E (doc, — Odoc,). Since(k,r) E doc,, we know from
thesemantic®f — that(k, r) E odoc,, andfrom o that(k, p) = doc,. Therefore,
if doc; is placedat p in thestatek, thenthewholedocumentioc would becomes
availableat placep in statek.

3.1 Someusefulproperties

In orderto prove soundnes®f our semanticswe shall needsomeimportant
propertiesof the distributedKripke models.We stateandprove thoseproperties
in this section.

Lemmaz2 saysthatif we adda new placewhich duplicatesa specificplace
in all Kripke statesthenthe setof valid propertiesdoesnot change.Moreover,
the new placemimicstheduplicatedplace.In orderto statethis lemma,we first
prove thatduplicationgivesusa distributedKripke model.

ProposrTion 1 (p-DupLicatep Extension Kyp). LetK = (K, <, Pls ) beadis-
tributed Kripke model. For p € Pls andq ¢ Pls a new place, let Kqyp) =

(Kap): <a(m)> PlSy(p)- o)) where
* Kyp) ISK;
* <qp IS
o Plsyp isPIs U {q};
o lyp : Atoms— Pow(Kqp) X Plsyp) is definedas

.| (kr)el(A) (r e Pls);
(k’r) € lQ(p)(A) Iff {(k, p) c |(A) (r — q)

ThenKqy) is adistributedKripke model,andKy, is saidto be a p-duplicated
extensionof K.

Proof: We just needto checkthat |y satisfiesthe monotonicityconditionon
atomswhich follows immediatelyfrom definition. ]

We shaow that p-duplicatedextensionis consenrative over all the formulaethat
do not mentionthe addedplace.Moreover, for all suchformulae,the new place
mimicstheduplicatedone.



LEmma 2 (Kq(p) 1s cCONSERVATIVE). Let K = (K, <, Pls |) beadistributedKripke
modeland Ky be its p-duplicatedextension. Let = andE oy extendthe
interpretatiorof atomsin K and¥yp) respectrely. For everyk € K andformula
¢ € Frm(Pls), we have:

1. ifr € Pls, then(k,r) & p If andonly if (k,r) E ¢; and
2. ifr =q, then(k,q) E «p¢ if andonly if (k, p) E .

Proof: We prove bothof thepropertiesimultaneouslyy inductiononthestruc-
ture of formulaein Frm(PIs).

Baseof induction. Thetwo propertiesareverified on atomsby the definition
of Iy, andon T by Definition 3.

Inductivehypothesis.We considera formulay € Frm(Pls) andwe assume
the pointshold for eachof its sub-formulaep;. In particularwe assumehat:

1. if r e Pls,then(k,r) E «p¢i if andonlyif (k,r) £ ¢;; and

2. if r = g,then(k, q) E qpi if andonlyif (k, p) E ¢i.

We considerr € Pls andfix it. We prove only property1, asthe treatmentof
point 2 is analogousNow, we considerseveral possibilitiesfor ¢.

Casep = ¢1 A ¢p. Theassertion(k,r) £ qpe1 A @2 iff (K1) E ¢pe1 and
(k,r) E qpy2- By inductive hypothesisthis is equialentto (k,r) £ ¢ and
(k,r) E @2, Whichis equvalentto (k,r) E ¢1 A @2 by Definition 3.

Casep = g1 = ¢2. (K, 1NE qpyp1 = 2iff (I,1)E o1 implies(l, r)E qpe2
for every| > k. By inductie hypothesisthisis equialentto (I,r) £ ¢1 implies
(I,r) E ¢, for everyl > h, andthisis equwvalentto (k,r) E ¢1 — ¢».

Casep = p1@s. (k1) E qpe1@sift (K, S) E qpp1. Moreover, we know
thats € Plsas¢1@s € Frm(Pls). By inductive hypothesis(k, s) £ g1 iff
(k, S) E 1. By definition,(k, s) E ¢ iff (K, 1) E ¢p1@s.

Casep = Op1. Supposek,r) E  p o1, thenthereexists s € Plsyp) =
PlsuU {g} suchthat(k, s) = qp1. If s € Pls, thenwe useinductie hypothesis
(propertyl) to obtain(k, s) = 1, andtherefore(k,r) E ¢¢;. Otherwiseif
s = g, thenwe useinductive hypothesigproperty?2) 2 to obtain(k, p) = ¢1, and
thereforek,r) E ¢¢1.

Vice versa,if (k,r) £ ¢¢; thenthereexists s € Pls suchthat(k, s) E ¢s.
Henceby inductive hypothesis(property1) (k,s) E ¢p¢1, andwe conclude
(k,r)E a(p) OP1-

Casey = O¢1. Supposehat(k,r) £ opOe1. Thismeanghat(k, s) = ¢p¢1
for every s € PIsuU {q}. We canconcludethat(k,r) E O¢p1 by consideringevery
s € Plsandapplyinginductive hypothesigpropertyl).

Vice versa,if (k,r) E O¢1 then(k,s) E ¢; for every s € Pls. By inductive
hypothesigproperty2) (k, )& )1 for every s € Pls. Also, since(k, )= ¢4 for
every s € Pls, weget(k, p) E 1. Henceby inductve hypothesigproperty?2),
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(k,a9) B qpe1- Weconclude(k,t) = opp1 for everyt € Plsyg), whichimplies
(K. E qpOe:. u

Another propertyof distributed Kripke modelsis the possibility to rename
theplacean themodel. Thepropertysaysthatif werenameaplacein themodel,
thenwe donotmodify thesetof valid propertiesiotinvolving therenamedlace.
First we prove thatthe renamedmodelis still a distributed Kripke model,then
we formalizethe propertyin Lemmas3.

Proposrtion 2 (p-RenamiNG Kyp). GivenadistributedKripke modelkK = (K, <
,Pls, 1), wherePls = P + {p}. For a new placeq ¢ P, we define Ky, =
(Kg/p> <a/ps Plsg/p, lg/p) where

° Kq/p IS K;

® <gplss;

o Plsyp isPU{q};

o lyp : Atoms— Pow(Ky/p X Plsy/p) is definedas

_[(kr)el(A) (r e P);
(k1) € lg/p(A) iff {(k, p) € I(A) (r = q).

ThenKy,p is adistributedKripke model,andXy,,, is saidto be a p-renamingof
K.

Proof: As for Propositionl, We just needto checkthatl ) satisfieghe mono-
tonicity conditionon atoms,which follows immediatelyfrom definitionandthe
monotonicityof |. n

By mimicking the proofof Lemma2, we shav thatKy,, is conserative with
respecto K andtherenamedlacebehaeslik e theoriginal one.

Lemma 3 (Kq)p Is conservatIvE). Let K = (K, <, Pls, 1) be a distributedKripke
modelsuchthatPls = P + {p} andKy,p beits p-renaming.Let = andkE qp
extendthe interpretationof atomsin K andy,p respectrely. For everyk € K
andformulay € Frm(P), we have:

1. ifr € P, then(k,r) E o p¢ if andonly if (k,r) E ¢, and
2. ifr = q, then(k,q) E o/ p¢ if andonly if (k, p) E .

Proof: We proceedasin theproofof Lemmaz2, andprove bothof the properties
simultaneoushy inductionon the structureof formulaein Frm(PlIs).
Baseof induction. The propertiesareverifiedon atomsand T by definition.
InductivehypothesisAs for Lemmaz2, we consideraformulay € Frm(Pls)
andwe assumdhatthe two propertieshold for eachof its sub-formulaey;. In-
ductve casegealwith connectvesandmodalities. Herewe consideronly the
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two mostsignificantcasesand prove propertyl. The othercasescanbe dealt
with easily

Casep = ¢¢p;1. Letr € P andsupposdk,r) = ¢po¢1. Then,by definition
thereexistss € Plsyp = P u{qg} suchthat(k, )= q/pp1. If s€ P, weuseinductive
hypothesis(propertyl) to obtain(k, s) E ¢4, andin thatcase(k,r) E ¢p1 by
definition. In the cases = g, we useinductve hypothesigproperty2) to obtain
(k, p) E ¢1 andso(k,r) E ¢¢1. Theoppositedirectionis analogous.

Caseyp = Og1. Supposek,r) = ¢pd¢:1. Thenthe definition saysthat
(k. 9) E q/py1 for every s e P U {q}. We getby usinginductive hypothesis

o (k,S)E ¢ foreveryse P,and

e KPF ¢1
We concludethat(k,t) E ¢1 for everyt € P + {p}, andhence(k,r) = O¢1. The
oppositedirectionis analogous. |

3.2 Soundness

We shall now give a semanticsof the judgmentsintroducedin §2 using dis-
tributed Kripke models. We shall then showv that the semanticss both sound
andcomplete.In orderto introducethe semanticsye extendthe definition of
validity for pureformulaeto setsof pureformulaandsetsof sentences.

DeriniTioN 4 (ForcING ExTENsION). Let K = (K, <, Pls, I) beadistributedKripke
model.GivenT’, afinite setof pureformulaeandA, afinite setof sentencesuch
thatPL(I'; A) C Pls, we saythatthe Kripke statek € K forcesthe coupler’; A,
(andwewrite k= T; A) if

1. (k,p) E ¢foreveryp e I'andp € Pls,
2. kE yatqforeveryy atqeA.

A judgmentis respectedy a distributed Kripke model,if wheneer its as-
sumptionsarevalid in a Kripke state,thenits conclusionis alsovalid in that
state.We arenow readyto definethe satishctionof ajudgement.

DEFINITION 5 (SATISFACTION FOR A JUDGMENT). We saythatT; A= Pu at p, andwe
readit as“T"; A +F y at pis valid”, if

e PL(I") U PL(A) U {p} € P; and

e for every distributedKripke modelX = (K, <, PlIs, 1) with P C Pls, it is the
casethatfor everyk € K, whenererk = T'; A, then(k, p) E u too.

We prove thatthe semanticgs soundfor the judgementof the logic. The
proofof soundnesdepend®n Lemma2 andLemma3. We needto show thatif
ajudgemenis provablein the naturaldeductionsystemthenit is alsovalid.
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Tueorem 1 (Sounpness). If T; A +P u at p is derivablein the logic, thenit is
valid.

Proof: The proof proceedsby induction on the numbern of inferencerules
appliedin the derivation of the judgement; A +F y at p. The mostinteresting
casesrenl, theintroductionof o, and¢E, theeliminationof ¢.

BaseCase(n = 1). Supposdhejudgments provedby usingaxiomL, or the
axiomG, or theaxiom TI. We consideramodel(K, <, PIs, I) suchthatP C Pls.
We needto shawv thatfor everyk e K if K= I'; A then(k, p) E .

Supposéhedervationconsistf justtheaxiomL, thentheassertionu at p
isin A. Hence by definition,for everyk € K if Kk T'; Athen(k, p) E u.

If the derivationconsistf justtheaxiomG, thentheformulay isin I, and
sok I'; Aimplies(k,r) E u for everyr € Pls. In particular(k, p) E u.

Finally If the dervationis the applicationof T1, thenu is T andthe result
holdsby definition.

Inductivehypothesign > 1). We assuméhetheoremholdsfor any judgment
thatis deducibleby applyinglessthann instance®f inferencerules. In particular
we assumehat:

If the judgmentl’; A + u at p is deduciblein the logic by usinglessthann
instancesf therules,thenI’; A £ Pu at p.

We considera judgmentI”; A +P y at p which is derivablein the logic by
usingexactly n instanceof inferencerules. We fix a model’X = (K, <, Pls, I)
suchthatP C Pls, andlet  bethe extensionof | on Frm(Pls). We fix k € K
suchthatk = TI';A. We needto prove (k, p) E u. We considerthe last rule
appliedto obtainI’; A P u at p, andproceedby casesIn mostcaseswe apply
theinductie hypothesison the modelX only. However, for ol and¢E we will
useinductive hypothesison anextensionof K.

Casesnl andAE follow from Definition 3 andaretreatedasin [20].

Case— |. Thenu = ¢ — ¢ andwe canderiveI';A,p at p - y at p by
applyingn — 1 instancesof the rules. The inductve hypothesissaysthat for
everyl e K: | = T A, ¢ at pimpliesl E y at p.

Letl > k. Thenl E T; A by Kripke Monotonicity (Lemmal). If we assume
(I, p) E ¢, thentheinductive hypothesisaysthat(l, p) = ¢ too. Hence we have
thatfor all | > k, if | E ¢ thenl E ¢ also.We concludethat(k, p) = ¢ — ¢ by
definitionof .

Case— E. Then,wehavethatl; A +° ¢ — u andl’, A 7 ¢ for somey. The
inductive hypothesissaysthat(k, p) E ¢ — u and(k, p) E ¢. Hence,we get
(k, p) E u accordingo Definition 3.

Case@I. Theny is of the form ¢@q, andT"; A +7 ¢ at g. Theinductive
hypothesissaysthat(k, ) E ¢, andhencek, p) E ¢@q.

Case@E. Thenwe have thatT;A +° u@patq for someq € P. The
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inductive hypothesissaysthat(k, q) E ¢@p, andthereforelk, p) = ¢.

Casenl. Theny is of the form op. MoreoverT; A +P*9 ¢ at p; for some
p: ¢ P by usingn — 1 instance®f theinferencerules. By inductve hypothesis
we know thatT; A = P*Pip at g. Pleasenotethatsincerl’; A +" uatp, we also
have PL(I; A) U PL(¢) C P. Let PlsbeP + p;.

First, considerthe casewhenp; ¢ Pls. We needto shav thatk £ Oy at p.
Accordingto semantic®f O, it sufficesto shav thatk = ¢ atr, for allr € Pls.
Fix oner € Pls, andconsiderther-duplicatedextensionKy. Let = o) bethe
extensionof o). WegetkE nI'; A by usingLemmaz2 (sincek = T, A).

Now, we have thatT; A +P*9 ¢ at p; .andP + p; C Plsyy). SincekE I A,
we getby usinginductie hypothesison Ky that(k, p1) £ qr)e. Now, we can
concludelk,r) E ¢ atr by usingLemmaz2.

Sincer wasarbitrary we deducek = Oy at p.

If p, € Pls, thenPIls = PIS + {p;} with PL(T"; A) U PL(¢) € P C PIS.
We chooset ¢ Pls andconsiderk;,,, to be the p;-renamingof K, asdefined
in Proposition2. Let [ v/, bethe extensionof Iy,,. By following the abore
reasoningve dervek = /p,0¢ at p, hencek = Oy at p by Lemmag3.

CasedE. Thenwe have that thereis someformula ¢ suchthatT; A +P
Oy at p; andl, ¢; A +7 Ou at p by usinglessthann instance®f inferencerules.
Theinductive hypothesionT; A P Op at pimplies(k, p1)kE O¢, andthismeans
that(k, ) = ¢ for every g € Pls. By definition,we obtaink = T, ¢; A andusing
inductive hypothesisonT, ¢; A P ou at p we concludelk, p’) = .

Case¢l. Thenwe have that i is of the form ¢¢ for someformula ¢, and
I'; A P ¢ at p; for somep;. Theinductive hypothesissaysthat(k, p1) = ¢, SO
we concludelk, p) E ¢e.

CaseoE. Thenfor somep’ € P andy € Frm(P) we canderve ;A P
opat p’ andl; A, g at g +F*9 y at p by usinglessthann instancef therules.
Henceby inductive hypothesisT; A E Pog at p’ andT; A, ¢ at = P9 at p.

As in thecasefor ol firstassumey ¢ Pls. We needto show that(k, p) £ .
SincekE T'; Aweget(k, p') E ¢¢, andthis meanghatthereexistsr € Plssuch
that(k,r) £ ¢.

Considemow ther-duplicatedextensionKy) of K. Let = o) betheexten-
sionof . By Lemma2 we have (K, Q) E on¢, andk = onI; A. Hence,we
getklE oA, ¢ atg. Sincel'; A, p at k= P9y at p, we get(k, p) E qru. As
PL(u) € P Cc Plsandp € P C Pls, we obtain(k, p) £ u by Lemmaz2.

In the casethat K is suchthatq € Pls, we canrename by afreshaswe did
in ol, andobtainthedesiredresult. ]

3.3 Completeness

We shallshow thatour semanticss completefor thenaturaldeductionin Section
2. First, we extend the notion of provability to possiblenon-finite setsX of
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santencedy sayingthatT’; T P ¢ at g, if andonly if, thereexists a finite set
A C T suchthatT'; A +F ¢ at q.

As in standardproofsof completenessf intuitionistic logics[2Q 18, 2], the
proof of completenesss basedon the constructionof a particulardistributed
Kripke model: the canonicalmodel We will prove thata sequents valid in the
canonicaimodelif andonly if it is dervablein thelogic. In the constructionof
the canonicaimodel,we considerparticularkinds of setsof formulae.

DerniTion 6 (PriME SET).  Given a setof placesPls and a finite setl” of pure
formulaein Frm(Pls), a (possiblynon-finite)setz of sentencew/ith PL(X) C Pls,
Is saidto be(I", Pls)-prime if for every formulay € Frm(Pls):

1. T; X P op at p, impliesthatthereexistsq € Pls s.t.T; X +P'S ¢ at q;
2. ;2 P patr forallr € Pls, impliesT; % +P'S g at p for all p € Pls.

The canonicalmodelwill be built by choosingthe prime setsof formulae
as Kripke states. We would shav that givenT" and A, we can constructa set
of placesPIs anda prime setX 2 A suchthatX is (I', Pls)-prime. Beforewe
proceedye first statea propositionprovedin [9]:

ProrosiTioN 3. LetP C P’ andsupposé’L(I') U PL(A) U PL(¢ at p) € P, then
AP pat pif andonlyif T; A +P g at p.

Now, we shaw the existenceof prime extensions:

Lemma 4 (PRive ExTENsION). LetP beasetof placesandl” beafinite setof pure
formulaein Frm(P). For every finite setA of sentencesuchthatPL(A) C P,
thereexists a setof placesP’ extendingP anda(I", P’)-prime setof sentences
containingA, suchthatgiveny € Frm(P) andp € P:

;AP g at pif andonly if T; 2 +F ¢ at p.

Proof: We enrichthe setof placesby introducingtwo kind of places:q;, which
will bethewitnessedor the formulae¢y, andp;, whichwill bethe new places
usedto introduceny in the casey is provablefor every place.

The setof placesP’ is obtainedby a seriesof extensionsP = Py € P; C
P,... The setsP,,; areconstructedas Pn,;1 = Pn U {Qn:1, Pnsa}, Wherethe
placesgn.1, Pns1 arenew, i.e.,gn:1, Pns1 € Pn. AlSO, gn, 1 IS differentfrom pp, ;.
ThesetP’ istakenasP’ = | J,so Pn.

Beforewe proceedwith the constructionwe pick up anenumeratiorof the
pureformulaeFrm(P’), andfix it. ThesetX is obtainedby seriesof extensions
A =%y C X C3X,... thatverify thefollowing:

Propertyl. Foreveryn> O:
1. PL(Z,) C Pn.
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2. Giveny € Frm(P,) andp € P,, we haveT;A +" ¢ at p if andonly if
2, g at p.

The seriesis constructednductiely. In theinduction,we will createwitnesses
for the formulaeof the type ¢y. We shallalsoconstructa set,treateg, of for-
mulaeof the sortoy. This set,initialisedto be the emptyset,will bethe setof
theformulaefor which we have alreadycreatedvitnesses.

We puttreated = 0, Po = P andXy = A. It is clearthatPL(Zg) € Po, and
;A +P pat pif andonlyif I'; Zq +F0 ¢ at p.

Now, we proceednductively. Let X, (n > 0) extendA andsatisfyingProp-
erty 1. In stepn + 1, we pick thefirst formula ¢y in theenumeratiorsuchthat

e Oy isin Frm(Py), i.e.,all theplacesn ¢y aretakenfrom Py;
e Oy ¢ treateq,; and
o I, ™ oy at g, for someq € P,,.

We defineX,,; = X, U {y at qn,1} andtreateg,, = treated U {0y}. The
placeq,,1 withesseshe existential¢. ClearlyPL(Z,1) € Pny1. NOow we prove
thefollowing:

Claim. Forary ¢ € Frm(P,) andp € P,, I;Z, +™ pat p if andonly if
[ X0 Fm g at p.

Thedirectionfrom left to right is a consequencef inferencerule L, andPropo-
sition 3. In orderto prove the corverse,assumd’; X1 F-™1 @ at p. Now let
betheformulachoserat stepn + 1. We have by construction]'; =, +™ ¢y at g.
Also sincerl’; 2,1 o1 ¢ at p, we getby usingtheinferencerule L andPropo-
sition 3 thatI"; X,y at q, ™91 ¢ at p. Hence,we getI;Z, ™ ¢ at p by
applicationof theinferencerule ¢E.

Supposenow thaty € Frm(P) and p € P. We canassertusingthe claim
abovethatI’; A +7 ¢ at pif andonlyif I'; 2,1 71 ¢ at p. We have just proved
Propertyl for theinductive stepn.

Finally, we defineX = (Jps0Zn. ClearlyT;A +P ¢ at p impliesT; T +7
@ at p, by definitionandProposition3.

In the other direction, supposd’; X +7 ¢ at p with ¢ € Frm(P) and p ¢
P. Accordingto the definition, thereexists a finite sequence\ C X suchthat
I A F7 pat p. We canthenchoosen > 0 big enoughto have A C %, andso
I; 2, 7 ¢ at p bytheinferencerule L. UsingPropositior8 onceagain, we have
[; 2, +P g at p. SincePL(I), PL(¢), {p} € P < Py, we concludel’; A +F g at p
usingPropositionl.

All we needto prove now is thatX is (I, P")-prime.

1. If T; 2 7 o at p, let n betheleastsuchthat ¢y € PL(P,) andp € P,. By
constructionthereis somem > n, suchthat ¢y is pickedin the construction
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of 2. Hencey at gm € X, C T, andwe concludethatT'; = +7 ¢ at .

2. Lety € Frm(P’) andsupposd; X 7 y at p for all p € P’. In particular
considerthe placep,, with n suchthaty € Frm(P,). We have thatT; X +F
Y at pn.

Using Proposition3, we canfind m > 0 suchthatT; X, +P y at p,. If
m > n thenwe usethe above claim iteratively to concludel’; =, ™  at pp.
In the casem < n we obtainthe sameconclusionby theinferencerule L.

Sincep, ¢ PL(Z,) by constructionyve caninfer thatT"; £, +Pn\Pel oy at p
for all p € P, by the inferencerule ol. Hencel;X 7 oy at p for all
p € Py \ {pn} by Proposition3.

We concludeby extendingl'; X v oy atr toary r € (P’ \ P,) U {pn} in
thefollowing way (herez is choserto beaplace¢ P'):

[+ oy at :
vatp Ly, 2P 2y atz
7 O
Loy P oy atr
; oE
2P oyatr

We arereadyto definethecanonicaimodelfor afinite setof pureformulael’
andplacesPlIs. In this model,theworldswill be(I", Pls)-prime sets.The partial
orderwill besubseinclusion,andtheatomswill be placedin a specificplacep
inaworld X if I'; X 7S Aat p.

Dermnttion 7 (CanonicaL MobpeL).  Givena setof placesPls anda finite setl” of
pureformulaein Frm(Pls), we definethe (I', Pls)-canonicalto be the quadruple
Mqrpiy = (M, G, Pls, It), where:

- M iscomposeay all the (T, Pls)-prime sets;
- C is setinclusion;
- It : Atoms— Pow(M x Pls) is definedby: (Z, p) € I-(A) iffT; = +P'S Aat p.

We now shaw thatthe modelis a distributed Kripke model. We will also
demonstratéhat the extensionof I to interpretationof formulaecorresponds
exactly to the provability in thelogic, i.e., (£,9) E ¢ in the canonicaimodelif
andonly if T; X +Ps y at q.

Lemma 5 (Canonicar EvaLuation).  Givena setof placesPls andafinite setl” of
pureformulaein Frm(Pls), we have:

1. the(T', Pls)-canonicaimodel M pis) = (M, C, Pls, It) is adistributedKripke
model;
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2. for all ¢ € Frm(Pls), = € M andq € Pls: (Z,q) E ¢ if andonly if T; X +P's
patq.

Proof: Clearly the inclusion amongsetsc is a partial orderon M and I is

monotoneon M, sinceif £; C X, thenI'; X1 +P'S Aat pimpliesT; X, +7'S Aat p

by definition. All we have to prove is the part2 of the proposition.We proceed

by inductiononthestructureof theformulay andwe prove thatfor every~ € M

andg e Pls: (Z,q) E ¢if andonlyif T; X +P' ¢ at q.

BaseCase Thepropertyis verified on Atoms by thedefinitionof I, andon
T, by Definition 3.

Inductivehypothesis We assumehe propertyholdsfor ary sub-formulaof
theformulay we areconsideringln particularwe assumehat:

Given ¢; sub-formulaof ¢ € Frm(Pls), thenfor everyX € M andq € PlIs:
(Z,0) E ¢ if andonlyif T'; X +P'S ¢ at q.

We needto shav that(Z, q) = ¢ if andonly if T; X +P'S ¢ at g. We proceed
by casesn structureof ¢. Thecasesn whichg is g1 A ¢, andy is p1 — ¢, are
fairly standardWe just considerthethreemodalities.

Casep;@p. Suppose¢hat(Z, ) E ¢1@p. By definition,we have (Z, p)E ¢1.
We getT;X +7! o, at p by inductive hypothesis. We can concludel’; X +"'s
p1@p at g by usingtheinferencerule @I .

In the otherdirection,thefactT’; T 'S p1@p at q impliesT; T 7S ¢ at p
by usingtheinferencerule @E. Hence(Z, p) = ¢1 by inductive hypothesisand
therefore(Z, Q) E 1 @p.

Casedyps:. (£,09) E O¢1 implies(X, p) = ¢; for all p € Pls. By inductive
hypothesisthisis T; T +P'S ¢, at p for all p € Pls. SinceX is (T, Pls) prime,we
canconcludel’; X +P'S oy, at q

In the otherdirection, let us assumehatI’; X +P'S op; at . We apply the
inferencerule OE to obtainT'; T +7'S ¢, at p for every p € Pls. Hence(Z, p)E ¢1
for every p € Pls, andtherefore(Z, q) E O¢;.

Casedyp1. (Z,0) E ¢1¢ saysthatthereexists p € Plssuchthat(Z, p) E ¢1.
Using inductive hypothesis,we getT;X +P'S ¢, at p. We concludel’; X P!
Oy at q by ol.

In the otherdirection,assumd™; T +P'S ¢p; at . SinceX is (T, Pls) prime,
thereexists p € Pls suchthatT’; X 7' ¢, at p. Usinginductive hypothesiswe
obtain(Z, p) E ¢1. Weget(Z,q) E ¢¢1 accordingo Definition 3. |

Finally we usethe canonicaimodelto prove completeness.
TueoreM 2 (CompLETENESS). ;A E Puatp=T;A+P patp.
Proof: Assumel’; A = Py at p. This meanghat
e PL(IN)UPL(A) U {p} C P; and
e for every distributedKripke model’X = (K, <, Pl, 1) with P C P, it is the
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casethatfor everyk € K, whenererk = T'; A then(k, p) E u also.

We needto shav thatI"; A P ¢ at p.

UsingLemma4, construcia setof placesPls 2 P, anda (I, Pls)-primesetof
sentenc& suchthat: for everyg € Frm(P) andp € PT; A +F g at pif andonly
if I; 2 7S g at p.

Considemow the (', Pls)-canonicalmodel,asstatedin Definition 7. In the
canonicalmodel,the worlds arethe (', Pls)-prime setsandthe setof placesis
Pls. We focusour attentionon theworld X.

First we claim thatin the canonicalmodelX  T'; A. In orderto shaw this,
we needthefollowing:

e Foreveryy e€I',q € Pls, we needto shawv thatX  y atq. Giveny € T,
anapplicationof inferencerule G (seefigure 1) givesusT; X 7' y at g. By
Lemmabs, Xk y at qif andonlyif T'; X +°'S y at g. HencewegetX= ¢ at q.

e Foreveryy atq € A, we needto shav thatX E ¢y atqg. Giveny atq € A,
an applicationof the L rule (seefigure 1), givesusthatT; A +PS y atg. =
extendsA, andhencewe getI'; X +P'S y at g. By Lemmab onceaggin, we

getT E v atq.

Sowe have a modelin whichX = T; A. By assumptionthis impliesX |
u at p. UsingLemma5, we getthatl’, X +7'S i at p. SinceX is aprimeextension
of A constructedhroughLemma4, we concludel™; A P u at p. [

4 Hybrid 1S5

We now extendthelogic in [9, 10] with disjunctive connectes,thusachievzing
the full setof intuitionistic connectves. Given a setof places,PI, the nev set
of pureformulae(seesection2), Frm(Pl), is the setof formulaebuilt from the
following grammar:

e =T|LIAloA¢leVele—¢le@p]|Op| op.

To accountfor the new connectves, we extend the naturaldeductionpre-
sentedin Figure 1 with rulesfor the disjunctve connectves. Theserules are
givenin Figure2. Pleasanotethattherule LE asstatedhasalocal flavour: from
1 at p, we caninfer ary otherpropertyin the sameplace, p. However, therule
hasa "global” consequencelf we have L at p, thenwe caninfer L@q at p.
Using @E, we cantheninfer L at g. Henceif asetof assumptionsnake aplace
to beinconsistentthenit will make all placesto beinconsistent.

As we shall seein section5, the Kripke semanticsof this extendedlogic
would be similar to the onegivenfor intuitionistic systemS5 [18]. Hencethis
logic canbe seenasaninstanceof Hybrid IS5[2].
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Ficure 2. Disjunctiverules

5 RefinedKripk e Semantics

We wereunableto prove completenestor the extendedogic usingthe seman-
tics definedin Section3. We hadto changethe semanticsn orderto obtaina

completenessesult,andwe presentthe semantican this section. The differ-

encefrom the modelof Section3, is thatthe setof placesin Kripke statesare
not fixedandmay vary. However, they changean a conserative way in thatthe

setof placesin a Kripke stateis always containedin larger Kripke states.We

now presentheextendedripke modelswhichwe shallcall Refinedistributed

Kripke models

DermNiTioN 8 (REFINED DisTRIBUTED KRIPKE MODEL). A quadrupleKes = (K, <
. {Pxlkek» {1k}kek) IS calledrefineddistributedKripke modelif

K is a(nonempty)set;

< is apartialorderonK;

Py is a non-emptysetof placesfor all k € K;

PcCcPifk<l;

lx : Atoms— Pow(Py) is suchthatif p € Ix(A) thenp € |,(A) for alll > k.
LetPls = Uyek Pk. We shallsaythatPls is the setof placesof Kes.

We extendtheforcing relationof Def. 3. Thedifferencerom thatrelationis
thatthe interpretationfor o changes.This is becausdarger Kripke statesmay
have more places. Hencewheninterpretingo¢ at a placein particularKripke
state,we have to accountfor placesthat may exist in a larger Kripke state. If
we stick to the old interpretation,then Kripke monotonicitywould fail. The
interpretatiorof o is similar to thoseusedfor modalintuitionistic logic [2, 18].

DeriNiTioN 9 (REFINED SEMANTICS).  Let Kot = (K, <, {Prlkex, {Iklkek) be a re-
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fined distributed Kripke modelwith setof placesPls. Givenk € K, p € Py, a
pureformulae with PL(¢) C Pls, we define(k, p) E ¢ inductiely as:

(k. p) EA iff p € l(A);
kpET iff pePy
(k,p) E L never;

k. p)EeAy iff (kp)E ¢andk p)E ¢,

kp)Eevy iff (kp)kE gor(kp)kE ¢;

(k,p)Ee—y iff | 2kand(l,p) E ¢imply(l,p) E

(k,p) Ee@q iff qePcandk,q)E ¢

(k, p) E O¢ Iff | >kandqge P, imply(l,q) E ¢,

(k, p) E 0 Iff thereexistsq € Py suchthat(q,K) £ ¢.
We pronouncék, p) = ¢ as(k, p) ref-forcesy, or (k, p) ref-satisfiesp. We write
K patpif (k,p)E ¢.

It is clearfrom thedefinitionthatif k= ¢ at p, thenPL(¢ at p) € Px. More-
over, theusualKripke monotonicitystill holds.

Lemma 6 (Kripke Monotonicity).  Let Kiet = (K, <, {Pilkeks {Iklkex) be a re-
fineddistributedKripke modelwith setof placesPls. Therelation= preseres
the partialorderonK, i.e., for eachk,| € K, p € Py, andy € Frm(Py), if | > k

then(k, p) E ¢ implies(l, p) E ¢.

Proof: By inductionon the structureof formulae,andis similar to the proof for
Lemmal. [

Now, we arereadyto extendthe definition of forcing to judgements.First,
we extendthedefinitionto contexts.

DermNiTioN 10 (ForcING ON ConTEXTS).  Let Kiet = (K, <, {Prlkek, {Ikjkek) be a
refineddistributedKripke model. Givenk € K, afinite setof pureformulaer,

andafinite setof sentences, suchthatPL(I"; A) C Py, we saythatk ref-forces
thecontetT'; A (andwewritek = T'; A) if

1. foreveryp € T andary p € Py: (k, p) E Op;
2. foreveryy atqe A:qe Prand(k,q) E ¢.
Finally, we extendthe definitionof forcing to judgements.

DErFINITION 11 (SATISFACTION FOR A JUDGMENT). LetKiet = (K, <, {Pilkek» {1k}kek)
bea refineddistributedKripke model. We saythatthejudgement; A +" p at p

e PL(INUPL(A)U{p} CP;
e for everyk € K suchthatP C Py, if ke T'; A thenk = u at p.
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Moreover we saythatT; A +" u at pis ref-valid (andwe writeT; A = u at p) if
it is valid in every refineddistributedKripke model.

5.1 Soundness

In this sectionwe shall prove the soundnes®f the extendedlogic in refined
distributedKripke models. The proof of soundnessvill follow the proof of the
soundnesi section3.2. We startby definingthe p-duplicatedextensionof a
refineddistributedKripke model.

PropostTioN 4 (p-DupLicatep EXTENSION Kiet(P, Q)). Considera refineddistrib-

uted model Kot = (K, <, {Pxlkek, {Iklkex) With Pls as setof places. Choose

two placesp,q suchthatp € Pls andq ¢ Pls. Let Ker{(p, Q) % (K, <

APWkek, {1 Jkek) where
o K'isK;
o <'iSK;
o P, isPcuU{q}if p € Py, andPy otherwise,;
e | : Atoms— Pow(P,)) is definedas
e IyA) iff {Li o

ThenK.e{p, Q) Is a refineddistributed Kripke model, and is saidto be a p-
duplicatedextensionof K.

Proof. We just needto checkthat{P,}xck and{l}kk- satisfythe monotonicity
conditionsof Def. 8. They follow immediatelyfrom the definitionof P, andl,.
||

We now shaw that the refined p-duplicatedextensionis consenrative over
all the formulaethat do not mentionthe addedplace. Moreover, for all such
formulae,the new placemimicstheduplicatedone.

LemMa 7 (Kref{P, ) 1S CONSERVATIVE). Let Kt be a refineddistributed Kripke
modelwith setof placesPls, andK:e{p, Q) beits p-duplicatedextension. Let
E andE’ extendthe interpretationof atomsin K and¥e{p, Q) respectrely.
For everyk € K andformulae € Frm(Pls), we have:

1. for everyr € Py, (k,r) E’g if andonly if (k,r) = ¢, and
2. if qe P, then(k,q) E’¢ if andonly if (k, p) E ¢.

Proof: Theproofis similarto theproofof Lemma2 andwe prove bothproperties
simultaneoushypy inductionon the structureof formulaein Frm(PIs).

Baseof induction. Thetwo propertiesareeasilyverifiedon atomsandon T
by the definitionof p-duplicatedextension.
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InductivehypothesisWe considera formulay € Frm(Pls) andassumehat
thetwo propertieshold for every sub-formulaof ¢. In particular we assumehat
if ¢ Is asubformulaof ¢ thenfor everyk € K:

1. if r € Py, then(k,r) E’¢; if andonlyif (k,r) E ¢i; and
2. ifge P, then(k,q) £’y if andonlyif (k, p) E ¢i.

Theinductive casedor theconnectvesandmodality @ have the samereatment
asin Lemma2. Herewe shav themostinterestingcasesi and¢, by considering
only propertyl. Thetreatmenbdf property2 is analogousPickk € K andr € Py,
andfix them.

Casey = ¢p1. Supposek,r) = "0¢1, thenthereis somes € P, suchthat
(k, ) E¢1. Inthecases € Py we useinductionto obtain(k, s) E ¢; andtherefore
(k,r) E ¢¢1. In the cases = q we useinductionto obtain(k, p) E ¢1 and
therefore(k,r) E ¢¢;. Viceversa,f (k,r) E ¢¢; thenthereexists s € Py such
that(k, ) E ¢1. Hence(k, s) =’¢1 by inductionandwe concludelk, r) " ¢¢1.

Casep = O¢;. Supposehat(k,r) E 'O¢;. Thismeanghat(l, s) E '¢, for
everyl > kandevery s € P|. SinceP| containsP;, we obtain(l, s) =’ ¢ for every
| > kandevery s € P,. Hence by induction(l, s) E ¢4 for everyl > k andevery
s e P, andwe concludethat(k,r) E O¢;.

Vice versaif (k,r) = O¢; then(l,s) E ¢1 for everyl > k andevery s € P,.
By inductive hypothesiswe getthatfor every| > kands e P}, (I,9) E "¢31. If
q ¢ PK forall | > k, thenP, = P|. In this casewe concludethat (k, r) & "O¢.
Ontheotherhand,if q € P/ for somel > k, thenit meanghatp € P; andhence
(I, p) E ¢1. By induction(seeproperty?2 of the proposition)(l, ) E ’¢1, andwe
concludelk, r) E’O¢;. [

We now shawv thatby renaminga placein a Kripke model,we do notchange
the setof valid formulaeaslong asthe formulaedo not mentionrenamedlace
or thefreshname.

PropoSITION 5 (P-RENAMING Kie{Q/P)). Let Kiet = (K, <, {Pilkek, {Iklkek) bea
refineddistributed Kripke modelwith setof placesPls. For a placeq ¢ Kiet,
defineKet(d/p) = (K’, <, {Pkek» {1 Jkek’) Where

e K'iskK;

o <'iSL;

o P is(Px\ {p}) ul{q} if p € P, andPy otherwise,
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e |, : Atoms— Pow(P;) is defined as

, i r € (A (if r € Py);
re A { b€ (A (i = q).

Kiet{q/ p) Is a refineddistributedKripke model,andis saidto be a p-renaming
qu(ref.

Proof: As for Proposition4, we just needto checkthat {P,}Jxck: and {l} }xek-
satisfythe monotonicityconditions.They follow immediatelyby definition. =

LemmA 8 (Kiet(Q/P) 1s CONSERVATIVE). LetKier = (K, <, {Pxlkek, {Ik}kek) DeQre-
fined distributed Kripke modelon Ke1(d/ p) beits p-renaming.Letl= andE’
extendthe interpretatiorof atomsin K.es and¥ et(q/p) respectiely. For every
k e K, formulay € Frm(Pls), andr € Pk, we have:

1. ifr # p, then(k,r) = ¢ if andonly (k,r) E’¢ ; and
2. ifr = p, then(k, p) = ¢ if andonly if (k,q) E’¢.

Proof: The proofis by inductionon the structureof formulaein Frm(Pls), and
Is similar to the prooffor Lemma?. |

We are now readyto prove thatthe semanticss soundfor the judgements
of thelogic. We needto shawv thatif a judgements provablein the extended
naturaldeductionsystemthenit is alsovalid with respecto refineddistributed
Kripke models.

Tueorem 3 (Sounoness). If T; A +P p at p is derivablein the logic, thenit is
ref-valid.

Proof: Theproofis by inductionon the numbem of inferencerulesusedin the
derivation of the judgemenbf I'; A P  at p. The proofis similar to the proof
of Theoreml.

Baseof induction(n = 1). If thethederivationconsistof eithertheaxiomL,
ortheaxiomG, or rule Tl we usethe sameargumentasin the proof of Theorem
1. ThecaselE follows by definition of the forcing relation.

Inductivehypothesign > 1). We assumethat the theoremholds for arny
judgmentthatis deducibleby applyinglessthann instancesf inferencerules.
We considera judgmentl; A P y at p whichis derivablein thelogic by using
exactly n instance®f inferencerules.

We fix a model Kier = (K, <, {Pilkek, {Ik}kex) With setof placesPlIs such
thatP C Pls, andlet = betheextensionof Ix. Letk € K beanarbitrarystate
suchthatk E T';A. Fix k. We needto shaw (k, p) £ u. For this we consider
the lastinferencerule usedto obtainI’; A P u at p andproceedby cases.The

INotethatit cannotbethe casethatr = p, sincep ¢ Py
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treatmenbf logical connectwesis standard.The modalities@ and¢ areteated
asin Theoreml. If thelastinferencerule usedis OE, thenthe resultfollows
from asimpleapplicationof thedefinition. The mostinterestingcasels whenol
Is thelastinferenceused,andwe discusghis casebelow.

Casenl. It mustbe casethaty is of theform oge. MoreoverT; A P9 ¢ at q
for someq ¢ P by usingn—1instance®ftherules,andPL(I"; A)UPL(y) C P. By
inductionwe know thatT'; A +P*9 ¢ at q is ref-valid. Without lossof generality
we canassumehatq ¢ Pls (otherwisewe canrenameg in Pls, usingLemmas).

We prove thatk = O¢p at p. The semanticof o0 saysthatwe needto shov
thatlE ¢ atr,foralll > kandr € P,. Fixonel > kandoner € P, andconsider
the refinedr-duplicatedextension¥ e (r, Q). Kiet(r, Q) is a refineddistributed
Kripke modelwith setof places,PIsu {g}. Let ’ be the forcing relationon
7(ref<r, CI>

FromthehypothesikE I'; A andby Kripke monotonicity(Lemma6) we get
| E T; A. ThereforesinceXes(r, Q) is ar-duplicatedextensionwe getl ='T"; A
by usingLemma?. Now, sinceP + g C Plsu{qg} we canuseinductive hypothesis
on Ket(r, Q) to obtaink =’y at g. UsingLemma7 onceagain, we concludethat
| E ¢ atr. Sincel andr arearbitrary we concludethatk = oy at p. [

5.2 Completeness

In thissectionwe will show thattherefinedsemanticss completefor thenatural
deductionpresentedn Section4. The proof will follow the standardoroofs of
completenes$or intuitionistic modallogic [18]. In the proof, we constructa
canonicalmodel. If ajudgements not provable,thenit will be invalidatedin
oneof theKripke statesof the canonicaimodel.

Pleasenotethat the notion of provability canbe extendedon possiblenon-
finite setsX of sentencesasin Section3.3. We saythatT';X 7 ¢ at p, if and
only if, thereexistsafinite subsetA C T suchthatl"; A 7 ¢ at p. Also, notethat
Proposition3 statedin Section3.3 canbe extendedto thelogic with disjunctve
connectves. The canonicaimodelis definedby consideringa particularkind of
setof sentences.

Dermnirion 12 (ReriNeD Prive Set).  Let P be a setof placesandI” be a setof
pureformulaein Frm(P). A (possiblynon-finite)setx of sentencewith PL(X) C
P, is saidto be(T', P)-refinedprime if it satisfieghefollowing four properties.

1. IfT; 2 +P ¢ at p theny at p € T (Deductve Closure)
2. ;2 ¥P 1 at pforary p € P (Consisteng).

3.If T2 P ¢ vy at p theneitherpatp € X ory atp € X (Disjunction
Property)

4. If T; 2 P ¢p at p thenthereexistsq € P suchthaty atq € £ (Diamond
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Property)

As in [18, 2] we first shawv thatevery setof sentencesanbe extendedto a
primeset,thatrespectshe non-provability with respecto a particularsentence.

Lemma O (ReriNep PRiME ExTENSION). Let P bea setof placesandl” be a finite
setof pureformulaein Frm(P). Lety bea pureformula, p be a place,andA be
a setof sentencesuchthat

e PL(pat p)UPL(A) C P, and
o ;A ¥P pat p.

Thenthereis a setof placesP’ extendingP anda (I, P’)- refinedprime setof
sentences containingA, suchthatl’; X ¥™ ¢ at p.

Proof: We enrichthe setof placesby introducinga denumerableset of new
places:q:, g, . ... They will bethewitnessedor theformulae¢y¢ andareintro-
ducedin orderto satisfythe diamondproperty

The setof placesP’ is obtainedby a seriesof extensionsP = Py C P; C
P, .... Beforewe proceedwith the constructionwe pick up anenumeratiorof
thepureformulaeFrm(P’) andfix it. ThesetX is obtainedoy seriesof extensions
A =%yC X CYy... thatverify thefollowing:

Property2. Foreveryn > O:
1. PL(Z,) C Py,
2., ¥ patp.

The seriesis constructednductwvely. In the induction, at an odd stepwe will
createa witnessfor a formula of the type ¢y. At an even stepwe deal with
disjunctionproperty We shallalsoconstructwo sets:

o treated, thatwill bethe setof the formulae¢y for which we have already
createdawitness.

e treateq, thatwill be the setof the formulaey Vv y at p which satisfy the
disjunctionproperty

We starttreatecg = (, treateq = 0, Po = P andXy = A. It is clearthat
PL(Zo) € Po, andI’; Zq ¥70 ¢ at p.

Thenwe proceedinductiely, and assumethat P,, %, (n > 0) have been
constructedatisfyingProperty2. In stepn + 1, we considertwo cases:

1. If n+ 1is odd,pickthefirst formulay Vv ¥, in theenumeratiorsuchthat
e Y1 Virisin Frm(Py), i.e.,all theplacesn y; V ¢, aretakenfrom Py;

o I';X, P yq v Yy at g, for someq € Py;
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e Y1 Vypatq¢ treateq.

Pleasenotethatif bothI'; X, ¢, at q ™ g at pandl’; X, yo at q ™ g at p,
thenwe candeducel’; =, +™ ¢ at p. However, we have thatX,, P, satisfy
Property2. Hence it mustbethe casethateitherT; X, y1 at g ¥ ¢ at p, or
X0, o at q et g at p.

We defineXyq = SaU {yratq)if T}, v atq ™ g at p, andZn,q =
>n U {y, at q} otherwise.We defineP,,.1 = P,. We getby constructiorthat
Pn.1, Zns1 SatisfyProperty2. Finally, we let treateq,, = treateq U {7 Vv
Y at q} andtreated , = treated.

2. If n+ 1liseven,pick thefirst formula ¢y in theenumeratiorsuchthat
e Oy isin Frm(Py), i.e.,all theplacesn ¢y aretakenfrom Py;
o I, +Pn oy at g, for someq € Py;
e Oy ¢ treated.

Let Pni1 = Pn + Ons1)/2, Zns1 = Zn U {Y at Q(ne1)/2), treategh,; = treated U
{0y} andtreateq, ; = treateq. We claimthatl’; ,,; ¥Pt ¢ at p.

If T;Z01 F™1 gatp, thenT; 2, ¢ at qpagyz H 9002 g at p. Since
2, FPn oy at g, we getl'; X, v @ at p by the inferencerule ¢E. This
contradictghe hypothesison Py, X,. Hencel'; Z,.1 71 g at p.

Therefore we getby constructiorthat Py, X, satisfy Property2. We define
P" = Unso Pn, @andZ = Upso Zn. ClearlyP € P/, andA C X. Moreover, using
Property2, we caneasilyshow thatT'; X ¥P ¢ at p. Finally, we show thatX is a
(T, P')-refinedprime set.

1. (DisjunctionProperty)If T;X + ¢4 V y» at g, thenlet n be the leastnum-
bersuchthatI; X, +™ y; vy, atq. Clearly vy v ¢ at q ¢ treated, and
[ 2 FPm gy v g at g for every m > n. Eventuallyy v ¢ at g hasto be
treatedat somestageh > n. Hence.eithery, atq € X1 Or ¢y, at q € Xp,1.
Thereforey,atqge X ory,atqe .

2. (DiamondProperty)If T; = 7 oy at g, thenlet n be the leastnumbersuch
thatT;Z, +™ oy atq. As in the previous case,we assertthat ¢y at q is
treatedfor someevennumberh > n. We gety at g2 € X by construction.

3. (Deductie Closure)lf T; X +7 y at g, thenI'; = P y vy at g. Thefirstcase
thengivesusthaty at q € X.

4. (Consisteng) If T; X +7 1 at g, thenI'; X -7 o@p at q by theinferencerule
LE. ThereforeI'; T 7 ¢ at p by @E, which contradictsour construction.
HenceX;T ¥F 1 atq.

We concludethatX is a (I, P")- refinedprime extendingA suchthatI™; £ ¥
patp. [ |
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Now, we definetherefinedcanonicaimodel.In therefinedcanonicaimodel,
Kripke statesareprime setsof sentences.

Derinirion 13 (ReriNep CanonicaL MobeL).  Given a finite setl” of pureformu-
lae, we definetheT -refinedcanonicaimodelto bethe quadrupleMres = (M, <
APihem, {lihiem), where:

M is setof all pairs(Z, P) suchthatP is a setof places,andX is a (T, P)-
refinedprime set.
(21, P1) < (22, Py) if andonly if £, C X, andP; C Ps.
def
- Psp) = P.
lz.p) : Atoms— PowW(P p)) is definedby: p € |z p)(A) iff Aat p € .

We now shaw thatin the canonicalmodela sentencas forcedby a Kripke
state(I', X) if andonly if it is containedn X.

Lemma 10 (RerINeD CanonicaL EvaLuarion). LetI™ beafinite setof pureformu-
lae.

1. TheT -refinedcanonicalmodel Mrret = (M, <, {Pihem, {li}iem) Is a refined
distributedKripke model.

2. LetPls bethesetof placesof Mrgret, andE= betheforcing relationin Mrget.
For every (£,P) € Mrret, every formulay € Frm(Pls), and every place
pePls (X,P)E ¢atpifandonlyif patpeX.

Proof: Clearlyall the propertiegequiredfor arefineddistributedKripke model
areverified. All we have to prove is the part 2 of the proposition. The proof
Is standardandwe proceedby inductionon the structureof the formula¢ €
Frm(Pls). Here,we justillustratethe inductive casein which ¢ is Op1. In the
inductive hypothesiswe assumehatpar® is valid on all subformulaeof ¢.

Caseny;. Assumethat (X, P) E O¢; at p. By definition, this meansthat
for every (¥, P’) greaterthan (X, P) andfor everyr € P, it is the casethat
(2, P) E ¢atr (andthereforep at r € ¥’ by inductive hypothesis).

Choseanew placeq ¢ P. We claimthatI’; = +P*9 ¢, at g. Supposé’; T P4
¢1 atq. Thenby Lemmad4, thereis a setof placesQ extendingP + g anda
(', Q)-refinedprime setY’ extendingX suchthatT’; X’ ¥Q ¢, at g. Thatmeans
pratp ¢ . Since(¥, Q) is greaterthan (X, P), we obtain a contradiction.
Thereforewe concludethatl™; = +P+9 ¢, at .

Usingtheinferencerule ol, we getT; £ +P op1p. SinceX is a (I, P)-prime
set,we getthatmeangiy; at p € X.

Vice-versa,let op; at p € X. Pick (X', Q) greaterthan (X, P). We needto
shov (¥, Q) E O¢p; at p. We havethatX C ¥’, andthereforecp; at p € . We
canapplyoE to provethatT’, >’ Q ¢ at g for every q € Q. By definition of the
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camonicalmodel,Y’ is (I', Q)-prime set. Therefore,we obtaing; atq € ¥’ for
every q € Q. Henceby inductive hypothesis(X’, Q) E ¢; at g for everyg € Q.
SinceP C Q, weget(X’, Q) E Oy at p. |

We arenow readyto prove completeness.
TueoreM 4 (ReriNeD CompLETENESS). ;A E Ppatp=T;A+Ppatp
Proof: AssumethatI; A Ppat p= T'; A +P ¢ at p. We have:
1. PL(IN UPL(A) U {p} C P.

2. If et = (K, <, {Pilkek, {Iklkek) 1s arefineddistributed Kripke model, then
for everyk € K suchthatP C Py, kE ¢ at pwheneerk = T A.

We needto shav thatT"; A P ¢ at p.

AssumethatT; A ¥P pat p. Thenby Lemmag, thereis a setof places
P’ 2 P, anda (T, P")-refinedprime setof sentence& containingA suchthat
Xk patp. Wegetpatpg X.

Now considethel’-canonicamodel Mrres, andlet = betheforcingrelation
in Mrref. Considerthe Kripke state(Z, P’). A is containedn X, andtherefore
(Z,P) E T;A by LemmalO.By our assumptionywe get(X, P) E ¢ at p. By
LemmalO,wegety at p € X. We havejustreachacontradiction.Thereforewe
canconcludethatI’; A P ¢ at p. m

6 RelatedWork

Thelogic studiedin Section2 wasintroducedin [9, 10], whereit wasusedas
the foundationof a type systemfor a distributed A-calculusin the propositions-
as-typesparadigm. Although the authorsof [9, 10] do discusshow the logic
couldbe usefulin distribution of resourcesthey have no correspondingnodel.
The proof termscorrespondingo modalitieshave computationalnterpretation
in termsof remoteprocedurecalls (@p), commandgo broadcastomputations
to all nodes(O), andcommandsgo useportablecode(¢). In [9], theauthorsalso
introducea sequentalculusfor thelogic andprove thatit enjoys cutelimination.

Fromalogical pointof view, thislogic canbeviewedasahybrid modallogic
[16, 1]. A hybrid logic internaliseshe modelin the logic by usingmodalities
built from purenameg[16, 1]. In [9, 10], the modality @p givesthe logic a
hybrid flavour. Work on hybrid logics hasbeenusually carriedout in a classi-
cal setting,seethe hybrid logicsweb page(http://hylo.loria.fr/). More
recently afirst intuitionistic versionof hybrid logicswereinvestigatedin [2].

Thereare several intuitionistic modallogics in the literature,and[18] is a
goodsourceon them. The modalitiesin [18] have a temporalflavour, andthe
spatialinterpretationvasnotrecognisedhen. Thereareno placesn theKripke
statesandthereis anaccessibilityrelationon stateghatexpresseshe next step
of acomputation.
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Thework in [2] introduceghefirst intuitionistic versionof hybrid logics. It
investicateshow to addnamesn constructve logicsresultingin hybrid versions.
A modallogic is hybridisedby addinga new kind of propositionalsymbols:
nominals Thenominalsarethenamesn thelogic. Theauthorsextendthemodal
systemof [18] by introducingnominals. They give a naturaldeductionsystem
anda Kripke semanticgor this logic. They prove soundnesandcompleteness
for thesemanticsandalsogive a normalisatiorresultfor the naturaldeduction.

The extensiongiven in Section4 is a hybrid versionof the intuitionistic
modalsystem S5[18]. In themodalsystem S5, theaccessibilityrelationamong
placesis total. Hence,thelogic in Section4 canbe seenasan instanceof the
hybrid modallogic in [2]. The only differences thatnamesin our logic only
occurin themodality @p. In [2], namesalsooccuraspropositions.

Otherwork onlogicsin resourceganberelatedto theseparatiotogics[17],
or the logic of bunchedimplications[15]. In [15], the authorsgive a Kripke
modelfoundedon a monoidalstructure. In the logic, the formulaearethe re-
sourcesandareinterpretedaselementof themonoid. Thefocusof thiswork is
the sharingof resourcesndnot their distribution. Thereis no notion of places,
andthelogic hasno modalities.

In the classicaketting therearealsoa numberof logicsusedto studyspatial
properties.In [4, 3], for example,the authorsuseprocesscalculi astheir mod-
els. They have a classicalmodallogic to study spatial,temporaland security
propertiesof the processes.

7 Conclusionsand Futur e Work

We studythe hybrid modallogic presenteadh [9, 10]. Formulaein thelogic con-
tainnamesalsocalledplaces.Thelogic maybeusedto reasoraboutplacement
of resourcesn a distributedsystem.An intuitionistic naturaldeductionfor this
logic is presentedn [10], andjudgementsnentionthe placesunderconsidera-
tion.

We interpretthe judgementsn thelogic in Kripke-stylemodels[12]. Typi-
cally Kripke models[12] consistof partially orderedKripke states.In our case
the modelsareobtainedfrom the Kripke modelsby addinga fixed setof places
to eachpossibleKripke state.In eachKripke state,differentplacesmay satisfy
differentformulae. The satishction of atomscorrespond¢o placemenbf re-
sources.The modalitiesof the logic allow formulaeto be satisfiedin a named
place(@p), someplace(¢) andevery place(o). We show thattheinterpretation
of judgmentan thesemodelsis bothsoundandcomplete.

We adddisjunctive connectvesto the modallogic in [9, 10], andrefineour
semantic$o obtainsoundnesandcompleteneseesults.In thenew Kripke mod-
els,largerKripke statesnay containbiggersetof places.Therefinedsemantics
canbeseenasaninstanceof hybrid IS5[2, 18].
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As future work, we are currently investigating decidability of the extended
logic. Theintuitionistic modalsystemsn [18] aredecidable.In orderto prove
decidability of thosesystems[18] usesbirelational models Thesemodelsare
soundandcomplete andenjoy finite modelproperty:if ajudgements notvalid
in thelogic, thenthereis afinite birelationalmodelwhich invalidatesthe judge-
ment. Thefinite modelpropertyis notenjoyedby the Kripke modelsin [18]. We
areinvestigatingif we canadaptghe proofsin [18§].

We arealsoconsideringotherextensionsof thelogic. A major limitation of
thelogic presentedh [10] is thatif aformulag is validatedatsomenamedolace,
sayp, thentheformulap@p canbeinferredatevery otherplace.Similarly if ¢¢
or Op canbeinferredat oneplace,thenthey canbeinferredat ary otherplace.
In a large distributed system,we may want to restrictthe rights of accessing
informationin a place. This canbe doneby addingan accessibilityrelationas
in [18, 2]. We are currently investigating the computationalinterpretationof
this extendedogic. Thiswould resultin anextensionof A-calculuspresentedin
[9, 10].
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