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Abstract

A theory of weak bisimulation equivalence is developed for the broadcast calculus C'BS.
The exact notion of bisimulation we study 1s justified by a characterisation in terms of
a version of barbed bisimulations. We then give two syntactic characterisations of the
associated congruence over finite expressions. The first is in terms of a set of equations
together with an infinitary proof rule to accommodate input prefixes. The second uses a
finitary proof system where the judgements are relative to properties of the data domain.

1 Introduction

The broadcast calculus, CBS, is a value-passing process calculus where process intercommuni-
cation is achieved by the broadcasting of values. The main operators of the language are

e 277 - receive a value v and proceed as T[v/z]
e el - broadcast the value of the expression e and proceed as T
e 7| U - run processes T and U in parallel.

The calculus has been developed in series of papers [7, 8] and a subset has been implemented
as an extension to Lazy ML, [9].

Here we are concerned with the development of a sound semantic theory for the Broadcast
Calculus, in particular the provision of an equational theory and proof system for establishing
of process identities. Part of the problem is to decide on an appropriate notion of semantic
equivalence for such languages. Although a number have been suggested in the literature the
decisions might be considered ad hoc. One difference between a broadcast calulus and a more
standard process calculus such as CCS, [5], is that there is no natural notion of an internal
action, often refereed to as 7 moves. However in the operational semantics of CBS there is an
action which corresponds to the production of noise, 7!. In [4] we addressed the question of
finding a reasonable semantic equivalence, under the assumption that this noise, 7! was treated
no differently than the production of any other value. Using a reasonable criteria, based on
barbed bisimulation, [10], a new so-called strong semantic equivalence, called noisy bisimulation
was isolated and studied. In particular we gave two proof theoretic characterisations over finite
processes. The first concentrates on closed processes, i.e. processes with no free occurrences of
value-variables; this is very similar to which determines an equational characterisation except
that an infinitary rule is required in order to deduce equivalences of the form a?7T = 27U. The
second characterisation is finitary, relative to an adequate proof system for expressions over
the data domain. Here judgements are of the form

b>1T=U



meaning in all evaluations which satisfy the boolean constraint b the evaluation of T' is seman-
tically equivalent to that of U. Here the proof rules depend on deductions which can be made
in an independent proof system for the data domain.

Here we carry out a similar programme of research, but now under the assumption that the
moves 7! are internal and therefore invisible; in the terms of [5] we develop a weak semantic
theory for CBS. Once more we justify our choice of equivalence using a weak version of barbed
bisimulation and in this case it coincides with a semantic equivalence previously suggesed in
[8]. We then go on as in [4] and give two different proof theoretic characterisations of the
associated congruence over finite processes; one over closed terms which requires an infinitary
rule and one over open terms which is relative to an independent proof system for the data
domain.

We now outline the remainder of the paper. In section 2 we give the syntax of the particular
version of CBS we study. It is similar to that of [8] except that the input prefix 2?7 is
replaced by the input guard x € S?7T where 5 can be any subset of values. We then give
an operational semantics in terms of a labelled transition systems and define weak barbed
bisimulation equivalence. Finally we characterise the largest CBS congruence contained in this
equivalence using the version of weak bisimulation equivalence considered in [8].

In Section 3 we give the infinitary equational characterisation of this congruence over closed
finite expressions. We use the equations from [4] which characterise noisy bisimulation equiva-
lence but in addition new equations are required in order to capture the fact that 7! moves are
internal. Unfortunately two of the 7-laws of [5] are unsound in the context of CBS; they are
replaced with weaker variants.

In the final section, Section 4, we give the sound and complete finitary proof system,
relative to an adequate theory of the data domain. Here we follow closely the approach of [3],
and although the technical details are somewhat complicated, we simply adapt the techniques
of [4] to take into account the internal moves 7!.

2 Syntax and semantics

The language we will use is that of [4] based on CBS+ [8]. It is a CCS variant in which the
traditional handshaking form of communication is replaced by the broadcasting of values. A
BNF grammar describing the syntax of the language is

Tz=0 |eT |2eST [ b>T | > T; | T|T | Tz, | A(E).
el

where e € ValFxp, a set of data expressions, z € Var, a set of variables, b € Bool ap, a set of
boolean expressions and 5 ranges over subsets of a predefined set of values Val. We do not give
a specific syntax for these expressions but we will assume that ValFxp contains at least the set
of values Val U {7} (where 7 is a distinguished value not appearing in Val) and that Bool Exp
contains the expressions e = ¢ and x € § for every e, ¢’ € ValFap,x € Var and S C Val. In
addition we assume that evaluations, functions p from Var to Val, can be lifted to Var Faxp and
BoolEzp in a straightforward manner. We denote the value of a closed (having no occurences
of variables) expression by [e]; this value is of course independent of p. We have substitutions
in data and boolean expressions written as e[e’/z], ble’/x] where the data expression €’ is to be
substituted for all occurences of z in e, b respectively. Substitution is extended to terms in
the obvious way except that only free occurences of variables are substituted; the input prefix
x € S7T binds the variable 2 in 7. This gives rise to the familiar notions of free variables
of a term, fv(7T), and a-equivalence between terms. We call a term P a process or agent
if P contains no free variables. Certain metavariables will be used, consistent with those of



[4]. P,Q,... will denote closed processes whereas T, U, ... will denote arbitrary terms of the
language, v ranges over values in Val and w over values in ValU {7}.

The process e!P is the process which broadcasts the value of the expression e and then
continues to behave like P. Input prefixing is decorated with a set S C Val which is called
the input guard. The process z € S?T may only receive values present in 5; upon receipt
of such a value v it continues to behave like T[v/z]. The boolean guard b > T is a data
testing operator where b acts like a boolean guard to T. In T(;, f and g are functions
from Val U {7} to Val U {7} such that f(7) = ¢g(7) = 7 and are used to localise and rename
messages. Communication is achieved via the multiway parallel operator |. Process constants
A(€) are used to define recursive processes and we asssume throughout the report that with
each constant name, A, we have an associated definition

Ae) Y 1.

The operational semantics for closed terms of the language is presented in Figure 1, where
symmetric rules for the choice operator + have been omitted. It is exactly the operational
semantics used in [4] which in turn is based on that of [8]; in terms of [6] it is an early
operational semantics. The use of the discard transition, written 7 —— T, may be unfamiliar
to the reader. This is essentially a negation of the transition 7' % T for some T (see
Lemma 2.1 below) and is used to facilitate the presentation of the semantics for the parallel
operator.

The following lemma is imported from [4]. It states a few simple facts about the operational
semantics which are used extensively in the subsequent proofs.

Lemma 2.1 For every agent P
i if P25 Q then Q is P.
ii P == @ if and only if there does not exist a Q such that P Y, Q.

iii P> P. a

Weak moves, traditionally denoted by the double arrow, can now be defined as the least
relations between closed terms that satisfy the following;:

e P=17P

o P2 () implies P == Q

o P—T!—>:a>Qimplies P=qQ
o P:a>—ﬂ—>Qimplies P=qQ

where a € {w!,v?,w :}. We will occasionally use the notation P e @ to mean P G- Q.
and we will define & to be £¢ when @ = 7! and « otherwise.

We turn now to the definition of a weak semantic equivalence, which abstracts away from
the occurrence of 7! actions. As in [4] we use the technique of barbed bisimulations [10] to
provide us with an appropriate notion of weak bisimulation. In [4] the method provided a novel
version of strong bisimulation called noisy bisimulation and it transpires that the congruence
associated with weak barbed bisimulation will be characterised by the corresponding weak
version of noisy bisimulation.

For any value v let P | v mean that there exists a P’ such that P L opr



Discard Input Output
0-~-0
wégs veS

re ST Lpe 57T

v e ST L Tlv/x]

elP X elp

[e] = w
el ML p

Viel P22 P

Jier-p 2L pr

Jiel-p 2L pr

Sy P — b S, P p S, P P
[0] = false
b> P Y p> P
pP=p pop [0] = true P pr [6] = true
b>P 50> P b> P p b> P L p
Tale)5] 22 N Talé)3] 2 P/
A(e) — Ae) 2% pr Ae) 2L pr
p o pr p ot opr p 2l pr
WL 1 o7 Tl
Plrgy = Plrg Pyg) — Psy Plrg) = Plrg
5 o | w! w? w:
pp gLy ! Tl
— aoﬁQ —¢ aeffFL w? Lv w? w?
P|Q 277 P/|Q/ w! w: w! w!
w: | w ow? ow:

Figure 1: Operational semantics for closed agents.

Definition 2.2 A symmetric relation R between agents is called a weak barbed bisimulation

if (P,Q) € R implies
~if PN P othen 3Q'-Q == Q' and (P'.Q') € R
- for each v € Val, if P | v then 3Q" - Q = Q' with Q | v.
We write P mpqpp Q) if there exists a weak barbed bisimulation containing (P, Q).

It is easy to see that =, is preserved by few of the operators of CBS so we focus on the
congruence generated by this relation.



Definition 2.3 For agents P and Q let P 2y, Q if C[P] =purp C[Q] for every CBS context
Cl-]

We aim to characterise this relation as a weakened version of noisy bisimulation [4]. In
order to present noisy bisimulation we introduced a new relation

P it P Qor P2 Q.

Intuitively P i () means that as a result of the transmission of the value v by some other
process P is transformed into (); externally one can not discern whether P actually received
the value or ignored it.

Definition 2.4 A symmetric relation R is called a weak bisimulation if (P,(Q)) € R implies
o IfP L P then3Q'-Q =5 Q' and (P',Q') € R.
o If P2 P then3Q'-Q 25 Q' and (P',Q') € R.

We write P =~ @ if there exists a weak bisimulation R such that (P,Q) € R.

This is the definition of weak bisimulation proposed in [8], and here we justify the choice using
Spars-

In Proposition 2.3 of [4] we proved that discard need not be taken into account when defining
noisy bisimulation. Unfortunately the same is not true for weak bisimulation in CBS. To
illustrate this suppose that ~’ is the largest of the symmetric relations R such that (P,Q) € R
implies

o If P21 P/ then Q- Q %Q’ and (P',Q") € R.
o If P P then Q- Q g@’ and (P',Q") € R.

Then it is easy to see that 7!P &’ P for any agent P although 7!P is not in general weakly
bisimilar to P. A counter-example to illustrate this is

Tle € Val?2!0 % z € Val?z2!0.

This is because the agent 7!272!0 - 7127210 for any value v € Val. In order to match this

move the agent # € Val?z!O must perform a reception, i.e. 2 € Val?2!0 2%, 10 and the
resulting processes are not weakly bisimilar. The counter-example also serves to show that =/
is not preserved by parallel composition by using the context v!'w"!O|[ _] for v # v'. In fact the
relation obtained by closing ~’ under parallel composition coincides with .

Proposition 2.5 = is preserved by all of the CBS operators except summation.
Proof. Left to the reader. a

We now show that it is possible to obtain this definition of weak bisimulation by considering
barbed bisimulations in static contexts, that is contexts in which the hole does not appear as
a summand in a choice.

Proposition 2.6 If C[P] &pa C[Q] for every static context C[ _] then P = Q.



Proof. We only outline the proof here as the details are similar to those in [10]. Given a
value set Val we extend this to a value set Valt defined to be the disjoint union of the sets

Val, Val' et {v' | v € Val}, {in,out,c} and {d; | i € N}. We define translation functions on
Val™ U {r} as follows:

w  otherwise.

{ w  ifwe Val

w  otherwise.

f(w):{ 7 ifweValU{c}

w  otherwise.

h(w):{ T fw=c¢

Armed with these we can build a collection of static contexts C),[ -] similar to those in [10]. A
full explanation of the construction of Sangiorgi’s contexts can be found in his thesis. Ours differ
only in that we explicitly translate communicated values into 7 actions using the translation
functions and we require the use of a distinguished value ¢ which plays the réle of a private
channel for communicating with and incrementing the counter.

We let + denote binary choice and define

Count,, Aef d,'O + 2 € {c}?Count, 41

and the constant D

DY e Valtele!(t!(g(2)!0 + out!O) + 7! D)
+ > ol (Tl (g(v)!0O 4 in!O) + 7ID)
veEVal
+ T'do'O
+ T'd1'0

The contexts we require then are defined by

Cul -1 = ([ -lpa,n|PICount, )y -

Given these we define a relation S = {(R,5) | In-C,[R] ~pars C[S]} where R and S range
over agents defined over the value set Val. Following Theorem 3.3.2 in [10] we can show that
S is a weak bisimulation and the result follows. a

As one might expect the relation = is not a congruence for CBS owing to the fact that
it is not preserved by the summation operator. This fact is ascribed to the so called pre-
emptive power of 7 to resolve choices [5]. In CCS we define observational congruence as the
largest congruence relation strictly contained in weak bisimulation and a characterisation of
this observational congruence tells us that for two agents P and @) to be related any 7 move
from P must be matched by at least one 7 move from (). That is, for every possible choice
made by one agent, then at least one choice must be made by the other agent and vice-versa.
This helps in understanding the following definition.



Definition 2.7 Observational congruence = is the symmetric relation defined by P = () if

o if P5 P then 3Q-Q2Q and P ~ Q'
o If PP then 3Q'.0 2 Q and P~ Q'

orQT:!U?Q' and P' ~ Q'
o IfP 2P then Q-0

Theorem 2.8 P %, @ if and only if P = Q).

Proof. We leave the reader to check that 2 is preserved by all the operatorsin C'BS and since
P = Q) trivially implies that P &4, ) we conclude that P = () implies P &, Q.

Conversely, suppose P 2y, Q). Then C[P 4+ v9!0] =pyrp C[Q + vo!0] for all static contexts
C[ -], where vg is some distinguished value not in Val. It follows from Proposition 2.6 that
P+ 10 =~ Q + v!0.

We now prove that P+ v5!0 = Q + v,!0 implies P = Q. As an example we show P - P
implies ) —— @; the remaining requirements are similar. From P —= P it follows that
P+ v!0 =% P 4 !0 also. By the hypothesis we know that Q + v,!O 2 Q' for some
Q' ~ P + v!O. This means that Q' is @ + v5!O as otherwise @’ % So we have that
Q + v0!0 = Q 4 v9!O which in turn implies that Q@ — Q. a

3 Characterising Observational Congruence over Finite Agents

We present an algebraic characterisation of observational congruence over a class of finite
agents. The syntax for this finite sub-language is given by the grammar

T2=0|eT|zeSMT|b>T|T+T.

We have restricted the summation operator ¥j to binary choice 4 recursion is not allowed.
The extra CBS operators, parallel and translations, can be treated in this language by using
a suitable expansion law and coding technique [4], Section 7. We denote the class of agents
(closed terms) definable in this sub-language by F.A and we use a, 3 to range over arbitrary
prefixes of the form e! and s € 57.

The algebraic characterisation is in terms of a proof system whose rules are given in Figure 3;
it is the standard adaption of an equation proof system to handle a value-passing language.
The main non-standard rule is the infinitary proof rule cI-INPUT to deduce judgements about
expressions involving input prefixes.

We now discuss the required equations. As one might expect, the standard CCS equations
which say that (FA, +,0)is a commutative monoid and that 4 is idempotent are required. We
saw in [4] that three further equations were required in order to characterise noisy congruence
for this language:

Noisy: e(P+a € STP)=¢eP i SNI(P)=10

where I(P), defined inductively over terms, is the set of values which P can immediately
receive:



Ident: X +0=X
Idemp: X+ X =X
Comm: X+Y =Y+ X

Assoc: X+ (Y +72)=(X+Y)+ 7

Noisy: e(X +2 € 51X)=elX HSNI(X)=10
Pattern: 2 85X +2e€ 57X =z 5U57X

Empty: 2 €0?X =0

Taul: el(T'X + X)=elX

Tau2: o (X +7Y)+aY =a (X +7Y)

Tau3: X +2 €S2+ (Y +2€S572)=X+71I(Y+2€577) if § CI(X)
Tauj: e!X + 7Y +e!lX)=7I(Y +elX)

Figure 2: Axioms A for weak bisimulation (closed terms)

I(P) if [b] = tt

] otherwise

-I(b>>P):{

Pattern: ze€ 5 X +2e 85X =2 5U57X.
Empty: z € (?X = 0.

As noisy congruence is strictly contained in observational congruence it is clear that we also
require these axioms for our present characterisation. In addition to these axioms then we
require analogies of the tau laws of CCS:

Al oa.7.P =, a.P.

A2 a(P+7.0Q)+ a.Q =.s a(P+7.0).
A3 P+7.P—=.,T.P.

Unfornutately Al and A3 are not sound for CBS. We have already seen, for example, that P
is not, in general, weakly bisimilar to 7!P which implies, for example that 0!7!P 2 0!P. For
A3 we run into difficulties when P is allowed to recieve any value », say. For then 7!P may
discard » but P 4+ 7!P is obliged to receive it. We adopt admissible versions of these axioms.
Al simply becomes

Taul : el(T!X + X ) = elX,
A2 is adapted to

Tau2: o (X +7Y)4+aY = a(X +71Y),
and A3 splits into two axiom schemes’

1t is possible, for present purposes, to give these two as a single axiom scheme though to be consistent with
the sequel we use two.



EQUIV — gzg P:g:g:R
axiom L ;pQIEQ“;‘X

a-CONV e o U SolT)

-INPUT TTv/a] + 1WUv/2x] = T\U[v/x] for every v € §

€S +2e€ 85U =2¢€ 857U

P=Q, [e=][]
OUTPUT P = T0

[o] = tt [o] = £

BOOL b>»P =P b>P=0

Figure 3: Inference Rules

Taud : X +2 € S1Z+7(Y +2e57Z)=X+7(Y+2e€572)if § CI(X)
and

Taud:e!X + 7Y + e!X) = 7I(Y + el X).

Note that a version of Taul for input prefixes is also sound but is derivable using the rule
cl-INPUT.

We list all the axiom scheme in Figure 2 and we denote this set by A.;. It is a simple matter
to check that each axiom in A, is indeed sound with respect to observational congruence. For
agents P, () let Ay ko P = ¢ mean that P = () can be derived in the proof system of Figure 3
from the axioms A,.

Theorem 3.1 (Soundness) Ay Foq P = Q implies P 2= ().
Proof. Simple induction on proof of Ay by P = Q. a

The remainder of this section deals with the proof of the converse of this, completeness. The
exposition of the completeness proof will require the usual notions of standard form and depth
of a term. We attend to the latter first. The depth, d(T'), of a term T' is defined inductively:

- d



We say a closed term is in standard form if it has the form
Z e\ T; + Z x; € 5;7T;
’iEI} ZEI?
for some finite indexing sets Iy and I such that 5; is non-empty for each ¢ € Iy. Furthermore
we call a standard form, P, a saturated standard form if
(i) P =5 P implies P 2 P,
(i) v € I(P) and P =2 P implies P == P/,
(iii) v € I(P) and P Z% P’ implies P = P'.

Lemma 3.2 For any agent P € FA there exists a standard form sf(P) such that Ay Fq P =
sf(P).

Proof. By structural induction. a

Lemma 3.3 (Derivation Lemma) For any agent P € FA, P 2 Q implies Ag b P =
P+ w'P.

Proof. By induction on the length of the derivation P 2, () using the axioms Tau2 and
Taud.

With these Lemmas we can now prove:

Proposition 3.4 Given any agent P € FA, there exists a saturated standard form P such
that d(P) < d(P) and Ay o P = P.

Proof. We know that P can be transformed into a standard form and we show that this
standard form can be saturated. The proof is by induction on the number of ¢) such that
either P =2 Q or P Ty (). Essentially the proof proceeds by using the Derivation Lemma to
saturate P with respect to all such derivatives.

As an example consider some P’ such that P % P’ We show that Agbag P=P+zc
S?TP' for some set S containing v. We can deconstruct the move P 2% plinto P = Q,
Q, = P’ for some agent @Q, such that v & I(Q,). Axiom Noisy tells us that

Aaba m1Q, = Qv + 2 € Val — 1(Q,)?Q,).

By saturation with respect to 7! moves we can assume that Ay kg P = P+ 7!Q, . Axiom
Taus will give
AgqbaP=P+z e (Val - 1(Q,)NI(P)Q,.

If ), is P’ we are finished. Otherwise again we can use saturation with respect to 7 moves to
obtain Ay Fo @y = @y + TP and axiom Tau?2 to give Ay by P=P+a2 € (Val — 1(Q,))N
I(P)?P. O

We now prove an analogue of the decomposition theorem of CCS, i.e.
P Rces Q iff P Zees Q or P Zees T-Q or 7.P Zees Q

Recall that, in CBS, not only 7 has pre-emptive power but the reception of values has also.
This property manifests itself in noisy bisimulation not being preserved by choice and in [4]
we prove an analogue of the decomposition theorem which relates noisy bisimulation and noisy
congruence. What we require here then is a happy combination of the decomposition theorems

of [5], [4].

10



Theorem 3.5 (Decomposition) Let S = 1(Q)) —

the following holds:

I(P) and S = I(P)—

I(Q). P = Q iff one of

(i) P+a € STP=Q+ e S5S?Q and when S and S’ are both non-empty there exist P',Q’
such that d(P') < d(P),d(Q) < d(Q") and P' = P,Q' = Q.

(ii) P+ a2 € STP+ 7P 2 Q+ a2 € 57 and when S is non-empty there exist P', Q' such
that d(P') < d(P), d(Q') < d(Q) and P' = P, Q' ~ Q.

(iti) P+ 2 € STP =2 Q +a € 570 + 7'Q and when S is non-empty there exist P', Q' such
that d(P') < d(P), d(Q') < d(Q) and P' = P, Q' ~ Q.

Proof. The ‘if’ direction is standard. So suppose P & (). There are three cases.

e Suppose there exists a P7 such that P . P7 and for each Q' such that @ REN Q' we
have P7 % @)'. In this case we show that (iii) holds.

We first notice that

I(P+ze5TP) =

I(P)UI(z € §7P)
I(P)U(I(Q) - I(P))
I(P)UI(Q)
IQ+2€57Q +7'Q).

This means that P + 2 € S?7P 2> P+ € S?P ifand only if Q + x € S'7Q + 7!Q =
Q+2es5?Q+71Q.

Suppose P +z € S?P L P!, Then P -2~ P'. Because P ~ Q) we know that Q A Q'
for some Q' such that P’ ~ @Q’. Therefore Q + z € 5'7Q + 7!Q N @’ also. Similarly if
Q+ae87Q+70Q -2 Q.

Suppose P+ € STP L P Then P % P'. So we know that Q = Q' for some
Q' such that P’ ~ @Q’. Therefore Q + z € 5'7Q + 7!Q EEN Q.
Q+xe 8 +71Q AN ()’. Here there are two possibilities: If 71Q) AR Q' = @ then we
have P == P7 with PT
that P™ &~ @) so we know that there exists a P’ such that P7 == P’ with P/ ~

we also have that P AR P7. Therefore P é P'.

Conversely suppose

~ (). Otherwise we must have ¢ AN @Q’. In which case we have

Q'. But

Suppose P+ 2 € S?7P L op

If v € I(P) then P 21 P! so we know that Q 2 @' for some Q' such that P’ ~ Q’.
Therefore 7!¢) 2y Q' and so Q +x € 5'7Q + 7'Q N Qor@Q+xeS57Q+71Q Ty Q.
On the other hand if v ¢ I(P) then it must be the case that x € STP opi=p,
that is v € S. So we know then that v ¢ I(P) and P —*+ P. Because P ~ () we know
that there exists a @' such that @ 2 Q' and P ~ @Q'. Thus 7!Q 2y Q' which gives
Q+2€570+71Q0 0 or Q+acs7Q+71QZ% Q.

IfQ+axe 57 +71Q LN Q' and v € I(Q) then @ Y, @Q’. So there exists a P’ such
that P 2% P’ and P ~ Q.upr 2L P'or P 2% P’ then we have a match, otherwise
we know that v € I(Q) — I(P) so we have z € STP s P,

11



It only remains to check the case v ¢ I(Q). In this case @ must be Q v € I(P). Since
P~ @Q and Q 25 () we know that there exists a P’ such that P 2L P with P’ & Q but
since v € I(P) we must have P L Plor P25 P

This completes the proof that P + 2 € STP =2 Q + 2 € S7Q + 7!Q). Now suppose
S is non-empty. We have to find P’, Q' such that d(P") < d(P), d(Q") < d(Q) and
P~ P Q ~ Q. We already know P7 =~ () and transitivity gives P7 ~ P; so the
required P’ is P7. To find the required @’ let vy be any value from the non-empty set
S. Since vy € I(P) this means P 2> P. So there exists a @ such that Q vk @’ and
P = @'; by transitivity this means @' = @. But vy € I(Q) which forces Q LI Qo or
Q Ty Qo; either way d(Qo) < d(Q).

e Suppose there exists a 7 such that ¢ AN Q7 and for each P’ such that P =L P we
have P’ % Q7.

This is a symmetric version of the first case and in a similar manner one can show that

(ii) holds.

e If neither of these two conditions apply then one can show that case (i) holds; the details
are left to the reader. a

Theorem 3.6 (Completeness) For all agents P, Q)
P=Q implies Agbag P=Q

Proof. The proof is by induction on the combined depth of P and Q.
Because of Lemma 3.4 we can assume that P and ¢ can be transformed to saturated

standard forms
STelP 4> e e 50T S elQr + > v € 520
I J K L
respectively. It is sufficient, because of saturation, to prove that

A ba Y e!lPi=Y"erlQy
T K

and

A Fa Zx € S]‘?T]' = Zx € 85
J L

and as an example we consider the latter. To establish this it is sufficient, by symmetry, to
prove for an arbitrary j € J that

Agbgx € S0+ Zx e 8 = Zx € 5.7U;.
L L

For each v € 5; we know that P i T;lv/x]. This means v € I(P) and, since P = @),

then v € I(Q). We know that @ 2, Ulv/x] == QY for some | € L such that v € 5; and
Tilv/z] = Q} because P = () and @ is saturated. Let Slj ={vesS;ns|Uv/z]~T;v/z]}.
This gives a finite partition {Slj}leL of S; such that Slj C &) for each [ € L. Then, by the
idempotency of + and the new axiom Pattern it is sufficient to show for each [ € L that

Ao e e SI7Tj + € 570, = e 5770,

12



This can be inferred from the rule cI-INPUT if we can prove for each v € Slj
A b v/ 2] + T1U v/ 2] = TWU[v/ 2].

5o let us fix a particular v € Slj and see how this can be inferred. We know that 1;[v/z] ~ Q}
so from this we will show that

A b m'T5[v/2] = T'QY

and the result will follow by the Derivation Lemma and Tau2.
For convenience let P, Q) denote T;[v/z], Q] respectively. We now apply Theorem 3.5 to
get one of three possibilities

(i) P+aeUlP2Q+4+2eV?Q
(iil) P42z € UP+7TIPZQ+2eVIQ
(i) P+2 c UP2Q+2€V?Q +7'Q

where U = I(Q) — I(P) and V = I(P) — 1(Q). We show how to deal with case (iii) and leave

cases (1) and (ii) to the reader. We have two eventualities to consider.

1.U=0
Here we have P =2 Q + 2 € V1@ + 7!() and we can use induction to obtain Ay by 7P =
Q4+ 2 € VIQ + 7!Q). Now we can apply the Noisy scheme to obtain

AqbamP=1(Q+2 e VIQ +7I(Q +2 € V?Q))

from which Ay ko 7P = 71(Q + = € V1Q) follows by Taul. Another appplication of
Noisy gives the required result.

2. U#£0

Here we have P+ € UTP 2 Q + 2 € V@ + 7!Q and in this case we cannot ap-
ply induction immediately as the combined depth of the terms has not decreased. But
Thereom 3.5 tells us that there exists P/, Q’ such that d(P’) < d(P) and d(Q’) < d(Q)
such that P" =~ P and Q' ~ (. Suppose without loss of generality that d(P) < d(Q).
Then, since 7!P = 7!P’, we can use induction to obtain A, ko 7!P = 7!P/. A simple
application of the cI-INPUT rule gives Ay b o € UTP =2 € U?P’. This in turn implies
that P+ 2 € UTP' 2 Q + 2 € V?Q + 7!Q and here we can apply induction since the
combined size has decreased. So we obtain

AqFam(P+2z e UP) =71 (Q+2€V?Q + Q).
Using the fact that Ay by o € UTP =2 € UTP’ we get
Agbam(P+2eUP)=7Y(Q +2 € V?Q +7!Q)

from which the required A, k. 7'P = 71¢) follows by applications of the Noisy and Taul
axioms. a

13



4 A Finitary Proof System

We now show that the proof system of the previous section can be improved upon by remov-
ing infinitary inference rules. This improvement brings the proof system out of the realm of
theoretical proof machines by making its implementation a realistic task. The proof system we
develop is for observational congruence over open terms of the finite sublanguage presented in
Section 3. It follows closely the corresponding proof systems given in [3, 4].

The judgements of the proof system are now decorated with boolean expressions:

b>1T=U

and intuitively this is meant to denote that T'p = Up for every evaluation p such that p(b) = tt.
The inference rules for the proof system, borrowed directly from [3, 4] are given in Figure 4.
We also borrow the notation p |= b to mean [bp] = tt and b |= b’ to mean that p |= b implies
pED.

We state a few simple facts about the proof system which we make use of in the sequel;
they show how booleans can be manipulated in the proof system.

Proposition 4.1

(i) bi=b impliest-b>T=0b0>T

() Fb>(T+U)=0b>T)+(b>U)

(i) F(b>T)+ (' >T)=bVvd >T

() bl=b and b T =T 40 > U impliesst T =T4+b>U. O

We use more or less the same equations as in the proof system for closed terms. There are
two exceptions, Noisy and Taud. These are in fact axiom schemes and are defined in terms
of the sets I(P) for closed expressions P. In order to generalise these axiom schemes to open
terms we need to extend the function I to open terms. We follow the approach taken in [4]
and relativise it to a boolean world, defining 1(b,7'), the set of values which the term 7" may
receive when 7' is instantiated as an agent by an evaluation p such that p |= b. Moreover we
give a syntactic definition of I(b,T") for a subclass of terms 7.

We call an open term T a standard form if

T = Zbi>>€i!Ti‘|‘ Zbi>>$ € 5;1T;
1€y 1e€1?

for some finite indexing sets Iy, I+ such that each 5; is non-empty. Given a boolean expression
b we say that b is T-uniform if there exists a set K C I such that b |= bx. Where by is defined

/\ b; A /\ —b;r.

€K el —K

The syntactic definition of I(b,T) is
10, T)=J{Si|i€ L, b= b}

For the sake of completeness we recall Lemma 6.1 of [4] which shows that this is a reasonable
definition:

Lemma 4.2 If b is T-uniform then

p |E b implies [(Tp)=1(b,T)

14



bo>T=U boT=U bt>U=V

EQUIV Tl e
AXIOM 3; = gpefgfp

CONG R RE T,

a-CORV tt>2 €8T =yc S y/x] y & fo(T)
e b waAGx SG"; —T— ;Z ;?ZU:Z Te!g?U if @ & fo(b)
ourrur AEgzgberer

AU b ii!g z ZU

GUARD bAb/D]{:;g»b;;b’UDO:U

cuT b b1 Vb bzi%:g by> T =U

ABSURD

fteT=U

Figure 4: Inference Rules

We present the adaptions of the axiom schemes Noisy and Tau3.

Op-Noisy: b e(T + 2 € STT) = €elT
it @ & fo(T), b is T-uniform and SN I(b,T)=0

Op-Tau3: bo>TH+a2eSTZ4+7(Y +2e€S572)=T+7(Y +2€512)
if b is T-uniform and S C I(b,T').

We denote the collection of axioms A, with Noisy replaced by Op-Noisy and with Tau3
replaced by Op-Tau3 by A,,. Then A,, Fb> T = U will mean that b > T = U can be derived
using the inference rules in Figure 4 from axioms A,,.

Theorem 4.3 (Soundness)

If Ay Fb>T =U and p |= b then Tp = Up.
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Discard Input ‘ Output

o"o
al—S: v(x € ST
xES?Ttt’KLS'xES?T nyt(tyes )
x e ST - Tly/x]
e!Ttt—‘gl el el t—t—elT
e gty 7 M g 72
T_I_Ub/\bSnS iU T 4+ Uy €S T+U 2
b/>>T bVal b/>>T
T2 7 e ey o
Vs> T2 s T B> T P ESt b T VA

Figure 5: Abstract operational semantics

Proof. This is simply a matter of checking that each axiom in A,, is sound with respect to =

~

and that each inference rule preserves 2. As an example we check Op-Tau?3.

Given p such that p = b. b is T-uniform so I(b,T) = I(Tp). We need to show that
Tp+aeSMWWp+7i(Vp+aeStUp)ZTp+1(Vp+a € STUp) for any terms U and V given
that S C I(Tp). The only interesting moves to match are the discards.

I(Tp+2ze StUp+1\(Vp+a2eStUp))=SUIl(Tp)=I1(Tp)
and
I(Tp+ 1 (Vp+a2eStUp))=1(Tp).
a

In order to prove completeness of this proof system we resort to symbolic bisimulations [2, 4].
First though we must present our notion of abstract operational semantics for this language
and the associated weak abstract transition relations. The former appears in Figure 5, where

. b, b,S: . . . .
inferences are of the form T =% U or T 22 U where b is an arbitrary boolena expression, 1 is
a prefix and S a subset of Val. Using these the weak abstract transition relations are defined
as the least relations satisfying the following rules:

tt,e

T=T
T 22 T implies T 2% 77
/\b ,Q

b,7! b, . .
T 257 =2 7" implies T "
b, oot . bAD!,
T =22 7" 22 implies T =" T".

The definition of weak bisimulation is the weakened version of patterned noisy symbolic bisim-
ulation of [4]. Suppose {Rb} is a family of symmetric relations. Define WS B(R)" as follows:

(T,U) € WSB(R)" if whenever

16



b’ et . o . d,é’t
- T 22 T there exists a b Ab-partition, B, such that for each b” € B there exists U == U’
such that b’ |= d, b |= é = ¢ and (T",U") € RY”

7 VT ek that @ ¢ fo(b,T,U)or T "5 T there exists a bA b Az € - partition,

B, such that for each 0" € B there exists U L8 U7 with o € {z € §77,5":} such that
V' = d, b = x e 8 and (T',U') € R,

Here we generalise the notation used in Definition 2.4 by letting é! denote ¢ if e is 7 and e
otherwise.
We call {Rb} a patterned noisy symbolic bisimulation if R® C W.SB(R)" for each b and

denote the largest such R by {%b} We now use the definition of ~° to define 2 the largest

congruence contained in a°:

T 20 7 if whenever

- T et T’ there exists a b Ab-partition, B, such that for each " € B there exists U d,:e;! U’
such that 0" = d, V' |= e = ¢ and (1", U') € R""
7 VEE T ek that @ ¢ fv(b,T,U) there eX1sts a b AW A € S-partition, B, such that

for each b” € B there exists U 257 077 or a U “Z2" U such that " Ed b =zes
and (T",U") € RY".

7 T there exists a U 255 U such that b A Y Edand S C 5.

We proved in [4], Proposition 6.3, that the definition of noisy symbolic congruence agreed with
the concrete definition of noisy congruence. A simple adaption of the same proof gives us

Proposition 4.4 For any terms T and U,

T=U iff (Vp-p = b implies Tp = Up).

Using this Proposition we can give a decomposition theorem for open terms.

Theorem 4.5 (Decomposition) If T and U are standard forms and T ~° U then there exists
a b-partition, B, such that for each b’ € B, V' is both T and U uniform and one of the following
holds, where S = I1(b',U)—I1(V',T) and 5" = I(V/,T)—I(b',U).

(i) T4+ze 8T = U+axeS5? and when S and §' are both non-empty there exist T', U’
such that d(T") < d(T),d(U) < d(U") and T' =¥ T, U’ =" U.

(ii) T +x € ST+ 7T bV 7 g€ S0 and when S’ z's non-empty there exist T', U’ such
that d(T") < d(T), d(U") < d(U) and T" =" T, U" =" U.

(iii) T+ 2 € ST 2 U 42 € 57U 4+ 7'U and when S z's non-empty there exist T, U’ such
that d(T") < d(T), d(U") < d(U) and T' =" T, U' =" U.

17



Proof. Let By = {bAbx | K C I;} and By = {bA by | L C J7} where I; and .J; are indexing
sets of the standard forms 7" and U respectively. We let B’ be the b-partition {by A by | by €
By, by € By}. It is clear that this partition is both 7" and U uniform. Let Y, be defined as
{plrE b}

Choose ¥’ € B’ and suppose p € Y¥p. Then by Theorem 3.5 we have one of three cases.
Define Eb; ={p € Xy | case j holds for p} for j = 1,2,3. We can then define b; as the boolean
expression satisfying p [= 0’ iff p € Uy - These b partition b’ so we see that B = {0 | b’ € B'}
forms a b-partition. Using Theorem 3.5 again we get that for each b” € B one of the three
cases above holds.

Note that in order to obtain the terms 7”7 and U’, where applicable, it may be necessary to
partition B even further. Details of how this is done can be found in [4]. a

The next step towards the completeness proof is to develop the notion of saturation for open
terms. Unfortunately there are inconvenient side conditions for saturation in the open term
proof system which make it impractical to work with a notion of a saturated form. Instead we
present a weaker form of saturation. First however, we make a few comments about abstract
discard moves.

Given a term 7> = Ez’eb b; > x; € 9;77T;. Consider all possible discard transitions 1% bs
T7. Tt is not difficult to see that b must be of the form A;c i —=b; and .S of the form ;¢ 7, _x (Val—

S;) for some K C I,. Therefore any discard 7% LI T» can be described by a set K C Ir; we

call such a set the discard index of T LSk T-.
Discard moves from general standard forms still have a discard index. If T is a standard

form, indexing sets Iy and I+, then if T LIER T then there exists a set K C [+ such that
b= Niex —bi and S = N;ep,_x(Val = 5;).
The following Proofs make use of these derivable variants of the axiom Op-Tau3 and the

INPUT rule:

Op-Tau3” : T+ >t (b>aeSW)=T+b >7(b>aecSW)+b>a2eSU
it b=V, bis T-uniform and S C I(b,T).

b/\wESDZI()Z'>>T!TZ'IZJ()]‘>>T!U]‘

>> .
INPUT by a €S, =5 a0 €570 ifa g fob).

Lemma 4.6 (Derivation Lemma) For any term T

(i) IFT 25T then Ay FT =T +b>> e!T.

bg,l’esl
=

(i) If b is T-uniform, S C S' 0 I1(b,T), and b |= by A by where T LEY T then

ApFT =T +b> a2 ST,

(iii) If b is T-uniform, S C S"NI(b,T), and b = b" where T b/ég/: T" then Agpy b T =T +b >
x € ST for some « & fo(b,T).

. .. . . . . . b,e!
Proof. (i) This is straightforward. We use induction on the derivation of T == 7",

bi,e bo,x€S'?
=

(ii) We assume that 7" is a standard form and proceed by induction on 7" = AR

by wES!?
Case T 7= "T'.

Idemp App FT =T 4 by > 2 € 5T
bEby, SCS A,FT=T+b>axec S

18



(iii)

by,7 by ,z€S'?
Case T1:>U2$ T.

Suppose that Us =37, b; > x; € 5;7U;. We let
B, = {b/\ br | K C I?}.

Clearly then B, is a U-uniform partition of b. Choose any b,(= b A bk ) € B,. We know
that b, |= b = b2 so by must be equal to some b;, for some ¢y € K. This means that
S" =55, C I(by,U). Therefore by induction we get

Ap FU =U4b, > a2 e 5T,
This is true for each b, € B, so we can add to get

A EU=U+> by >a e 87T
Bu

Thus by manipulating the boolean guards, remembering that B, is a b partition, we get
ApFU=U4+b> e ST

whence

Ap FU=U+b>z e 51T
Using part (i) we know that

Ap b T =T +by > 7 U +b>2eS5MT).

Recall that b |= by, b is T-uniform and S C I(b,T) so we can apply Op-Tau3> to get the
result.

) b 1S
We assume that T is a standard form. We know that T~ 2= T so suppose

bi,r! . b2,S bs e
gt by b

where b’ = by A by A b3. Suppose also that Uy = >or, bi >z € 5;7U;. Then

by= A —bjand 5'= () (Val-S5;)
JEJ Jel,=J

for some discard index J C I;. Welet B, = {bAbx | K C I;} be a U-uniform, b partition
and observe that whenever j € ' NJ we have that b A bk |= b; and b A b |= by |= —b;.
Reading this contrapositively we have that b A bg # ff implies K’ N J = (.

Our intention is to prove
Aop FONbg > 70U = 7(U + 2 € STU)
by applying axiom Op-Noisy (or ABSURD when b A b = ff) to U for each b A bg. In

order to do this we need to show that S N I(bAbg,U) =0 whenever b A b # ff.

Suppose then that b A bx # ff and suppose for contradiction that v € SN I(bA by, U).
This means that v € S and v € 5, for some jo € K. But v € 5 implies that v € 5’ =
Njer,—s(Val — S;), that is v ¢ 5; for each j € Iy — J. Therefore jo ¢ Iy —J and we
conclude that jo € J, which contradicts K nJ = 0.
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We can now apply axiom Op-Noisy (ABSURD) for each b A by in B, and then use CUT
to obtain

Aop Fo> U = 7(U 4+ 2 € STU).

Boolean manipulation and part (i) gives

Ap FT =T +b> (U +b> 2 e STU).

3>>

So an appication of axiom Op-Taud” yields

ApFT =T +b> 2 e S57U.
The result follows easily now; if U is T’ we are done, otherwise we use part (i) to give
Ap FT=T4+b> 2 € SUU 4+ 7!1T)
and apply axiom Tau?2 to finish. a
Theorem 4.7 (Completeness)
T =% U implies Ap b T =U.
Proof. We assume standard forms

> elTi+ Y ci>wi€ ST,
’iEI} ZEI?

and

Z d]' > ei!U]‘ + Z d]‘ > e, € S]‘?U]'

JES JEJ
for T" and U respectively. We modify these forms in the following way: Suppose = &€ fv(b,T,U).
For each 7 € I» we have that T i Ti[2/z;]. Since T =° U we know that there exists a
matching b A ¢; A z € S;-partition, B. Because z ¢ fv(b,¢;) we know that each element of B
is logically equivalent to something of the form ' A z € 5;, (for some indexing set K) where
VU =bAc¢ and |J S5, = 5;. We use the axiom Pattern to decompose the summand z; € 5;77;
of T into the sum ) ;. 2; € 5, 7T; and we distribute ¢; across this sum. We repeat this for
each ¢ € I» and also for U.

Having done this 7" and U enjoy the property that whenever T e e T; there exists a
bAc; Nx € Si-partition, B, such that for each & € B there exists a d, S, U’ such that
d,xeS? d,71S: . / . el
U U or U2 U with b = d, S; C S and T; " U’. Moreover given any such partition

we can transform it into a U-uniform partition by defining

B, = {b//\ dg | b e B, K C J?}.

. . . b,
It is sufficient, due to symmetry, to prove for every transition 7 —= 7’ that
Ap bbbV >l +U=U

where « is of the form e! or 2 € 57 We show how to deal with the latter, the former being
slightly easier.

Fix ¢ € I, and consider T’ o423 T;i[z/x;]. We know that there exists a U-uniform, bA¢; Az €
S;-partition, B, such that each b, € B, is of the form ' A z € §; where the {0’} form a b A ¢;
partition. Furthermore, each ' is of the form b{ A dx for some K C J». For each such b,
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. di,e d2,z€S7 ds, . . . .
there exists a U 25 2507 7 Z£ [ with b |= dy A dy A ds (in this case we write b/(?)) or

a U ZE 0 with v/ = d, S; C S and Ty[z/x;] ~" U’ (in this case we write 0'(7 :)). Suppose
that we can prove

Aop F by > ¢; > T[22 +0 > 71U =0 > 71U’
for each b'. If U” differs from U’ then it follows from the Derivation Lemma, Part (i) that
A FU" =U" +ds > 71U
From which we deduce
Aop F by > ¢; > 7Tz + 0 > 7WU" =0 > r1U"
by using rule TAU and axiom Tau2. Let

Um = Zb/>>T!U”—|— Z o> iU’
b'(?) b'(7:)

and let
U'=30>28"+ 3 V>z2e 870
b'(7) b'(7:)

We have proved that
Aop F by > eg > T z/a ]+ UT = U7

for each b, € B,. An application of CUT will give us that
App FONe ANz €S> e > T z/e] +UT =UT
and then INPUT? yields
Aop FONe > e; > 2z € 51T [2]x;] + vl =0".

We know that, provided we can establish the hypothesis that S; C I(d’,U), the Derivation
Lemma, Part (ii), gives us that

Ap FU=U4+b > 2¢€ 857U
in the case that o'(7 :), and that
ApFU=U4+bV > z€ 570"
for (7). Adding these together we establish A,, - U = U + U" whence
Ap FONe > ;> 2 € 51T [2/x;]+ U = U.

Application of GUARD and a-CONYV will then give the result required.
So let us establish the hypotheses of the Derivation Lemma. Now o' |=bso T ~b' 17, We
consider the discard from U with discard index J» — K (b = b{; A di), viz

U el

where by. = Ajey,_x ~d; and Sq. = ;e (Val — 5;). This must be matched by T S

where

b Abge |= b* and §* = Sge.

21



We know that b’ |= ¢; and therefore b* [£ —¢;. This means that ¢ is not in the discard index of
T *25% T which in turn means that S; € (Val — 57). But Val — 5 = Val — Sgc = Ujex i =
I(V',U) so we have S; C I(V',U).

We also fulfil our obligation in proving
Aop F by & ¢; > T2/ 2] + s WU =0 > iU

For convenience let T’ denote T;[2/z;]. We know that T’ ~"« U’ so we can apply the Decom-
position Theorem 4.5 to obtain a b,-partition, B’ which is both 77 and U’-uniform such that
for each b” € B’ one of three cases holds. We aim to prove that

Ao BV > 71T = 71U’
for each b € B’. We consider the case
T +2e8T 2" U +2es8 + 17U

(S = 1", U= 1", 1", 8" = 1", 1"y — I(b",U")) as an example, the other cases can be
dealt with similarly. If 5 is empty then we have that

T2 U a e S U
so induction and TAU give
Aoy FV > 71T = 7Y (U 4+ 2 € S7U" 4 71U7).

We obtain the result using Op-Noisy and Taul. Assume then that S is not empty. We cannot
apply induction immediately because the joint depths of the terms has not decreased. However,
the Decomposition Theorem 4.5 gives terms T and U” such that d(T") < d(T"), d(U") < d(U"),
T" &% 7" and U" &"" U’. Without loss of generality we assume that d(7") < d(U’). By
induction it follows that A,, = 0" > 77" = 7!T"”. Whence A,, F 0" > 2z € STT" = 2 € ST
by INPUT. It is clear that

T 4zesT" =" U 4oe s + 70
and so induction is applicable here yielding
Ap BV DT +2€ 8T =U +2 € 50" 4+ 71U,

Using the previous result we can substitute 77 for 7" and apply TAU and axiom Op-Noisy to
get
Ao EV" > 71T = WU + 2 € STU" 4+ 71U).

The result follows as in the case where S is empty. Application of CUT and Idemp will now
yield
Agp F by > 71T+ 71U = 71U

Recall that b, = b’ Az € 9; where the {b'} form a bA¢; partition. We use Boolean manipulation
to infer
Aop F by D ¢; > T+ >erlU =0 > 71U
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