
Calculation of Contraction Metrics

Stability of an equilibrium in a dynamical system given by an ODE of
the form ẋ = f(x), x ∈ Rn, can be studied by a Lyapunov function.
Such a function measures in some way the distance of a point to the
equilibrium. An alternative method is to consider two solutions with
adjacent starting points and study whether the distance between them
decreases. If the distance decreases, then one can show that the long-
time evolution is the same, and they both converge to an equilibrium
point.
The distance can be measured with respect to the Euclidean, or with
respect to a general metric, described by a matrix-valued function
M :Rn → Rn×n, where M(x) is a symmetric, positive definite matrix.
Then ⟨v, w⟩x = vTM(x)w defines a point-dependent scalar product
for v, w ∈ Rn. One can derive a partial differential equation for this
function of the form

M ′(x) +Df(x)TM(x) +M(x)Df(x) = −I (1)

where M ′(x) = ∇M(x) · f(x) denotes the orbital derivative.
We will use a method to solve the matrix-valued partial differential
equation (1) using meshfree collocation.
The new element of the project is to apply the same computational
method to examples which do not have an asymptotically stable equi-
librium, but a saddle point, or an unstable equilibrium, for example.
The conjecture is that a metric, satisfying (1), can still be computed,
but it will not be positive definite any more. Instead, it will provide
information about the stable and unstable manifolds.
The project will include programming in MATLAB.
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