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Abstract

I The Projective Plane PG(2, q) over the finite field Fq consists of
q2 + q + 1 points, and q2 + q + 1 lines. There are q + 1 points on
each line, and q + 1 lines through each point.

I A k-arc, K, in PG(2, q) is a set of k points, where no 3 lie on the same
line. An arc is called complete if it is not contained in a larger arc.

I In this project I seek to fully classify the arcs in the plane PG(2, 37), that
is to find every complete arc up to projective equivalence.

Bounds on the sizes of arcs

I Letting m(2, q) denote the maximum size of a complete arc in
PG(2, q), Bose showed that

m(2, q) =

{
q + 2 if q is even
q + 1 if q is odd

I Finding the size of the smallest complete arc in the plane, denoted t(2, q),
is still an open problem, and the exact value of t(2, q) is only known for
q ≤ 32. It has been shown that

(i) t(2, q) ≤ 4
√
q− 9 for 37 ≤ q ≤ 211;

(ii) t(2, q) ≥
√
3q + 1/2 for q = ph, p prime, h = 1, 2, 3.

I The size of the second largest complete arc, denoted m′(2, q), is also of
interest, as it has strong implications in coding theory.

The plane of order 37

I In the plane of order 37, there are 1407 points and 1407 lines, with 38
points on a line, and 38 lines through a point. Each point can be
represented as a vector of three coordinates over Fq as in the following
table:

Point format Number of points

P(a0, a1, 1) q2

P(a0, 1, 0) q
P(1, 0, 0) 1

I A line in this plane contains 38 points, and any 2 points are on a unique
line.

I By the above bounds we have

(i) m(2, 37) = 37 + 1 = 38, the size of the largest complete arc
(ii) 11 ≤ t(2, 37) ≤ 15, bounds on the size of the smallest complete arc

Projectivities and Projective Equivalence

I For two subspaces S and S′ of PG(2, 37), a projectivity is a bijection
T : S→ S′ given by a non-singular 3x3 matrix A where
P(X)T = P(X′) if XA = tX′. Here, P(X) and P(X′) are points in S
and S′ with respective coordinate vectors X and X′, and t ∈ F37 \ {0}.
The group of projectivities is denoted PGL(n + 1, q) generally.

I A projectivity T is called cyclic if it permutes every point in PG(n, q) in
a single cycle. Hence, using an appropriate matrix A, we can generate each
point P(X) in the projective plane by

P(Xn) = AP(Xn−1) (mod q),X0 := (1, 0, 0).

The matrix A of a cyclic projectivity is of the form

A =

 1 0 0

0 1 0

a0 a1 a2


where a0, a1, a2 are coefficients the cubic polynomial

f(x) = x3 − a2x
2 − a1x− a0

with f(x) subprimitive over Fq.

I Two arcs X and Y in the plane PG(2, 37) are called projectively
equivalent if there exists a matrix A ∈ PGL(3, 37) such that a
projectivity T : X→ Y is given by A; that is, if they are transformed into
eachother by a linear change of coordinates, write X ∼ Y.

Generating the lines of PG(2,37)

Lemma 0.1 The line through the points P(X) and P(Y) in
PG(2, 37) is the set of points

L = {P(X + αY) ∪ P(Y) | α ∈ Fq}
Proof The 2-dimensional subspace over the vector space V containing

the vectors X and Y is

{aX + bY | a, b ∈ F37}
and the points represented by the elements of this set form the
line as

P(aX + bY) =

{
P(X + ba−1Y) if a 6= 0,
P(Y) if a = 0.

I Using this lemma we can generate every line as a set of points from a
unique pair of points in the plane.

Algorithm

I To calculate the arcs, a ”bottom-up” algorithm is used. We begin by
defining the fundamental frame as the points denoted {U0,U1,U2,U}
or equivalently {(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1)}. Every 4-arc is
projectively equivalent to this set. We know that no 3 points on an arc lie
on a line, so if we eliminate the points in the plane that lie on bisecants of
the frame (i.e. lines that intersect an arc at two points) then we are left
with the points that can be added to produce a 5-arc.

Data: n-arcs
Result: (n + 1)-arcs
for each n-arc do

Calculate the
(n
2

)
different pairs of points on the arc;

Calculate the bisecant lines on the plane through each pair;
Calculate the set S := PG(2, 37) \ {bisecants};
if this set of points is non-empty then

Add each point P ∈ S separately to the n-arc to obtain(n + 1)-arcs;
else

the n-arc is complete, no more points can be added;
end

end

I The iterative algorithm above takes as an input a set of n-arcs and
extends each to (n + 1)-arcs. The algorithm is implemented into the
programming language GAP, which contains all the necessary tools for
work in projective geometry. The first input is the fundamental frame.

Conclusion

I I have calculated tens of thousands unique complete arcs, with sizes
between 16 and 22, as shown:

Size of arc 16 17 18 19 20 21 22

Number of complete arcs 2 681 11064 16204 3816 169 1

I However, there are still millions more to calculate, of these sizes and others.
Despite successfully writing the algorithm and corresponding program to
complete this task, the iterative nature of the method means that a large
number of calculations need to take place to fully classify each arc in the
projective plane PG(2, 37), and it is estimated that over 300 years of
computational time on the world’s most powerful computers would be
required.

References

[1] J.W.P. Hirschfeld, Projective Geometries Over Finite Fields. Oxford
University Press, New York, 2nd edition, 1998

[2] Philippe Dreuw and Thomas Deselaers,
http://www-i6.informatik.rwth-aachen.de/∼dreuw/latexbeamerposter.php

Junior Research Associate sb545@sussex.ac.uk


