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1. Introduction

•Clustering within a network of contacts describes the
probability that a sub-group of individuals are completely
connected.

•Clustering has significant effects on final epidemic size
and the epidemic threshold. By using the network model
proposed by Newman [1] in conjunction with a model de-
veloped by us (KR-model), we investigate the effect of
clique-dependent transmission on final epidemic size and
compare results from the theoretical model to our model
based on real-world data [3].

2. Terminology and Definitions

• n-Clique: A group of n nodes that share every possible
connection.

• Epidemic Threshold: R0 is the number of secondary in-
fections caused by a typical index case. If R0 > 1 the
epidemic threshold has been breached and we expect
an epidemic to occur.

•MSI : Probability that an edge starts at a susceptible and
ends at an infected.

• nI
2/n

I
3: Number of I neighbors of a S via 2- and 3-clique

type links.
•Nodal Degree: Number of edges associated with a node.
• Pt: Probability that a pair of edges is a member of a 3-

clique.
• pl,t: Probability that a node is a member of l 2-cliques

and t 3-cliques.
• τ /γ: Transmission/Recovery rate.
• T2/T3:Rate of transmission over links in 2- and 3-cliques.

Figure 1: The local clustering coefficient of the red node:
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3. Newman Model

•We aim to construct networks that allow us to control the
clustering coefficient as well as other network variables
such as degree distribution, so fair comparisons can be
made. Following:
1. In a network with N nodes, each node is assigned x

corners (or pairs of edges), where x is chosen from a
negative binomial distribution (such that the mean and
the variance can be controlled).

2. A corner can form a 3-clique or by breaking it in two in-
dependent edges, a 2-clique. This allows us to control
clustering; for higher clustering coefficients more cor-
ners are allowed to form 3-cliques.

3. Two sets are created, a set of corners and a set of sin-
gle edges. For instance if node i has two corners and
four single edges, it will appear twice in the corner set
and four times in the singles set.

4. To form a 3-clique, 3 nodes are drawn without replace-
ment from the corner set and joined, single edges are
formed similarly. This process is repeated until both
sets are empty.

• This method ensures that 3-cliques are the largest pos-
sible completely connected clique that occur within the
network.

• The network structure of this model is given by the PGF:

g(x, y) =
∑
l,t

pl,tx
lyt. (3)
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Figure 2: Illustration of the networks generated using dif-
ferernt values of Pt. Higher values of Pt leads to higher
clustering as a direct result of higer frequency 3-cliques.

4. KR-Model

• The idea is to have a model where different clique dis-
tributions corresponding to different types of groups (i.e.
households / workplaces) generate the network.
1. A vector VN of length N , with sequential numbers from

1 to N is generated and its order randomized.
2. A group clique n, (2 ≤ n ≤ N) is selected from an ap-

propriate distribution, gn.
3. The elements in position V (1), V (2), ..., V (n) are as-

signed to this group and removed from VN .
4. This is repeated until all nodes are assigned to a clique.
5. To connect up isolated cliques a new clique-size distri-

bution is used and the above steps are repeated. This
ensures that the majority of nodes are members of at
least two different cliques.

5. Epidemic Dynamics

•We used the S-I-R (Susceptible-Infected-Removed)
continuous-time stochastic model. The network’s next
state is determined by its current state and corresponding
transition probabilities.

• The processes of infection and recovery are described by
Poisson processes (each event is independent and oc-
curs at random). The algorithm searches for all suscepti-
ble nodes, and in turn calculates their infectious pressure
and probabilistically determines whether infection will oc-
cur. Each infectious nodes recovers independently and
with the same rate:

P (Infection) = 1− e−(nI
2T2+nI

3T3)∆t, (4)
P (Recovery) = 1− e−γ∆t. (5)

• The full derivation of the system of differential equations
for this model is very technical. We only give a brief ex-
planation for one equation to provide some insight on the
underlying mathematics.

•Rather than working on a node by node basis we identify
where in the network S − I edges occur, and then de-
scribe the flux between the possible states of the edges.

ṀSI = −MSI(γ + τ ) + (T2δl,l + T3δt,l)(
MSS

MS
− MSI

MS
) (6)

• The δl,t functions describe the probability of traveling
down an edge that is a member of l 2-cliques, arriving
at a susceptible node that is a member of t 3-cliques.
T2δl,l + T3δt,l describes the infectious pressure on a node
that we arrive at by traveling across a random edge.

•Given that we travel from a S node and arrive at an
S node, the amount of MSI links is added at a rate
T2δl,l + T3δt,l.

•Given that we travel from a S node and arrive at an I node
the amount of MSI is subtracted at a rate T2δl,l + T3δt,l.

6. Results

• Increased clustering decrease the final epidemic size as
well as the epidemic threshold; with higher clustering the
frequency of two nodes sharing a common neighbour and
competing for hosts increases.
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Figure 3: Pt = 0, Pt = 0.5 and Pt = 1 have mean local clus-
tering coefficients of 0.001, 0.179 and 0.369 respectively with
the same infection rate across all cliques. T2 = T3 = τ
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Figure 4: T3 = 4 − T2 with Pt = 0, Pt = 0.5 Pt = 1 giving
mean local clustering coefficients of 0.001, 0.184 and 0.360
respectively.

• In a network with well-mixed 2 and 3-cliques, an epidemic
will only occur with moderate rates of infection for within
both 2- and 3-cliques. An infection that has a bias spread-
ing within a certain clique type, will not be able to ’bridge
the gap’ created by the opposing clique type. Allowing
for a higher rate of transmission between 3-cliques re-
duces the epidemic threshold, however this still does not
negate the competition for hosts inherent in such an en-
vironment.

• The mean degree has drastic effects on the final epi-
demic size and epidemic threshold. In a denser network,
with more edges, infectious nodes have more candidates
for infection which leads to smaller epidemic threshold
and higher final epidemic size.

• In this, the effect of increasing variance of the degree dis-
tribution is very subtle, it inhibits the spread of infection;
to compensate for a few nodes with high degree, there
must be many poorly connected nodes that are difficult
to reach, supporting the conclusions drawn in [2].

7. The Two Models
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Figure 5: For these two models mean degree and cluster-
ing coefficients were kept equal.

• The strict control over the network in the Newman model
leads to undesired effects such as the formation of iso-
lated nodes. We modified the Newman model so that no
isolated nodes were formed.

• In the KR-model, despite similar clustering coefficients
and similar mean degree, we see a significantly reduced
epidemic threshold. The KR-model allows for much big-
ger cliques which ensure good initial exposure to infec-
tion thus minimising competition. As more S nodes are
removed, competition for hosts yet again inhibits disease
spread.

• In networks with large cliques, the connectivity between
these will play a significant role in the transmission of the
disease as poor between cliques connectivity will inhibit
event initially potent epidemics.

8. Conclusion

• It is very difficult to generate networks such that the clus-
tering coefficient, as well as degree distribution can be
controlled without having undesirable effects such as iso-
lated nodes or spurious higher order network structure.

•Clique size and it distribution as well the interconnected-
ness have a wide range of effects on the network struc-
ture and this in turn need to be considered when gener-
ating and comparing networks.

•Clique-dependent transmission rates are more realistic
and can produce significantly different output when com-
pared to a single transmission rate. However, these dif-
ferences will depending on the disease and human be-
haviour, and as such, it can or can’t be significant.

• The comparison between the KR-model and the New-
man model illustrate the need for better understanding,
description and control of types of clustering or clique-
ness within networks and its impact on epidemic spread.

•Developing rigorous mathematical models for highly
structured networks is a great challenge and will help to
make progress in all the above.
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