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@ Motion of a curved antiphase boundary (APB)
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Allen and Cahn (1979)

@ Motion of a curved antiphase boundary (APB)

@ APB: Planar defect in polycristalline materials
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e Interfacial motion theory: Smoluchowski (1951), Turnbull
(1951)
V = pox
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o Interfacial motion theory: Smoluchowski (1951), Turnbull
(1951)
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@ V interfacial velocity,
@ 1 mobility,

@ o surface free energy per unity area,
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Motion by Mean Curvature

Interfacial motion theory: Smoluchowski (1951), Turnbull
(1951)
V = uox

V interfacial velocity,
u mobility,
o surface free energy per unity area,

K mean curvature of the interface.



Allen—Cahn Equation
©00®00

Motion by Mean Curvature

Allen and Cahn (1979)

uy = e2Au—f(u) in Qx (0,00),
du — on 3Q) x (0, 00), (ACE)

u(x,0) = up(x) inQ,

e O C RY open, bounded, 90 smooth, N > 2,
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Motion by Mean Curvature

Allen and Cahn (1979)

uy = e2Au—f(u) in Qx (0,00),
u _ on 9Q x (0, c0), (ACE)
u(x,0) = up(x) inQ,

e O C RY open, bounded, 90 smooth, N > 2,
@ u: () x[0,00) — R order parameter,

@ ¢ >0,
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Motion by Mean Curvature

Allen and Cahn (1979)

uy = e2Au—f(u) in Qx (0,00),
du _ on 0Q) x (0, c0), (ACE)
u(x,0) = u(x) inQ,

e O C RY open, bounded, 90 smooth, N > 2,

@ u: () x[0,00) — R order parameter,

@ ¢>0,
e f(s) = W/(s), W double-well potential.
Prototype

W(s) = %(52 —1e
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Motion by Mean Curvature

Allen—Cahn Equation
ur =eAu—ud+u in Qx(0,00),

=0 on 9Q) x (0, c0), (ACE)
u(x,0) = up(x) in O,

L2(Q) gradient flow

Fg(u):/ [1(u2—1)2+82|VU|2 dx.
a4

@ —1 and 1 two phases of the crystal,
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Motion by Mean Curvature

Allen—Cahn Equation

ur =eAu—ud+u in Qx(0,00),

=0 on 9Q) x (0, c0), (ACE)
u(x,0) = up(x) in O,

L2(Q) gradient flow

Fg(u):/ [1(u2—1)2+82|VU|2 dx.
a4

@ —1 and 1 two phases of the crystal,

e ¢2|Vul? penalizes interfaces.
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@ Allen and Cahn (1979):
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@ Allen and Cahn (1979):

o u, solution of (ACE),
o as ¢ — 0 formally {u, = 0} approaches an hypersurface

V = ux
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@ Allen and Cahn (1979):

e u; solution of (ACE),
o as ¢ — 0 formally {u; = 0} approaches an hypersurface

V = ux

e NO 0o surface free energy per unity area.
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Motion by Mean Curvature

@ Allen and Cahn (1979):

e u; solution of (ACE),
o as ¢ — 0 formally {u; = 0} approaches an hypersurface

V = ux
e NO o surface free energy per unity area.

e Evans, Soner, and Souganidis (1992): level set approach and
viscosity solutions Evans and Spruck (1991-1995), Chen, Giga,
and Goto (1991).
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Motion by Mean Curvature

@ Allen and Cahn (1979):
e u; solution of (ACE),
o as ¢ — 0 formally {u; = 0} approaches an hypersurface
V = ux
e NO o surface free energy per unity area.

e Evans, Soner, and Souganidis (1992): level set approach and
viscosity solutions Evans and Spruck (1991-1995), Chen, Giga,
and Goto (1991).

@ Ilmanen (1993), Soner (1997), Sato (2008) (using Réger and
Schitzle (2006)): Brakke's varifolds moving by mean
curvature.
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Motion by Mean Curvature

@ Allen and Cahn (1979):

e u; solution of (ACE),
o as ¢ — 0 formally {u; = 0} approaches an hypersurface

V = ux
e NO o surface free energy per unity area.

e Evans, Soner, and Souganidis (1992): level set approach and
viscosity solutions Evans and Spruck (1991-1995), Chen, Giga,
and Goto (1991).

@ limanen (1993), Soner (1997), Sato (2008) (using Réger and
Schitzle (2006)): Brakke's varifolds moving by mean
curvature.

@ Mugnai and Réger (2008): Gamma convergence by gradient
flows Sandier and Serfaty (2004).
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Dynamics

ux(a, t) = ux(b,t) =0 t € (0,00),

{ Up = Uy — U3+ u (x,t) € (a,b) x (0,00),
u(x,0) = up(x) x € (a,b),

@ ug smooth with m simple zeros

AWATIIR
l/x AW ux
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Dynamics

Phase I: Formation of Interfaces
uy = £2uXX — 8 —+u

@ ¢ < 1 for small times t < 1, €2 uy, negligible

WX E)
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Dynamics

Phase I: Formation of Interfaces
uy = £2uXX — 8 —+u

o ¢ < 1 for small times t < 1, €2uy negligible
o u~—ud+u

WX E)

+ |

oot
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Dynamics

Phase II: Slow Motion
uy = e2uxx — 8 +u

o £2uy no longer negligible

WX E)

I
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Dynamics

Phase IlI: Disappearance of Interfaces

U :€2uXX—U3+u

@ when interfaces are close enough to a or b or to each other,
they disappear quickly

el r——-"

v

X XB
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Previous Results: The 1-Dimensional Case

Slow Motion: The Dynamical Approach

up=uw — > +u  (x,t) € (a b) x (0,00),
uc(a, t) = ux(b,t) =0 t € (0,00),
u(x,0) = up(x) x € (a, b),

@ Fusco and Hale (1989), invariant manifold of step-like
functions
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Slow Motion: The Dynamical Approach

up=uw — > +u  (x,t) € (a b) x (0,00),
uc(a, t) = ux(b,t) =0 t € (0,00),
u(x,0) = up(x) x € (a, b),

@ Fusco and Hale (1989), invariant manifold of step-like
functions

o Carr and Pego (1989), speed of order ce/¢:

dxa(t) _ 64 [e—\/i(xn(t)—xn L(D)/e _ g V2 lxnar(t)—xn(1)) /€
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Previous Results: The 1-Dimensional Case

Slow Motion: The Dynamical Approach

up=uw — > +u  (x,t) € (a b) x (0,00),
uc(a, t) = ux(b,t) =0 t € (0,00),
u(x,0) = up(x) x € (a, b),

@ Fusco and Hale (1989), invariant manifold of step-like
functions

fc/s:

o Carr and Pego (1989), speed of order ce

dxa(t) _ 64 [e—ﬁ(xﬂ(r)—xmt))/e —e

—ﬂ(xnﬂ(t)—xn(r))/s]
dt €

o Chen (1992), N > 1.
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach
Ge(u) = /b [%(ﬁ —1)2 el |?| dx.

o If ue € H*(a, b) and ue — ug in L1(a, b),
uo € BV ((a,b); {—1,1}),

liminf Ge(ue) > com
e—07F
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

br1
Gg(u):/a [48(u2—1)2+8|u’|2 d.

o If u: € H'(a, b) and ue — wp in L!(a, b),
up € BV((a b);{-1,1}),

Iig(i)rlf Ge(ug) > cgm

° = f_ll VW (s)ds =2v/2/3,
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

br1
Gg(u):/a [4€(u2—1)2+8|u’|2 d.

o If u: € H'(a, b) and ue — wp in L!(a, b),
up € BV((a b);{-1,1}),

Iieﬂ(i)rlf Ge(ug) > cgm

° ¢p:= f_ll VW (s)ds =2v/2/3,

@ m number of jumps of wug,
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Slow Motion: The Energy Approach

br1
Gg(u):/a [4€(u2—1)2+8|u’|2 d.

If ue € H'(a, b) and u; — ug in L'(a, b),
up € BV((a b);{-1,1}),

'Lﬂéﬂf Ge(ug) > cgm

= f_ll VW (s)ds = 2v/2/3,

m number of jumps of ug,

Carr, Gurtin, and Slemrod (1984) for N = 1, Modica (1987),
Sternberg (1988) for N > 1,
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

br1
Gg(u):/a [4€(u2—1)2+8|u’|2 d.

If ue € H'(a, b) and u; — ug in L'(a, b),
up € BV((a b);{-1,1}),

'L@é{lf Ge(ug) > cgm

Q= f_ll VW (s)ds =2v/2/3,

m number of jumps of ug,

Carr, Gurtin, and Slemrod (1984) for N = 1, Modica (1987),
Sternberg (1988) for N > 1,

e Modica and Mortola (1979) W (s) = sin? (7ts),
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach
If ue € H'(a, b) and ue — ug in L1(a, b),

“;E(i)rlf Ge(ug) > com

Uo
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Improved Energy Estimate, |

b1
Gs(u):/a [48(u2—1)2+8|u’|2 d.

Theorem (Bronsard and Kohn (1990))

For every k € IN there exist ; > 0, C, > 0 such that if
u € H(a, b) and ||u — ugl|;1 < b,

Gg(u) > Ccom — CkEk.
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Algebraic Slow Motion

Ut:€2UXX—u3—|—u (X, t) S (3, b) X(0,00),
ux(a, t) = ux(b,t) =0 t € (0,00), (AC)
u(x,0) = uge(x) x € (a,b).

Theorem (Bronsard and Kohn (1990))
For every k € N, if uge € H'(a, b), upe — up in L'(a, b) and

Gs(UO,s) < cm+ sk'

then solutions u of (AC) satisfy for every n > 0,

b
lim  sup |ue(x, t) — up(x)| dx = 0.
e=0% o<p<pe—k Ja
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Improved Energy Estimate, Il

b1
Ge(u):/a [48(u2—1)2+8|u'|2 d.

Theorem (Grant (1995))

For every L > 0 there exist § > 0, C > 0 such that if u € H!(a, b)
and ||u— w1 <9,

Ge(u) > qgm — Ce /¢,
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Exponential Slow Motion

Ur = g — 3 +u (x,t) € (a,b) x (0,00),
uc(a, t) = ux(b,t) =0 t e (0,00), (AQ)
u(x,0) = up(x) x € (a,b).

Theorem (Grant (1995))

For every L > 0, if up. € H*(a, b), g — ug in L*(a, b) and

Ge(UO,s) < com+ G_L/S|

then solutions u; of (AC) satisfy

b
lim  sup |ug(x, t) — up(x)| dx = 0.
e—07 0<t<e-L/ceJa
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Sharp Energy Estimate, Il
1
Ge(u) = / [(u2 —1)? +€|u'|2} dx.
T | 4¢

Theorem (Bellettini, Nayam, Novaga (2013))

For every {us} C HY(T) with ug — ug in L*(T), there exist
dne — Xnt1 — Xp, n =1, ..., m, such that

Ge(ug) > cgm — 16V2 Z e~ V2dne/e +o0 (e‘3ﬁd"'€/(2€)> ,

n=1

o T one-dimensional torus.
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

Sharp Energy Estimate, Il
1
Ge(u) = / [(u2 —1)? +€|u'|2} dx.
T | 4¢

Theorem (Bellettini, Nayam, Novaga (2013))

For every {us} C HY(T) with ug — ug in L*(T), there exist
dne — Xnt1 — Xp, n =1, ..., m, such that

Ge(ug) > cgm — 16V2 Z e~ V2dne/e +o0 (e‘3ﬁd"'€/(2€)> ,

n=1

o T one-dimensional torus.

@ This inequality is sharp.
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Previous Results: The 1-Dimensional Case

Slow Motion: The Energy Approach

The gradient flow of

Go(x1, ...\ Xm) := com — 16V/2 2 e V20xn1—x) /e
n=1

is given by
dX,,(t) . dGy
dt  9x, (1, m)
_ o [efmxn(t)fxnfl(r))/s o V2l () x(t) /e
€

@ recover the results of Carr and Pego (1989).
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Previous Results: The N-Dimensional Case

Slow Motion: The N-Dimensional Case

up = e2Au—ud+u in Qx(0,00),
u =0 on 9Q) x (0, ),
u(x,0) = ug(x) in ),

Dynamical Approach:

e Kowalczyk (1997), dynamics of a straight interface on a
special domain,

Energy Approach:
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Slow Motion: The N-Dimensional Case

up =e2Au—ud+u in Qx(0,00),

u =0 on 9Q) x (0, ),
u(x,0) = ug(x) in ),

Dynamical Approach:
e Kowalczyk (1997), dynamics of a straight interface on a
special domain,
e Ei and Yanagida (1997), dynamics of a straight interface on a
strip-like domain,

@ Alikakos, Bronsard, Fusco (1998), dynamics of a ball for
nonlocal Allen—Cahn equation

Energy Approach:
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Previous Results: The N-Dimensional Case

Slow Motion: The N-Dimensional Case

up =e2Au—ud+u in Qx(0,00),

u =0 on 9Q) x (0, ),
u(x,0) = ug(x) in ),

Dynamical Approach:
e Kowalczyk (1997), dynamics of a straight interface on a
special domain,
e Ei and Yanagida (1997), dynamics of a straight interface on a
strip-like domain,
@ Alikakos, Bronsard, Fusco (1998), dynamics of a ball for
nonlocal Allen—Cahn equation

Energy Approach:
@ Bronsard and Kohn (1991), radial case.
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

@ Free energy

Fg(u):/ [1(u2—1)2+82]VU|2 dx.
a4
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

@ Free energy
F(u):/ P =12+ 2|Vul?| dx
& 0 4 .

e O C RN open, bounded, container
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

@ Free energy

1
Fs(u):/ﬂ[z(u2—1)2+€2|VU|2 dx.

e OCRVN open, bounded, container
o u: 0 — IR, density of a fluid,

Slow Motion
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

@ Free energy

1
Fs(u):/ﬂ[z(u2—1)2+€2|VU|2 dx.

e OCRVN open, bounded, container
o u:0) — R, density of a fluid,
° fQ udx = m, where m total mass of the fluid,

Slow Motion
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

@ Free energy
1
Fe(u) = / [(u2 —1)2 +&|Vul?| dx.
o4

e OCRN open, bounded, container
o u:0) — R, density of a fluid,
° fQ udx = m, where m total mass of the fluid,

@ Van Der Waals (1893), Cahn and Hilliard (1958), Gurtin
(1987)
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions

_ 1.0 v 2
Gg(u)_/@[%(u 1) 4 ¢|Vu|~| dx.

o If ug € HY(Q), [ uedx =m, and ug — v in L1(Q)),
ueBV(Q;{-1,1}),

liminf Ge(ue) > co Perq ({u=1}),

e—07t

Slow Motion
0000000000
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions
Ge(u) :/ i(u2 —1)% +¢|Vul?| dx
¢ O | de '
o If ug € HY(Q), [ uedx =m, and ug — v in L1(Q)),
ue BV(Q; {-11}),

liminf Ge(ug) > co Perq ({u=1}),

e—07t

@ Perq ({u=1}) surface area of d {u =1} in O,
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Main Results

Slow Motion: The Energy Approach

Van Der Waals— Cahn—Hilliard Theory for Phase Transitions
Ge(u) :/ i(u2 —1)% +¢|Vul?| dx
¢ O | de '
o If ug € HY(Q), [ uedx =m, and ug — v in L1(Q)),
ue BV(Q; {-11}),

Iim(i)rlf Ge(ue) > g Perq ({u=1}),
e—
@ Perq ({u = 1}) surface area of 9 {u =1} in Q,

e Carr, Gurtin, and Slemrod (1984) for N = 1, Modica and
Mortola (1979), Modica (1987), Sternberg (1988) for N > 1.
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Main Results

Slow Motion: The Energy Approach
Global minimizers uy of
Go(u) :=cgPerq {u=1}), wveBV(Q;{-11}), /Q udx =m,

are of the form
up = —1xa\g + 1XE.

where Ey C Q) minimizer of

min {PerQ (E): E C Q, E measurable, meas(E) = }

@ Ky is regular for N < 7, has constant mean curvature x,
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where Ey C Q) minimizer of

min {PerQ (E): E C Q, E measurable, meas(E) = } :

o Ey is regular for N < 7, has constant mean curvature x,

o if ) is regular, then Ey meets Q) transversally,
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Main Results

Slow Motion: The Energy Approach
Global minimizers uy of
Go(u) :=cgPerq {u=1}), wveBV(Q;{-11}), /Q udx =m,

are of the form
up = —1xa\g + 1XE.

where Ey C Q) minimizer of

min {PerQ (E): E C Q, E measurable, meas(E) = } :

o Ey is regular for N < 7, has constant mean curvature x,
o if ) is regular, then Ey meets dQ) transversally,
e Gonzalez, Massari and Tamanini (1983), Griiter (1987)
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Main Results

Slow Motion: The Energy Approach

Sharp Energy Estimate

Ge(u) = /Q [Lllg(u2 —1)° +£]Vu|2] dx.

Theorem (G.L. and Murray)

Let QO C RN be open, bounded, of class C>*, & > 0. Then for L'

a.e. mass m and for every {u} C H*(Q) with [ u: dx = m and
ue — ug in L1(Q),

Ge(ue) > cp Perq (Ey) — MK% +o(e).

@ This inequality is sharp.

«
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Main Results

Slow Motion: The Energy Approach

1
G‘c_(u):/n[2‘3€|u2—1]5—1—8]Vu]2 dx, 1<p<2.

Theorem (G.L. and Murray)

Let QO C RN be open, bounded, of class C>*, & > 0. Then for L'

a.e. mass m and for every {u} C H*(Q) with [ u: dx = m and
u:. — U in Ll (Q),

Ge(ug) > cgPerq (Eo) + o (¢).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis u, = 1 on 9Q).
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Main Results

Slow Motion: The Energy Approach

1
G‘c_(u):/n[2‘3€|u2—1]5—1—8]Vu]2 dx, 1<p<2.

Theorem (G.L. and Murray)

Let QO C RN be open, bounded, of class C>*, & > 0. Then for L'

a.e. mass m and for every {u} C H*(Q) with [ u: dx = m and
u:. — U in Ll (Q),

Ge(ug) > cgPerq (Eo) + o (¢).

e Dal Maso, Fonseca and G.L. (2015) under the additional
hypothesis v, = 1 on 9Q).

e £y = Ball compactly contained in Q).
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Main Results

Why for a.e. Mass?

@ Isoperimetric function

Ia(s) := min{Perq (E) : E C () measurable,

meas(E) = s}.

Slow Motion
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Main Results

Why for a.e. Mass?

@ Isoperimetric function

Ia(s) := min{Perq (E) : E C () measurable,

meas(E) = s}.

@ Need I to satisfy a Taylor formula of order 2 at

meas(Q) —m
2

Sm —

Slow
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@ Need I to satisfy a Taylor formula of order 2 at

meas(Q) —m

Sm 1= 5
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Main Results

Why for a.e. Mass?

@ Isoperimetric function

Ia(s) := min{Perq (E) : E C () measurable,
meas(E) = s}.

@ Need I to satisfy a Taylor formula of order 2 at

meas(Q) —m

Sm 1= 5

o If Q) of class C? = I semi-concave Bavard and Pansu (1986)

e If Q) of class C? = I satisfies a Taylor formula of order 2 at
L ae. s.
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Main Results

Main Tools

Asymptotic development by Gamma convergence. Anzellotti
and Baldo (1993)

Anzellotti, Baldo, and Orlandi (1996) W(s) = s.

A type of rearrangement for Neumann problems Cianchi,
Edmunds, and Gurka (1996).

o Gamma convergence for weighted 1-dimensional functional

(]

He(u) = /_TT [418(Lﬂ 12 el P wl(t) dt.

In the radial case w(t) = t"~1 Niethammer (1995)
Sternberg and Zumbrun (1998, 1999)
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Slow Motion: Non Local Allen—Cahn Equation

Murray and Rinaldi

up = &Au— 1P+ u+A in Qx (0, 00),

3—520 on 9Q) x (0, c0),
u(x,0) = uge(x) in Q,
e A(t) = m Jo (3 (x,t) — u(x, t)) dx Lagrange multiplier

accounting for [, u(x, t) dx =m,
@ proposed by Rubinstein and Sternberg (1992).
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Slow Motion: Non Local Allen—Cahn Equation

Murray and Rinaldi

up = —1xa\g + 1XE.

where Ey C Q) minimizer of

min {PerQ (E): E C Q, E measurable, meas(E) = } :
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Slow Motion: Non Local Allen—Cahn Equation

up = e2Au— 13 +u+A in Qx (0,00),
=0 on 9Q) x (0, %),
u(x,0) = uge(x) in Q,

Theorem (Murray and Rinaldi)

Let QO C RN be open, bounded, of class C>*, & > 0. Then for L*
a.e. mass m, if {up} C L?(Q)), fQ Upedx =m, uge — U in

L1(Q)), and
Gg(uoy‘c_) < ¢g Perg (Eo) + &,

then for every M > 0 solutions ue of (NAC) satisfy

lim  su Ug(x, t) — ug(x)| dx = 0.
A, 2 - lue(x, ) = tg(x)]

Slow Motion

(NAC)
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Slow Motion: Non Local Allen—Cahn Equation

ur = 2Au— 3 +ut+A in Qx(0,00),
3—5:0 on 9Q) x (0, 00),
u(x,0) = up(x) in Q,

Murray and Rinaldi

up = —1xo\g + XK.
where Ey C Q) minimizer

e Ey =Balle () Done

Slow Motion

(NAC)
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Slow Motion: Non Local Allen—Cahn Equation

ur = 2Au— 3 +ut+A in Qx(0,00),
3—5:0 on 9Q) x (0, 00),
u(x,0) = up(x) in Q,

Murray and Rinaldi

up = —1xo\g + XK.
where Eg C Q) local minimizer

e Ey =Balle Q) Done

@ £ isolated local minimizer In preparation.

Slow Motion

(NAC)
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Slow Motion: Swift-Hohenberg Equation

Fonseca, G.L., Harapetyan and Rinaldi
1
u + E2yA%u — Au+ 2 (u— u3) = 0.

@ Proposed by Swift and Hohenberg (1977) to study
Rayleigh-Bénard convection.

@ Shape deformation of unilamellar membranes undergoing an
inplane phase separation:

o Leibler and Andelman (1987); Kawakatsu, Andelman,
Kawasaki, and Taniguchi (1993); Taniguchi, Kawasaki,
Andelman, and Kawakatsu (1994); Seul and Andelman (1995);
Ren and Wei (2004); etc...

@ Thermodynamics of periodic phases:
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Slow Motion: Swift-Hohenberg Equation
Fonseca, G.L., Harapetyan and Rinaldi
u + E2yA%u — Au+ 8% (u— u3) = 0.

@ Proposed by Swift and Hohenberg (1977) to study
Rayleigh-Bénard convection.

@ Shape deformation of unilamellar membranes undergoing an
inplane phase separation:

o Leibler and Andelman (1987); Kawakatsu, Andelman,
Kawasaki, and Taniguchi (1993); Taniguchi, Kawasaki,
Andelman, and Kawakatsu (1994); Seul and Andelman (1995);
Ren and Wei (2004); etc...

@ Thermodynamics of periodic phases:

o Leizarowitz and Mizel (1989); Coleman, Marcus, and Mizel
(1992); Peletier and Troy (1997); Mizel, Peletier, and Troy
(1998); Bonheure, Sanchez, Tarallo, and Terracini (2003);
etc...
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Slow Motion: Swift-Hohenberg Equation

Fonseca, G.L., Hayrapetyan and Rinaldi

1
ut+82’)fA2u—Au+£—2 (u— u3) =0.

@ Proposed by Swift and Hohenberg (1977) to study
Rayleigh-Bénard convection.

e Gamma Convergence:

o Cicalese, Spadaro and Zeppieri (2011), Chermisi, Dal Maso,
Fonseca, and G.L. (2011), Fonseca, Hayrapetyan, G. L. and
Zwicknagl (2014).
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Definition
X metric space, Fg(o) : X — (—00, 00] has a I'-asymptotic

development of order k,

FOLFO 4 eF@ 4.y ekF) 4o (€k> !
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Gamma-Asymptotic Developments: First Example
Anzellotti and Baldo (1993)
FO (u) ;:/ (W (u) + 2| Vul?) dx
Q

if ue H' (Q), u= g on 3Q, Fg(o)(u) := oo otherwise in L! (Q)).

e OCRN open, bounded, connected, C? boundary,

Theorem (Anzellotti & Baldo)

,_—8(0) L FO) 4 efF) £ 2F@) 4 o (€2), where
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e OO C R" open, bounded, connected, C? boundary,
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e g :9Q) — [a, d], Lipschitz continuous.

Theorem (Anzellotti & Baldo)

,_—8(0) L FO) ;) £ 2F@) 4 o (¢2), where
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Gamma-Asymptotic Developments: First Example
Anzellotti and Baldo (1993)
FO (u) ;:/ (W (u) + 2| Vul?) dx
Q

if ue H' (Q), u= g on 3Q, Fg(o)(u) := oo otherwise in L! (Q)).
e OO C R" open, bounded, connected, C? boundary,
o W1 ({0}) =1a b]U]c, d], where a < b< c < d,
e g:9Q) — [a, d], Lipschitz continuous.

Theorem (Anzellotti & Baldo)

FO L FO 4 eFW) 4 2F? 40 (&), where
o FO (u):= [y W (u) dx ifu € L} (Q),
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FOw) = [ (W () +&[Tul?) dx

if ue H1 (Q), u= g on 30, Fg(o)(u) := oo otherwise in L! (Q)).
Theorem (Anzellotti & Baldo)

Fg(o) L FO) 4 eFW) £ 2F@ 4 (2), where
o ifu€[ablUlc d] ae inQ and Perq (u™! ([c,d])) < o0

F(l) (u) ¢ = 2C0 PerQ( -t ([C, d]))
_|_2/ |® (u) — P (g)| dHN!

and FV)(u) := oo otherwise in L' (Q)),

Modica (1987)
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FOw) = [ (W () +&[Tul?) dx

if ue H1 (Q), u= g on 30, Fg(o)(u) := oo otherwise in L! (Q)).
Theorem (Anzellotti & Baldo)

FO L FO 4 eFM) 4 2F? 40 (62), where
o ifu€[ablUlc d] ae inQ and Perq (u™! ([c,d])) < o0
FO (u) : = 2¢ Perq (vt ([c d]))
+2 [ [0 -2 ()] dH"?
and F( )( ) := oo otherwise in L! (Q)
fb VW (s)ds, q:=®(c f VW (s)ds

Modica (1987)
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0 [ W)

if ue H1 (Q), u= g on 30, Fg(o)(u) := oo otherwise in L! (Q)).

Theorem (Anzellotti & Baldo)

Fg(O) ; F(O) +£F(1) +€2F(2) + o (82), where

F@ (u) := fol |u"|? dx if
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e N=10=(0,1), g(0):=up € (a,b),
g(1):=u € (¢ d),

0 [ W)

if ue H1 (Q), u= g on 30, Fg(o)(u) := oo otherwise in L! (Q)).

Theorem (Anzellotti & Baldo)

Fg(O) ; F(O) +£F(1) +€2F(2) + o (82), where

F@ (u) := fol |u"|? dx if
® u€lablUlcd] ae in(01),
u=t([c,d]) = (x0,1), for some 0 < x < 1,
u € H' ((x0,1)) N H' ((0,%0)),
u(0)=uw, u_(x)=b ur(x)=c u(l)=u
and F?)(u) := oo otherwise in L' (Q)).
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Gamma-Asymptotic Developments: Second Example

Anzellotti, Baldo, and Orlandi (1996)
©) ¢,y .— 2, 2 2
Fe'(u) .—/Q(u + €%|Vu|?) dx

if ue H' (Q) and u = g on 9Q), and FE(O)(u) := oo otherwise in
L' (RM).

e O C R open, bounded, connected, C3 boundary,
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Gamma-Asymptotic Developments: Second Example

Anzellotti, Baldo, and Orlandi (1996)
©) ¢,y .— 2, 2 2
Fe'(u) .—/Q(u + €%|Vu|?) dx

if ue H' (Q) and u = g on 9Q), and FE(O)(u) := oo otherwise in
L' (RM).

o OO C R" open, bounded, connected, C3 boundary,
0 gc(C?(00),g>0
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Fg(o)(u) = /Q(u2—|—€2|Vu|2) dx

if ue H (Q) and u = g on 9Q), and FS(O)(U) := oo otherwise in
L1 ().

Theorem (Anzellotti, Baldo, & Orlandi)

Fg(O) L F(0) +eFM L 2F@) 4 o (82) '
where

o FO (u):= [ u?dx ifue L2(Q) and FO)(u) := oo
otherwise in L (Q)),
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Fg(o)(u) = /Q(u2—|—€2\Vu]2) dx

if ue H' (Q) and u = g on 9Q), and Fg(o)(u) := oo otherwise in
L Q).

Theorem (Anzellotti, Baldo, & Orlandi)

FE(O) L F(O) e 8F(1) + ng(z) + o (82) 7

where

Y F(l) (u) 0= faﬂ g2 dHN_l ifu=0 a.e. in Q) and
FM)(u) := co otherwise in L' (Q)),
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FS(O)(U) = /Q(u2+82\Vu|2) dx

if ue H1 (Q) and u = g on 9Q), and Fe(o)(u) := o0 otherwise in
L' (Q).

Theorem (Anzellotti, Baldo, & Orlandi)

FOLFO L er® 4 2F@ 46 (&),
where

o F@ (u):= —% fan2K1 dHN=1 ifu=0 a.e inQ and
F@)(u) := oo otherwise in L (Q}),
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FS(O)(U) = /Q(u2+82\Vu|2) dx

if ue H1 (Q) and u = g on 9Q), and Fe(o)(u) := o0 otherwise in
L' (Q).

Theorem (Anzellotti, Baldo, & Orlandi)

FOLFO L er® 4 2F@ 46 (&),
where

o F@ (u):= —% fan2K1 dHN=1 ifu=0 a.e inQ and
F@)(u) := oo otherwise in L (Q}),

o for x € 0Q), Ki (x) is the symmetric curvature of order 1 at x.

v
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Gamma-Asymptotic Developments: Cahn-Hilliard

FS(O)(u) = /Q (v —1)* +€|Vul?) dx
if ue H' (Q), [qudx=mand FS(O)(U) := oo otherwise in
L (Q).

,:8(0) L £ +eFM L 2F@) 4o (82) .

Anzellotti, Baldo, and Orlandi (1996)

Problem

Is F) a functional depending on the curvature of the jump
surface?
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FS(O)(U) — /]R2 (<u2 _ 1)2 _|_g2|Vu|2) dx

if u € Hl (1R2) j]R2 (u(x)+1) dx = 2and F\V (1) == oo
IR?).

loc
otherwise in L} _ (

Theorem (Dal Maso, Fonseca, Focardi, & G.L.)

FE(O) LFO) 4 epM 4 2F@) 4 (82) :

where
F =o.
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