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Introduction

The wave equation is a second order linear PDE that describes wave propagation phenomenon such as those of electromagnetic waves (light) and sound waves. Its
appearance is endemic in many areas of Mechanics, Hydrodynamics, Theoretical Physics and General Relativity. Greater understanding of the local and global
existence and stability, in various nonlinear contexts, is of tremendous scientific value and practical significance. Strichartz estimates are invaluable tools in the study
of global existence and stability of certain classes of time evolution PDEs (of dispersive type), primarily nonlinear waves and Schrodinger equations [1, 3].

1. The Wave Equation

The Cauchy initial value problem for the wave
equation in R1+3 is:

✷u := utt − ∆u = F (t, x),
u(0, x) = f(x),

∂tu(0, x) = g(x). (1)

This can be solved using a variety of techniques
but here we will exclusively focus on solvability via
the Fourier transform method.

2. Fourier Analysis

Fourier analysis is the study of the way in which
functions can be represented as a sum or integral
of periodic complex exponentials.

Figure: Fourier transform of a characteristic function

For f ∈ L1(Rn) the Fourier transform (FT ) is
defined as,

f̂(ξ) =

�

Rn

f(x)e−2πixξdx. (2)

3. FT solution of the R1+3 wave equation

Apply FT to the initial value problem from
Section 1. Then

�∂2
t u(t, ξ) − �∆u(t, ξ) = 0,

�∂2
t u(t, ξ) − | − 2πiξ|2û(t, ξ) = 0.

This is an ODE with solutions:

u(t0, x) =
1

4πc2t0

��

S
f(x)dS

+
∂

∂t0

�
1

4πc2t0

��

S
g(x)dS

�
(3)

4. Restriction of the Fourier transform

Let S ⊂ Rn be a smooth sub-manifold such as a
compact hypersurface. Using the restriction
mapping Rf = f̂ |S seek,

�Rf�Lq(S) ≤ c�f�Lp(Rn). (4)

For p = 1 by the Riemann-Lebesgue lemma:
f̂ ∈ C0, �f̂�L∞ ≤ �f�L1, while for p = 2, by
Plancherel (�f̂�L2 = �f�L2), but not:

�f̂�L2(S) ≤ c�f�L2(Rn) ∀f ∈ S(Rn)

� We expect the restriction property to hold in
1 ≤ p < 2.

� We require a non-vanishing Gaussian curvature on
our manifold, therefore no developable surfaces
such as cylinders and planes are allowed.

� Perhaps the easiest manifold we can consider is
the sphere!

5. Stein-Tomas restriction theorem

The Stein-Tomas restriction theorem applies to
the restriction property of the Fourier transform of
an Lp function to the sphere Sn−1 (which has
constant Gaussian curvature). If f ∈ Lp(Rn)
with 1 ≤ p ≤ 2n+2

n+3
then:

�f̂�L2(Sn−1) ≤ c�f�Lp(Rn). (5)

For p = 1 the result is trivial and for p = 2 the
inequality is false.

6. Space-time estimates via restriction

Consider the dispersive PDE:

∂tu = iH(
�

−∆)u,
u = u(t, x),

u(0, x) = f(x). (6)

Using the Fourier transform we have:

u(t, x) =

�

Rn

e2πixξ+itH(2π|ξ|)f̂(ξ)dξ,

=

�

S
eix̄ξ̄f̂(ξ)dσ(ξ̄), (7)

with

x̄ = (x, t) ∈ R(n+1),
ξ̄ = (2πξ, H(2π|ξ|)) ∈ S.

Thus using u = R � Rf we see that restriction
inequalities give ”space-time” estimates!

7. The wave equation and the light cone

The wave equation utt = ∆u splits into
−iut = ±

√
−∆u with

u(t, x) = O
�

1
|(t,x)|(n−1)/2

�
.

Figure: The forward and backward light cones H(ξ) = ±|ξ|

Here the light cone is represented as having two
spatial and one time co-ordinates to make
visualisation easier.

8. Classical Strichartz estimate

For R1+3 the forced wave equation,

utt = ∆u + F,
(u, ut)|t=0 = (u0, 0).

The classical estimate via restriction reads,

�u�L4(R1+3) ≤ c
�
�u0�Ḣ1/2 + �F�L4/3(R1+3)

�
. (8)

It implies global well-posedness for the nonlinear
wave equation utt = ∆u ± u3 for data
u0 ∈ Ḣ1/2 with sufficiently small norm.

9. Sobolev Spaces

We define the Sobolev space Ḣs(Rn) of L2(Rn)
functions with s derivates by:

Ḣs(Rn) = {f ∈ L2(Rn) : �|ξ|sf̂(ξ)�L2 < ∞}.

With the norm:

�u�Ḣs(Rn) =
���(−∆s/2)u

���
L2(Rn)

,

is a Banach space.

10. Strichartz estimates

We aim to prove mixed-norm space-time type
estimates of the form,

�eit
√

−∆�Lq
tL

r
x

≤ c�f�Ḣs. (9)

Where Ḣs is the Sobolev norm, and the
mixed-norm is

�u�Lq
tL

r
x
=

��

R

��

Rn

|u(t, x)|rdx

�q/r

dt

�1/q

.(10)

Scale invariance forces the admissibility criterion,

s =
n

2
−

n

r
−

1

q
.

We note that when q = ∞ and r = 2 this is
true by Plancherel with s = 0, also:

2 ≤ q < ∞,
2 ≤ r < ∞,
2

q
≤

n − 1

2

�
1 −

2

r

�
.
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