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CLASSICAL LOGIC: AN INTRODUCTION
The study of logic goes back to antiquity, however, the subject witnessed major
developments in the 20th century mainly due to the works of Frege, Peano,
Hilbert, Russell, Whitehead, Gödel, Cohen and more. These developments
have had tremendous influence and impact on not only mathematics and
philosophy but also theoretical computer sciences, automata, robotics,
artificial intelligence and so on. In this project I will describe one of the most
groundbreaking and deep results in the subject, namely Gödel’s incompleteness
theorems, and some of its consequences. I then move on to quantum logic
which is emerging as a highly active research area with huge current interest.
THE FORMAL METHOD, THE AXIOMATISATION OF
MATHEMATICS
Using only syntactic rules in a logical language one constructs sentences and
formulas. Formulas which we accept without proof are called ’axioms’; any
consequence of the axioms using the rules of inference in the language is
called a theorem. A theory becomes axiomatised if one can find a finite set of
axioms from which the entire theory may be derived.

LOGICAL PARADOXES AND SELF-REFERENCE
Let me start by considering the following classic equivocal statement:

Assuming that its true it must be false and assuming that it is false it must be
true! This contradiction is called the liar paradox. As another example with
deeper consequences in mathematics consider a set A formed of all sets that
are not members of themselves. Is A a member of A? Here one reaches the
contradiction: A∈A⇔A/∈A. This is known as Russell’s paradox. The common
feature in these paradoxes is the phenomenon of "self-reference"; just as in
Gödel’s famous G formula used in proving the incompleteness theorems: "I
am not provable".

GÖDEL’S PROOF, THE INCOMPLETENESS THEOREMS

In order to
construct the
famous G
sentence, we
need the clever
notion of Gödel
numbering. It
is possible to
assign a unique
Gödel number
to every
symbol,
formula and
proof within a
logical
language.
Meta-
mathematics is
the set of
statements

made about a logical language; the sentences G and A above are examples of
meta-mathematical statements. It is possible to map any meta-mathematical
statement into the logic itself, thus any meta-mathematical statement can also
be given a unique Gödel number. This means that they can be manipulated
arithmetically.

IMPLICATIONS IN MATHEMATICS
Gödels famous ‘Incompleteness Theorems’ shattered age-old
dreams of the axiomatic approach to mathematics – a
programme initiated and proposed by David Hilbert. It applies to
any mathematical theory within which the theory of arithmetic is
contained. This includes ZFC (Zermelo-Fraenkel-Continuum) set

theory, which forms the foundation of modern mathematics. The implication
that this bares upon us is- we can never know if mathematics is consistent; we
can never prove the consistency of set theory from within set theory.

QUANTUM LOGIC: A PARADIGM OF UNCERTAINTY

Quantum logic was introduced as an alternative to classical logic
by John Von Neumann in order to reconcile the apparent
inconsistencies between classical propositional logic and the more
recent developments in Quantum Mechanics, stemming mainly
from Schrödinger’s equation. Quantum logic, in essence, can be

thought of as a marriage between quantum propositional logic and quantum
probability calculus.

STATES, OBSERVABLES, PROJECTIONS
In Quantum Mechanics, the state of a physical system at a particular instant in
time is described by the wave function – a solution to Schrödinger’s equation
for a suitable Hamiltonian. Quantities that can be measured in the system are
called observables. Theoretically all observables are represented by self-adjoint
operators acting on the complex Hilbert space H = L

2. Projections are special
types of such operators (satisfying P

2 = P) and serve as building blocks
for constructing and characterising all observables. The set of principles for
manipulating projections (or quantum propositions) on a Hilbert space is
called quantum logic.

THE SPECTRAL REPRESENTATION OF AN OBSERVABLE
A self-adjoint operator T on H gives rise to a spectral family (Eλ : −∞ <
λ < ∞) where each Eλ is a projection on H . We can recover T from (Eλ)
through the integral:

T =
� +∞

−∞
λdEλ

.
Furthermore for any Borel measurable function f on R we have the functional
calculus:

f (T ) =
� +∞

−∞
f (λ)dEλ

Every projection is uniquely described by the closed subspace of H that it
projects onto.

QUANTUM PROBABILITY
Projections can be viewed as propositions about physical observables, since
their spectrum is contained within the two point set {0,1}, they can be seen
as either true or false. Since self-adjoint operators can be represented in
terms of projections, it follows that observables in Quantum Mechanics can
be represented in terms of propositions with truth values 0 or 1.

FROM BOOLEAN LATTICES TO ORTHOMODULAR LATTICES

If the distributive law (p∧(q∨r)=(p∧q)∨(p∧r)) holds within a
lattice logic, then L is a Boolean lattice. The main difference
between classical logic and quantum logic is the failure of this
law as a result of Heisenberg’s Uncertainty Principle, and so
whilst Boolean lattices are the backdrop for classical logic, in

Quantum logic we require the Hilbert or orthomodular lattices.

ACKNOWLEDGEMENTS
With special thanks to the University of Sussex, and Dr Ali Taheri.

REFERENCES
[1] Mathematical Logic, H-D Ebbinghaus, 1996 [2] Gödel’s Proof, Nagel and
Newman, 1959 [3] Introduction to Mathematical Logic, Mendelson [4] A First
Course in Logic, Hedman, 2004 [5] The Handbook of Quantum Logic and
Structures. Elsevier, 2007 [6] Quantum Mechanics, Lectures Series by James
Binney, University of Oxford, YouTube [7] Quantum Logic and Probability
Theory, Stanford Encyclopedia of Philosophy, 2012.


