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Abstract

We study a two-country general equilibrium model about how monetary policy,
particularly interest rate instrument, affects stock prices. Using standard macroe-
conomic framework, New Keynesian model under price rigidity, we explore optimal
monetary policy between advanced and emerging countries. We are still building up
the theory that leads to the following prediction: due to exchange rate peg, mone-
tary policy of emerging country is largely affected by advanced country’s action and

thus her output and stock price have experienced weaker recovery path after crisis.
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1 Introduction

The central banks around the world have been conducting expansionary monetary policy,
conventional or not, since global financial crisis in 2008. So far, the economic recovery in
large economy bodies such as USA, EU, and China has been disappointing. In the end
of 2015, the US Fed announced an interest rate hike. Two months later, while keeping
the interest rate flat, Fed Chair Yellen indicated that “uncertainty over Chinese economic
growth have raised risks to the U.S. economy,” reported by Reuters on 11 February 2016.

The international spillover effect is complicated but it is indeed an important question
to study. John Taylor used the chart provided by Norges Bank to illustrate this point.
The major contributor to the policy decision is the variation in foreign interest rate.
For an open economy, it is impossible to conduct monetary policy without taking into
consideration the decisions in other countries although central banks are special as they
are independent from the political forces. Implicitly, it seems like that central banks are
coordinating to maintain low interest rate policy although in reality the central bankers
are constrained when they choose the optimal policy rate. On the other hand, since
central bank is the agency that manages the foreign currency reserves in one country,
exchange rate intervention, as documented in BIS report, becomes a main instrument
for many central banks as well. Large economy like Russia and China have used both
monetary policy and exchange rate policy together to boost economic growth. Therefore,
exchange rate becomes a channel to transmit the spillover effect of easing policy from one
country to another. Meanwhile, such spillover effect has create some extra variations on
the exchange rate dynamic and brings the world into a new currency war that leads to
real consequences in several countries.

To better understand how monetary policy affects the economic growth with an inter-
national perspective, we study a two-tree model of pure exchange, general equilibrium,
production economy. To start with, we build up a frictionless model without central
banks’ presence. In this economy, the source of risk is the stochastic technology shocks
which shall follow different but perhaps correlated stochastic processes. In Home and

Foreign country respectively, there is a representative household that can choose between



work and consumption which is expressed as a consumption bundle of locally-produced
and imported goods. Furthermore, there is a firm with linear technology. If representative
household in Home country is lazy, inclining to work less and consume more, the output
of Home goods will then be smaller. His demand of consumption goods can be supplied
by Foreign goods but if Foreign household is lazy as well, then they will have to work
harder to satisfy their consumption demands.

One extra parameter to determine the optimal import is the ratio of social planner’s
weights on each country or we can interpret that as the relative size of population in
one country. Larger country tends to have larger consumption at equilibrium. Finally,
together with market clearing condition, we can express the optimal labour used in pro-
duction as a function of home bias, country size, and Frisch elasticity of labour supply.
Larger per unit of labour supply (thus larger output) is related to smaller country size,
more industrious labour, larger demands of locally-produced goods expressed as weighted-
average of home bias and the extent of openness in the other country.

The real exchange rate in this economy is determined by three types of discrepancy
across countries: technology, size of country and the aggregate demands of production
goods. The real wage rate mainly depends on the technology one country has. The
influence of exporting goods on real wage can be summarized by the openness of the
other country and the exchange rate (terms of trade). Eventually, the social welfare is
determined by technology, home bias, country size and Frisch elasticity of labour supply.
If high-tech country is also relatively larger, aggregate social welfare is higher when home
bias is low. In the case where both countries have equal size, the social welfare gains from
technology and international trade and loses from the labour’s laziness (Frisch elasticity).

Next, we introduce imperfect competition by assuming a continuum of monopolistic
firms in each country. Equilibrium output is smaller in presence of monopolistic compe-
tition. However, the real wage markup over marginal product is not time-varying so the
influence of the imperfection competition is absent in inter-temporal production. When
we derive stochastic discount factor and thus nominal interest rate in both countries,

only the exogenous rates of technology progress remain. The equilibrium nominal rate



is composed of time discount rate, country-level inflation (price evolution) and home-
bias-weighted average rates of technology progress. Furthermore, uncovered interest rate
parity (UIP) holds in the current setup.

We also introduce price rigidity in both countries. Since our international trade market
is frictionless, the Phillips Curves for both countries are equivalent to the closed economy
model. On the other hand, the dynamic investment and saving curves demonstrate the
importance of exchange rate on top of the firms’ price rigidity. It is worth noting that
exchange rate is embedded in the country-level inflation. When the interest rate rule
is exogenously determined based on inflation rate and output gap, we can show that
exchange rate has been implicitly considered in such monetary policy. However, central
bank of an emerging countries would choose to pay more attention to exchange rate. The
heterogeneity on interest rate rule specification across countries can give us some space
to discuss the interaction of monetary policies and the impact on stock price dynamic in
a more realistic environment. We aim to demonstrate with numerical result, which is still
working in progress, of the influence from optimal international monetary policy on stock

and foreign exchange markets.

2 The Baseline Model: Frictionless Real Economy

2.1 Households and Social Planner

We study a two-country model with production economy. The household utility functions

are
N+ Nite
Uy =logCy — —— =alogC 1—a)logCy p— — 1
1 =logCq T+ alog 1,H+( a) log 1,F 1+ (1)
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The subscript j = 1,2 indicates consumption by household j and Nj; is labour hours
supplied by household j. On the other hand, N; is the labour demand by firms in each

country ¢ and the subscript « = H, F' indicates production by country ¢, i.e. home and



foreign countries respectively. The home bias parameter is a and (1 — «) indicates the
openness of each country. The consumption bundle for each representative agent is ex-
pressed as Cobb-Douglas functions of domestic and imported goods. The Frisch elasticity
¢ is measuring how much agent is averse to work. We assume homogeneous elasticity of
labour supply across countries.

There is a global social planner with weight 1 who has the following utility
Us = nU; + (1 —n)Us, (3)
which is contained the following market clearing conditions,

NH :N17NF == NQ;
Yy =AuNy = Cy g+ Con,
Yr =ApNp = Cyp+ Cop,

where A; represents technology used in country ¢. We shall think about the case of
heterogeneous technology across countries. We interpret the social planner’s weight as
country size in terms of population. 7 is the fraction of global population living in Home
country and (1 —n) in Foreign country.

To solve for the optimal consumption of different goods, Ci g, Co g, C1 p, Ca p, first we

have to write down the Lagrangian,
L=Us—ou(Ciyw+ Couy — AugNp) — ¢orp(C1p + Cop — ApNp), (4)

where ¢; can be understood as the unit price of the tradable goods produced in country

7.

2.2 Optimal consumption for Home-produced goods

To solve for C g, we need to think about the trade-oft with regards to work Ny,
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FOC w.rt. Cy g,
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To solve for (5, similarly, we are thinking about the trade-off between home pro-

duction and export,
1 ONy 1
N —_—
H= A ——(Cru + Com); aCZH AH (6)
FOC w.r.t. Cyp,
1 _
—nN}’}A + (1 =n)(1-a)Cyp =0,
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Next we solve for Ny. The corresponding FOC leads us to obtain the unit price of

the home-produced goods.

N}’}

2.3 Optimal consumption for Foreigner-produced goods

Similarly, to solve for C g, we need to use the market condition of foreign goods.

8NF 1

1,

AF(
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Next we solve for Cs . Again, we are considering the trade-off between the foreign

production and consumption,
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FOC w.rt. Cyp is

. Nf

(1- n)aCQ,F —(1- )A =0,
F
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Now we solve for Ng. The corresponding FOC can help us to obtain the unit price of

foreign goods,

—(1 —=n)N{+ Apgr = 0,

L Ni
¢r =n(1l—a)Cip=(1- 77)A7-
F
Lemma 2.1. The unit prices of home/foreign goods are
Ni _ 1 —n| ™
pu— — L — 1 —_—
©
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Proposition 2.1. In the frictionless production economy, the optimal quantities of trad-
able goods are functions of production factors (i.e. technology and labour), home bias and
country size. Furthermore, tradable goods which are produced and consumed within the
same country are independent of social planner’s weight. Tradable goods which are pro-
duced and consumed in different countries depend on the ratio of social planner’s weight
between consumer and producer country. The optimal allocation for different tradable

goods are summarized as following

Crm _04;17[;};
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From the optimal tradable goods, we can see the trade-off between consumption and
work. Longer working hours mean less consumption. At equilibrium, regardless of the
social planner’s weight, the rep. household locally chooses labour supply and the trad-
able goods that are produced and consumed within the same country. The home bias
parameter determines the fraction to be consumed locally or to be exported. The optimal
tradable goods that are consumed and produced in different countries is adjusted by using
social planner’s weight. When two countries have different size, without loss of generality,
say Home country is larger, imported goods in Home country shall be more than that in
Foreign country. Intuitively, Home country has larger population. Therefore, their total
consumption, expressed as representative household’s consumption, is natural to be larger

than Foreign country.

Lemma 2.2. For each producer country {H, F'}, the optimal allocation between tradable
goods that are consumed within the same country and in different country (exports)depends
on the ratio of her home bias relative to her counterpart’s openness and relative country
size,

CLH _ (0% n

CQ’H l—al-— 7’]’

CQ,F o 1-— n

Cip l—a n

The fraction to be consumed within the same country or in different country is deter-
mined by exogenous variables {«, n}. The first component is the same across countries.
It is the ratio between home bias of the producer economy and the openness of the con-
sumer economy. The second component is the ratio of country sizes between producer and
consumer economies so they are reciprocals of each other. The relatively larger country

will have larger consumption share of tradable goods produced in both countries.
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Figure 1: Equilibrium labour supply

We plot the equilibrium labour supply for two countries respectively. When the size of
country is very small relative to the other country, the labour supply have to be high in
order to satisfy the demand from the other country. The labour supply falls when the

relative country size gets larger. Parameter values: a = 0.2, = 2.

2.4 Equilibrium

After obtaining the optimal tradable goods in terms of labour demands, we now impose

the market clearing condition to close our model.

AyNy =C Coyg=a—— l—a)——
Vg g+ Capy QNE+< @) 7 N’
n AF AF
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Divide both sides with technology term A; for i = { H, F'} and move labour demands to

the same side. We then obtain the optimal labour demand /supply in terms of household’s

home bias, social planner’s weight and Frisch labour supply elasticity.



Proposition 2.2. When tradable goods market is cleared, we obtain the optimal labour
demand. At equilibrium, labour demand equals to supply. Labour supply, in the unit
of hours worked, depends on the weighted-average of consumer country size (i.e. social

planner’s weight) normalized by producer country.

Nﬂzva+0—ma—awﬁa

n

Nfzvl—ma+nu—aWHw
1—n .

There are three exogenous parameters determining the optimal labour supply includ-
ing home bias (openness), social planner’s weight (relative country size), and the Frisch
elasticity of labour supply. The extent that households are averse to work are homo-
geneous so we ignore the exponential and focus on the base number. Its numerator is
weighted-average between home bias and foreign openness normalized by the her coun-
try size. Therefore, labour demand per unit of population is determined by the average

demands of tradable goods produced in a specific country and household’s work aversion.

2.5 Terms of trade

The terms of trade is defined as the unit price of Home goods in terms of the unit price
of the Foreign goods,
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Figure 2: Terms of trade

We plot the terms of trade between two countries. The terms of trade increase (appreci-

ation for Foreign country) in the technology and the size of Foreign country. Parameter

values: Ay =1, Ap = {1.5,2.5,3.5},a=0.2,¢p = 2.
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Proposition 2.3. The terms of trade is defined as the unit price of Home goods in terms
of the unit price of Foreign goods,

_Ap o mm |an+ (1 —a)(l—n)|TF

Q_THl—n a(l—=n)+(1—-a)n

(7)

Technology difference is the first component in determining the terms of trade. The
second one is the relative country size whose importance can be reduced if the household
very much dislike to work. The last component is the ratio of weighted-average home
bias and foreign openness across countries. In other words, it can be interpreted as the
ratio of tradable goods demands between Home and Foreign goods. If households very
much dislike to work, the relative demand would be dominant in determining the terms

of trade.

2.6 Real wage

Real wage, in terms of real goods, is to compensate the labour’s dis-utility due to work
hours. Take household 1 for instance, when he thinks about the trade-off between con-
sumption and labour supply, the consumption must be a consumption bundle including
Home- and Foreign-produced goods.

If the households only consider locally-produced goods (i.e. Cy g, C} r) when allocating
between consumption and work, the real wage is just equal to marginal product of labour
in each firms, wy = Ay, wy, = Ap.

The decentralized Lagrangian is
L1 =U — ¢u(Ciy + Cop — AgNp).

Derive the FOCs of household in Home country,

ou, OCy 1+ Co
o == g (2 o)
ou,
ON,

=¢pAp.
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Note that C = Cf;C 3 so 9C21 — (). Then the Home real wage is

0Cq
OU,JON, Ay
- - 0Cy 1
OUL/OC; 20
oC, -
=A = ,
"oC, u ( 1H>
(1- )%Afw n Y Ny )
_AHa Tg (AHOz) [(1—&)1_UAF] Nip 5

1—a e(d-a)
(Ao — e A= [T n \naet+td-nl-ao)| "
(1—a)

=(Apa)?[(1 - a)Ap] = ( L ) [m + 0= a)] =

1—17 (I=n)a+n(l—a)

Moreover, we can express the real wage in terms of trade,

An

l1-a
AF> = a®(1— o) Ay Q1.

(An0)* (1= ) A~ (Q
The decentralized Lagrangian for Foreign country is
Ly =U; — ¢p(Crr + Cor — ApNF),

Similarly, the FOCs of household in Foreign country are,

% _ 0C1p+ Cop
oc, " dC, ’
oU,

N, =¢rAp.
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Note that Cy = C5 ' CS'pp s0 9CLr — (). Then, the Foreign real wage is

0Co
OUs/ONy  Ap
- - 8CQ7F ’
U,/ 0C s,
9C, 02H>”
=A = Ara ,
Pocyy — " <C2F
11—«
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)" g™

Ap
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Proposition 2.4. Real wages are marginal utility of substitution between consumption

=a%(1 —a)'™®

bundle and labour hours for Home and Foreign firms respectively. Note that the unit for
Home (Foreign) wage rate is Cy = C¢'C1 3% (Co = Cy 1 CS ). Terms of trade, technology,

and home bias are three factors in determining real wages.

‘gll :aa(l o O_/)l_aA Ql—a’
W2 for l1—a AF
?2 = (]_ — O{) Qlfa .

More advanced technology, depreciation of terms of trade, and smaller home bias will

result in higher real wage rate.
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2.7 Social Welfare

First of all, we compute the welfare for households in both countries respectively. Then,
we will compute the social welfare by using social planner’s weight. The Home welfare is

_at(d-a)d—n)/n
L+¢ ’

. Ap n Ar
Uy =alog (@NE> + (1 — «a)log l(l —a)l —ﬁN?]

=aay —apng + (1 —a)ap — (1 — a)pnp + aloga + (1 — a) log [(1 —a) " ]

1—n
~at+(1—=a)l-n)/n
1+

Y

where the lower-case indicates the log-term. Similarly, the Foreign welfare is

1—77AH> ©alog [QAF] o+ (1 —a)y/(1—n)

S —(1—a)log (1 —a)— 1201 or
U5 =1 - atog (1 - )1 o e

Y

1—
=1 —a)ag — (1 —a)pny + cap — apnp + aloga + (1 — a)log [(1 —a) 77]

Ul
_at+(l—a)n/(1—n)
1+

?

Lemma 2.3. We denote (; for country v as the aggregate demand of tradable goods across
countries. It has the functional form of weighted-average home bias and openness of

foreign economy.

B =na+ (1 -n)(1 - a),
Br=n(1—a)+(1-na.

Now we can apply social planner’s weight and compute the social welfare in three

steps. First, we arrange the consumption-related terms,

naay — apng + (1 — a)arp — (1 — @)pnp] + (1 — n){aay — apng + (1 — a)ar — (1 — a)png),
=+ (1 =01 - a)l(aun —eng) + (1 —a) + (1 = n)al(ar — enr),

=Bran + Brar — [na+ (1 —n)(1 —a)lenyg — [n(1 —a) + (1 = n)ajenp,

=Buay + frap — 5H1 fgp log (%{) - BFlf(p log (16—1?77> )

=By laH — 1fsplog (B:ﬂ + Br [ap — 1:fgplog (16::77)] )
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Social Welfare
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Figure 3: Social welfare with heterogeneous technology
We plot the social welfare with heterogeneous technology. The Home country technology is
normalized to 1 and the social welfare is larger when Foreign technology is more advanced

relative to Home technology. The social welfare is particularly high when Foreign country

is large in size. Parameter values: Ay = 1, Ap = {1.5,2.5,3.5},a =0.2,¢p = 2.
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Social welfare with different extent of home bias
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Figure 4: Social welfare with home bias

We plot the social welfare with different extent of home bias. When home bias is smaller
than 0.5, generally, social welfare increases in size of Home country. The increase is sharp
when home bias is small. In the case when home bias is 0.6, the social welfare remains

flat except for the case when one country is extremely small compared with the other.

Parameter values: ay = 1,ar = 3.5, = {0.1,0.2,0.4,0.6}, p = 2.
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Secondly, we arrange the constant terms,

n(aloga+(1—a)log [(1—04)1in

D%%1—@(aby%+ﬂ—aﬂg“l—®1;nb,

=(n+1—=n)aloga + (1 — a)[nlog(l — a) +nlogn — nlog(l —n)
+ (1 —=n)log(l — a) + (1 —n)log(l —n) — (1 —n)logn],

=aloga+ (1 —a) |log(1 —a)+ (1 —2n)log

(+) Deviation from n = 0.5

Finally, we can arrange the labour dis-utility terms

L <a+(1—a)(1—n)/n> BT (Oz—l—(l—oz)n/(l—n))?

1+ 1+

:_L[na+(1—a)(1—n)+(1—n)a+(1—a)n],

1+
1 1
=— at+(l—a))=——.
1w[ ( )] o

Proposition 2.5. The equilibrium social welfare is

U =By [aH— o (ff)] T B [ap—ﬁplog(f_f’nﬂ (®)
+aloga+ (1 — ) [log(l—a)%—(l—Zn)log 1;77] — 1ig0' (9)

If both countries have the same size n = 0.5, then the social welfare is generated from
technology, the openness for international trade, and the dis-utility due to work.

14+ ¢log4

U:*:aH+aF+aloga+(1—04)10g<1_‘)‘) 14

(10)

3 Nominal Economy

Before introducing monopolistic competition among firms, let me re-write the pure ex-
change economy into a nominal one. As in pure exchange economy, there is a social

planner who attribute weights to Home and Foreign countries respectively. Hence, the
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optimal allocation of tradable goods shall remain unchanged so we can match the terms
to obtain the price or wage explicitly.

We start by writing down the budget constraint for each agent,
PyCi g+ PpCip < WiN;, (11)

where the subscript ¢ = 1, 2 indicates the consumption, labour supply and nominal wage
by household i. P, g, P; p are the nominal prices of Home and Foreign goods for agent

i = 1,2. Assume labour immobility, labour market clearing conditions are
N1 = NH7N2 = NF

The social planner attributes the weight 7 to Home agent and 1 — 7 to Foreign agent
and chooses the optimal allocation with the budget constraints from both country. The

Lagrangian is
L= / Uy + (1 — n)Us]—M (PruChir + PrrCip — WiNg) (12)
X (PogCop + PorpCop — WoNp), (13)

where Py, P, are the price level for each country. We then choose the Lagrange multipliers

as
Ay
)\ = _—
Ay
A —= 1 —_ —_

where A; is the real stochastic discount factor for agent ¢ and k is some constant.

Note that the Consumer Price Indices are

P Cy =P uCi g+ P rCir,
POy = Py yCo g + PopCo p.

FOCs w.r.t. Ny and C

A
nCyt — rinﬁlPl =0 = O; ' = kA4,
1



FOC w.rt. C g

A
—Pg=0
Y P, 1,H )
4%
—1 1
= PlCl = Pl,HCLH = 7NE
Real wage for Home labour shall be equal to marginal product of labour (MPL) so

naCry —n

the nominal wage is Wi = Ay P . Substitute into the above equation, the optimal C g

is aligned with the pure exchange economy case,
ApP g
N§

Cl,H = OéAHN]?p.

-1
« Pl,Hcl,H =

Similarly, the optimal Cs p = a%. With equilibrium nominal wage Wy = Ap P, p,
) F
again we have optimal C5 p same as in pure exchange economy, Co r = 0 ApN,¥.

FOC w.rt. Cip

A
n(l — Oz)C'l_jF Kn?lpl,F =0,
1
AgP
P101 :(1 — Oj)_ PLFCLF I:ZIV.SOLH,
H
l—« W1
=Cip = —_—.
1,F N7 Pir

Note that in pure exchange economy, optimal C ¢ is a function of Foreign labour Np.
In this nominal economy, Home labour has to use the nominal wage earned to exchange
for Foreign goods. As there is no other friction yet, after introducing terms of trade
S = Py /P u we shall be able to align optimal C} r with the case in pure exchange

economy.

n(l-a) Ap

= Ng inpure exchange economy. Matching optimal con-

Recall optimal C} p =

sumption from both economy, terms of trade is solved to be
nl—a)Ar 1—-aApPiy

1-n Nf  Nf Pp
n Ar 1 Ay

1-nNg Nj S~

1—nAg ( Np\?

:>S:77H<F).
n Ar \Ny
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This (S = 1/Q) is the same as Proposition 2.3.

FOC w.rt. Cop
_ Py
1—a)(1—-n)Cyp=(1- 7
PyCy = PoygCo (1 —a)™' = WoNg%,
WQ]._Of AFPQFI—CM AF
O = — — 2 — 1 — 75’
20 = N? Py 4 N?  Pop ( O‘)Nﬁ

Using Proposition 2.3, optimal Cs g is aligned with the case in pure exchange economy,

n Nf

B[ )]0ty

CQ,H:(l—OZ)Ni}ﬁ TAF

Moreover, combining the optimal consumption goods within one country, we can es-

tablish the following sharing rules,

CI,F _ 1—04P17H (14>
Cl,H « Pl,F’
Con _ l—ozPLF' (15)
OQ,F « Pl,H

With total consumption expenditure in Home country (P,C}), we can derive the duo

price indices
P Cy =P, yCig+ P pCip = PlefHCi}a;

et
P, <C1,F> Py + Py Cir

Crm Cru’
l—«
1—aP 1—aP 1-—
Py &oLE =Pig+ P r c 1’H=<1+ a>P1H,
(6] Pl,F ’ ’ (6] Pl,F (6] ’

Py :Tploijl(,lFTa)a

where 7 = a~%(1 — a)~(1=% is some constant. Therefore, the price indices for Home and

Foreign countries are

P :TPﬁle(,lF_a)a (16)
Py =T Py iP5y (17)
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The relationship between price level and term of trade is more convenient for later use,

Pl 1—
=757, 18
Pin (18)
PQ 1
=T o, 19

For each agent, the real wage rate shall reflect her purchasing power. With total

consumption expenditure, we can easily convert Wy /Py g to Wy /P;.

Wi Wy Piu 11—

- L o 20

PP T 20)
2 2P2F 11—

Wo _Wo Por_ 4 r-1g1e 21
P2 PZF P2 ( )

which are aligned with Proposition 2.4. The solution for labours can be obtained by

market clearing condition.

3.1 Monopolistic Firms

We assume there is a continuum of firms in each country. Each firm produces differentiated
goods because consumers have preference for goods variety. Assuming the preferences for

goods variety are symmetric, we then define duo quantity and price indices,

C’H—V Coli 1—ed]r PH_UP wﬂ

/ CF 1€d2:| ) PF =

/PF 16dl:| 6.

Cr =

The optimal allocation is

Culj) = [P;S)] Ciu,¥j € [0,1]
Cr(i) = lpj;f)] B Cr,Yi € [0,1].

The profit maximization function for Home firm j is

sup [ exp [— /O ! @Lsds} [Prta()Yiru() — WiwNa ()] du. (22)

Pp+(5) /0
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Each period, monopolistic firm j adjust price to maximize her profit. Re-write the profit

flow with optimal allocation of consumption goods,

‘ e pe Wiy [Pui(5)]°
() = Pre(5)" PH,tCH,t—A;i [Z;(j)} Chy, Vit

FOCs w.r.t. Pg(j)

Puy(5)] Wi [Pua(j)] .
(1—¢) [ H,t(.])] Cpp = —¢ 1t l H,t(])] Pu:(j) " Chre,
Ang | Puy

)

. e W,
:>PH’t<j):€—1A]:i

At a symmetric equilibrium, all firms choose the same price in each period ¢

e Wi . e Wy
= Pr, =P = =
1 AH,t’ Fit F,t(l) c— 1 Ath

Py, = Puy(j) = (23)

Define nominal exchange rate £ as the ratio of Home prices to Foreign ones. We also
assume the consumption goods are traded in the global market and law of one price so

the nominal exchange rate is unique across prices of tradable goods.
Pl,H = 5P2,H; Pl,F = 5P2,F- (24)

Combining (16) and (17) together with the definition of nominal exchange rate (24), we
can express nominal exchange rate as a function of terms of trade and the ratio of price

levels between two countries,

_ i 2a—1
£ = p5n (25)

Real exchange rate is defined as nominal exchange rate multiplied by the ratio of price

indices between two countries,

_G D e (26)

=2t
Cy P,

which is a function of terms of trade and home bias. Note that the difference between real
exchange rate (E) and terms of trade () is the following: the former is of the country-
wide consumption bundles, i.e. C; vs. Cy and the latter is of the product level, i.e. P;p

vs. Py for j = {H, F'}. Not surprisingly, the effect of prices is absent.
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The nominal exchange rate is the ratio of nominal values of aggregate consumption

by the representative households in two countries,

_ Ny hG

E_E Y

(27)

Market clearing condition for Home goods

. ‘ ‘ P .\ —€ P -1 P. -
Vi) =Cuanti) + Can) = | T o (B) s - o () ),
1 L ]t P, -1 P !
— 1 172 ] = LH - LI
= varta] = [o() e oo (B2) .
PGy D0 l-a { _ 1} _ 1-a
_P1,H [a—i—(l a>5P1CJ =GOS ot (l Oé)gg SaeT

Market clearing condition for Foreign goods,

yﬂozqu+cmﬂ%=Vﬁfﬂﬁkl—@<?fy4q+a(%ny@L

[l <o () en ()

1 2
DG HQ1+4—Cﬁk%kLﬂﬁl+4—Cﬁk%
PQVF &

Yp =

(—®3@5

Lemma 3.1. When Home and Foreign goods market is cleared, we can express country-

wide production as a function of consumption baskets and terms of trade with home bias.

Yi = G181 o,
YF = CQQI_QT.

Note that the price dispersion of differentiated goods is constant across time so its effect

vanishes in the calculation of production growth,

dInYy =dInC; 4 (1 — a)dIn S,
dlnYr =dInCy + (1 — a)dIn Q.
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3.2 Stochastic Discount Factor

The (nominal) stochastic discount factor by Home and Foreign agents

— —(1—«
Mivar _ -sa (YH,t+dt> (YF,Hdt) Py

)
A‘ft Y, Yr, Pyt ar
$ —(1-w) —a
A2,t+dt _ bt Yo iva YFitat Py,
Ag,t YH,t YF,t P2,t+dt

Nominal price of a Home bond paying off at time t + dt

$
—iydt _Al,t+dt
=2,
Aty

e

dAS,
1— iy dt =1 + —2t
1,t A%t

dA\,, dP d dP
i1t = — ( S ”) = par + 20 e

Al,t Pl,t Cl,t Pl,t ’
dCi, . dPy
b —(iy, — 0)dt — =Mt
Cl,t (ZLt ) Pl,t

Lemma 3.2. On the demand side, the growth rates of consumption baskets for Home and

Foreign countries are nominal rate net of time discount rate and inflation rate,

aCi, . AP 4
= = —0)dt — —=
Ciy (ive ) Py’
dCsyy . APy
— = —0)dt — —=.
Cay (iz: =) Py

By using Lemma 3.1 and 3.2, we can combine the demand with supply sides and the

evolution of Home and Foreign output
dlnYH :(21 — 5)dt — dlnP1 + (1 - Oz)dlIlS,
dInYp =(is — §)dt —dIn P, + (1 — a)dIn Q.
There are two inputs, technology and labour, of the country-wide production. The
equilibrium labour is a function of home bias and country size, which do not vary with

time. Hence, the evolution of output can be expressed as the evolution of technology

progress, i.e. dInY; = dInA; for country j. Similarly, the evolution of terms of trade
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can be expressed by the difference of technology progress between two countries, i.e.
din@Q =dlnArp —dln Ay and dInS =dln Ay — dln Ar. Now we can simplify the above

SDEs for the evolution of price levels in both countries,

adlnAg + (1 —a)dln Ap =(iy — §)dt — dln Py, (28)
adlnAp + (1 —a)dIn Ay =(iy — 0)dt — d1In Ps. (29)

Proposition 3.1. The equilibrium nominal interest rate is composed of time discount
rate, country-wide inflation rate and weighted average of technology progress between two

countries,

ivdt =[0 + apg + (1 — a)pp|dt + dln Py, (30)

iodt =[0 + apr + (1 — a)pyldt + d1n Py, (31)
given the technology progress in each country follows an exogenous deterministic process,
din Ay = ppdt;dIn Ap = ppdt.

With the specification of interest rate rules, we can solve for the evolution of the price
levels in both countries.

The Uncovered Interest Rate Parity holds in the complete market,

4 Price Adjustment under Calvo Pricing

Each firm may reset price with probability 1 — 6 in any period ¢. On the other hand,
a fraction 6 of firms keep their prices unchanged. Therefore, 6 is to measure the extent
of price stickiness. We start from using variables in Home country. Note that the cor-
responding variables and derivation in Foreign country are similar. We first derive the
optimal price included two components: a markup from monopolistic competition plus
weighted discounted value of expected marginal costs and nominal prices. With aggregate

price dynamics, we can establish the relation between inflation and marginal costs. Then,
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we are ready to derive New Keynesian Phillips Curve (NKPC) and dynamic investment
and saving curve (DIS) in next subsection.

Aggregate price index of Home products
_1
Py = (0P} + (1= 0)Pi 7

The inflation (price evolution) of Home products is

PHt 1—e¢ 1 1 1—e
l—e __ s . *¥1l—e| 1—¢
HH’t a <PH,t—1> <[9PHt ! * <1 Q)PHJ } PH,t—l) ’

P 1—e
=0+ (1—0) (PHTl) .

Now we approximate the above equation around the zero inflation steady state Iy, =

Iy =1and Pyt = Pry—1 = Pu. Hereafter, we express log variables in lower case letters.

Define the log deviation of any variable in the following manner

Uy — 1y
THt —TH = T
H
g XemX ) Pu - P
t X Hit—1 H PH 3
* Pﬁ,t_PH
Pps — PH = 7PH .

Using Taylor expansion up to first order, we can approximate the inflation

L+ (1 — )y Mympy, = l@ +(1-0) (1135)1_61

Py Py

+ =00 =0 (F2) | 5 Putoi = o) = Pt o).

Py
L+ (1 —e)mge =1+ (1—-0)(1—€)(pyy — Pr — Prt—1 + Pr)-

The log-linearised inflation of Home product price is

The = (1 —0)(phy — Pri—1)- (33)

Next, we look into the individual firm’s decision on price setting. Each firm chooses

price to maximize the current value of future profit flows

$
max ZH’“E} {A;\Hc (Pr () Yesrie(5) — \I]Ht+kt(YHt+kt(j))]}v (34)

Pi+0) k=0 t
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subject to the optimal output of firm 7 under monopolistic competition

P4 ()

Y, . 35
Pr iy ) Ltk (35)

Yi ek (J) = (

Note that the subscript H,t + k|t indicates the variables are from Home country with
price flexibility at time t¢.

Here, I would like to make a comment on the stochastic discount factor (SDF) used
for price setting. In a closed economy model, there is only one consumption good and
one price level which are the main ingredients of SDF for monopolistic firms. However, in
an open economy model, consumption goods produced in domestic country (Yy) is only
a fraction of consumption basket (C7) in one country. Similarly, price of domestically-
produced goods (Py) deviate from the country-wide price level (P;). Since we have a
frictionless market of international trade, with equation (16), (17) and Lemma 3.1, we
show that the total consumption expenditure by household is equivalent to total value of

output in corresponding country.

,a P,
Yy = C1:S} 7% = Oy Pl’t = C14Pry =Yy, Py, V1.
H t

Therefore, the SDF can be expressed in the following equivalent ways

-1 -1
Ay ok (Cl,t+k> Pre o (YH,t+k> Py

A} Chy Py X Pr i

We showed that SDF by Household is equivalent to SDF by firms. In this subsection, we
choose to focus on the firms’ SDF for the ease of derivation later on.

By inserting the optimal allocation constraint and the expression of SDF, we can
re-write firm’s objective function as an unconstrained maximization problem,
(Pf},t(j )

Pty

Pr4(J)

Z QkEt 6_5k YH,t PH,t
YH7t+k PH,t+k

>_ YH,t—I—k - qu,t+kt(')] } ) (36)

where the nominal total cost is a function of output from firm j given price flexibility in

. P () —e
perlOd t: \IJH,t+k‘t(') = \I’JH,t+k|t <|: He I :| YH,t_A'_k-) .

P4k
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Taking FOC,

Z 9’“Et e,(;k YH,t PH,t
YH,t+k PH,t+k

Pi},t(j)>61 1

Pr gy

Pi)
(1—¢) (%) Y itk
tt

):0.

Yu ik

+ 0 : 6(
H,t+k|t( ) PH’t+k

Move marginal-cost term to the RHS of equation,

6_5k YH,t PH,t <PI§,t(]>

—€
Yu vk
Py t+k

> 0"E,

Yu ik Privr

ok Ya: Pue _, () (P;I,t(j)>_€_1 Y itk

€
a2
Ht+k|t
e—1 YH,t+k PH,t+k | PH,t+k PH,t+k

Cancel out the common terms on both numerator and denominator,

1 1 - €
—0k o k
€ < ) ] = c_1 E 0 Et

Prvi \ P vk

> 0"E,

* . - €— € — €—
= PH,t(J) Z QkEt(e MPH,tl—&—k:) = c—1 Z QkEt[e M‘I’}{,Hmt(')PH,tlJrk]-

B 1 . 1 e
€ Mpi ;I,t+k|t(')PH,t(]) 1( ) ] ;

Hit+k Pty

So far, the total cost is of nominal term. It is convenient to use “real” marginal cost

in our calculation. Nominal marginal cost deflated by price of good is real marginal cost.

/
H,t+k|t, i l()
erkprear() = — (37)
H,t

With a slight abuse of notation, we ignore the subscript “real” and hereafter we denote
the real marginal cost as Wy, p (') = Wy yp, (1) Hence, the re-written optimal price

set by firm j at period t shall be

P () = € EtZeke_ék\l’}f,t+k|t(')Pfi,t+k
H\J c—1 E Y ekeigkplefjti-k ’
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4.1 Log-linearisation Approximation

Now we shall approximate the optimal price around zero inflation steady state. First let

us list the relevant four variables when inflation stays at zero:

Y v =Y,
$
Ak sk
$ - 9
A

\Ij}{,t—l—k(') :\I}/H,t(') - \I’}{(L

o _Pidld) _ Pii) _ P
! Pri—1 Prry P i

= 1’
= Pi(j) = Pus—1 = Puy = Puyix = Pu.
Divide both sides by P 1,

Pii4(4)
Py

PE
By Y 0% Pl = = By Y 0% W ()
) e—1 ’ Pr i
The Taylor expansion of LHS is with respect to three dimensions Py ,(7), Pri—1, Pr etk
1
LHS : 36" Pyl 300%™ Py (P (j) = Pin)
Py 6k e
_Pigl Zeke 6kPH 1(PH,t—l - PH)
+E; Z kae—ék(e - 1)PI6{_2(PPH¢+k - PH)'

By definition of log deviation, we introduce logarithm terms expressed in lower case letters,

Eyy 0% P L+ (03, (5) = o) — (Pra—1 — pir) + (€ = 1) (s — pu)),
= P E Y 0% L+ 0y (5) — pra—1 + (€ = 1) — par)].
Similarly, the Taylor expansion to RHS is three-dimensioned too Wy, 4 (), Pr¢—1, Pr 1,

RHS :

€ 5k e € Sk pe—
S P W () B S 0 P Wy () = W ()]

+

€
— F S 0% ek P (Ve P (P ik — Prr)
€

— p— Zek'efﬂcpilfl\I//}I(,)P;I*Z(PH’t_l . PH)
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Note that the real marginal cost and the log deviation of real marginal cost are

e—1
\Ij}{() = )

€

R

Re-arrange the equation and introduce logarithm terms,

€ ’ P /
c_ 1‘11 () Py 'E, Zek 1 + WHHk( ) = ¥l + e(prirr — pr) — PHL-1 — PH)],
= Py 'E, Zekeﬂsk[l + Wi (1) = V()] + €Prier — pr) — (PHE-1 — PH))].
Now we can combine LHS with RHS,

Eq Z ekeﬂ;k[l + p*H,t(j> —PHt-1+ (6 - 1)(]9H,t+k - PH)]
=E ) 0% e~ 1 + (Vi oan () = V(] + €@rix — pr) — (PHE-1 — PH)]-

Cancel out the common terms,

E, Z@k th )+ (—1)(th+k = Etzek _M w}{t—&-k(') - 1/’;{()]7

~dky ( D /
= F, ZQk ok =1_ Ht Etzek [P n + V() — Vi ()]

Then the optimal log price for firm j shall be

Pia(d) = —(-) + (1= 0e)E, Zek PHt+k+7/JHt+k()]

We can calculate the log value of real marginal cost as we know W/, () = %,
e—1 €
—y () =—1 =1
Yy (+) Il c n c—1
e—(e—1) 1
=1In |1 ~ .
" [ - e—1 1 e—1

4.2 Deriving NKPC and DIS

In this subsection, we first relate current inflation to a functional form of expected fu-

ture inflation and real marginal cost. When labour and goods markets are cleared, real
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marginal cost can be related to domestic output. Thus NKPC is obtained, telling us
that current inflation depends on future inflation and output gap. With earlier derived
expression of actual nominal rate plus the natural rate, we can derive DIS. Output gap
path is determined given exogenous nominal rate and real rate.

We start from subtracting both sides by pg ;1

. . DH,t— _ _
pH,t(J) —PHt—-1 = — 1/}3{() - 1_117561_5 + (1 — e 5>Et29’“6 6k[pH,t+k + ¢}{,t+k(')]7

= qu() + (1 - Qe_é)Et Z ek6_6k[pH,t+k —PHt-1 + ¢}{t+k<)]

Let us re-write the RHS in terms of log inflation

pf*{,t(ﬁ —PHt-1 = —1/121() +(1 - eeié)Et Z 9’“6’5’“¢}z,t+k(’)
+ (1 — 0 °)Ey[(prs — Pri—1)
+0e " (Prit1 — Pry + Pry — PHi-1)

+ (86_6)2(]3H,t+2 — PHt+1 + PHi+1 — PHt + PHE — DH-1) + -+ ]

Collecting terms of marginal cost and distributing sum of log prices to (1 — fe™%), we

can largely simplify the above equation

pj;{t(]) — PHt—1 =(1 - 96_5)Et Z 9k6_5k[¢}1,t+k(~) - 1/’%1()]
+ Et[WH,t + 9676(7TH¢+1 + 7TH,t> + (0676)2(7(}17,%2 + THi+1 T 77H,t) + - ]
— Et[ge_(sﬂHJ + (96_6)2(7TH7H_1 + WH,t) + (96_6)3(7TH¢+2 + THt+1 + 7TH,t) + - '],

=(1—0e)E > le_‘sk@;}“%(-) + Eyfrgy +0e ot + (0e ™) mpppn + -],

where the tilde over marginal cost gE’Ht k(1) = V() =y (-) indicates the log deviation
of marginal cost from its steady state value.

To re-write the expression of inflation in more compact (recursive) form, we separate
the current terms (k = 0) from the summation,

Pr(J) = pria =(1— e VE, > 9k€_5k7%{,t+k(') + B 0 e Py + (1 — 96_5)@%{,1:(') + Tt
k=1 k=1

when k£ =0

:eeiéEt@;{,tH(j) —pay) + (1= 9676)1%1,&') + TH-
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Recall the aggregate price dynamic in Home country (33)

= p?—[t(]) — PHjt—1-

Inflation at period ¢ can be expressed in term of expected inflation and log deviation

of marginal cost,

T 1—-(1-46 T ~
1—6e %) (1—-86) -~
=T =€ By + ( 0)( )WHtO

Note that we observe no variables characterizing international trade in NKPC. Thanks
to frictionless foreign exchange market, we can exclude foreign variables from firm’s price
setting problem by substituting aggregate consumption with domestic production. Ex-
change rate only reflects home bias, country size and technology difference between two
countries.

Next, we further arrange log deviation of marginal cost. The goal is to come up with

output gap from log deviation of marginal cost. Then NKPC is completed.

ﬂ)j*u() :E -1

=(wi —pl,t) + (P14 — PHt) — amy,

= Wit — PHt — QHt,

=(c1t+Ynge) +[In7+ (1 — a)s] — apy,
=[cor + (20 — 1)s) + V(ymr — ams) + [In 7+ (1 — @)se] — apy,
=lyre + (1 —a)s; —In7] + (asy +In7) + Yym — (1 +)apy,

=yps + St + Vymr — (1 +)am,.

The real marginal cost can be expressed as a function of Home and Foreign output, ex-
change rate, and domestic technology. With Lemma 3.1 and due to log utility assumption,

we can again exclude the foreign output from the expression of marginal cost,

V() = L+ ) (yne — amg). (38)
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With flexible price, domestic output attains natural level, denoted as 7,

V() = L+ ) Gup — ame) (39)

Thus, log deviation of marginal cost is

o) = U+ 0) (yme = Tp) = (14 9) G- (40)

NKPC is S
(1 e )(19_ O+y), )

Recall nominal interest rate from Proposition 3.1 and write it in discrete time

-4
THy =€ EyTpgi +

11 =0 + Eymy 1 + Acy i,

=0 + Emi i1 + [Aym — (1 — @) Asyyq],

The nature rate is
e =0+ Ef(Acty) =0+ Ei(Ayjre) — (1 — o) Ey(Asppa).
Combine the above two equations,
I, — Et(ﬁl,tﬂ) - 7"711,15 = Et(AgH,t-l-l)'

Then, DIS is
e = Ei(Ume1) — i1, — Ee(mi41) — r?,t]u

Replacing m 441 with 7y 41, we introduce rate of exchange growth into DIS

Ui = EBy(rie1) — [ — Be(maesn) — (1 — a) By (Asir) — 114, (42)

where As;,; = 0 only if both Home and Foreign countries have homogeneous growth in
technology development, i.e. uy = pp. In that case, DIS degenerates to a closed economy

equilibrium.
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We now write NKPC in terms of dt and take the limit dt — 0. The continuous forms
of NKPC is

(1 _ elnedte—&it)(l _ 9)(1 + ¢) R
9 YH ¢,

1 — —(6—In0)dt 1—6)(1
:(1 — 5dt)7TH7t =+ (1 — (Sdt)Et<d'/TH7t) + [ ¢ é( >( + w)ﬂH,t,

0 = — bt + Fy(drn) + [(6 —In G)dt](; —0)(1+ )
dt — 0:E, (dﬁH’t> =0Tt — é(l —0)(0 —1n0)(1+¢)ym..

Tirs =e U Ey(mgs 4 drps) +

gH,t + O(dt)7

dt

Similarly, DIS in continuous time is

Ey(fr41) — Gue + (1 — @) [Ey(Se41) — 8¢ + Tre = 110 — By(Tragn) — 71 + T,
Et[dgH,t + (1 — Oé)dst] = —WH’tdt + 'il’tdt — Et(d’ﬂ'H’t> — T?,tdt,

Et[dgH,t + (1 — O{)dst + d’/THﬂg] = (il,t — T?,t — WH,t)dt.

Proposition 4.1. Non-policy building block of New Keynesian Model with an open econ-
omy can be summarized by Home-NKPC and DIS,

d 1 ]
E, ( ZIZ’t> = 0mpe — 5 (1= 0)(0 —InO)(1 +¥)gns;

dy d d
Etl yH’t+(1—a)ﬁ+ TH

dt dt dt

N n
‘| = Zl,t — 7“1715 — 7TH7t.

Furthermore, the corresponding NKPC and DIS in Foreign country

d 1
Et< Z:t> = 0mrg = 5 (1= 0)(0 = o) (1 +¥)jr;

dgF,t dSt dﬂ-F,t
Et[ a TGty

— 2 n
] =12t — T2,t — TFt-

Together with an exogenously specified interest rate rule, we develop 3 equations for

a standard New Keynesian model in each country.
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5 Concluding Remark

We have built up a New Keynesian model with price rigidity of international trade, a
nominal economy. As labours are assumed to be immobile across countries, the Phillips
Curves in both countries are independent of foreign variables. The dynamic investment
and saving curves shows the influence of exchange rate evolution on the output gap.
Together with interest rate rule specification, we will be able to solve for the dynamic of
output gap and inflation in both countries. Furthermore, with the optimal price chosen

under the price rigidity, we can derive the stock price on country level.

5.1 Next Step

So far we have derived NKPC and DIS for both countries. Following standard approach
in macroeconomic, next step is to specify monetary policy in terms of an interest rate rule
(i.e. a Taylor rule) in each country. Then we are ready to solve for the evolution of output
gap and country-level inflation. We would like to stress the heterogeneity on the choice
of interest rate rule. There are several ways to address the heterogeneity: first of all, on
the target interest rate, secondly, on the Taylor rule coefficient and on the components
of Taylor rule. There is a large fraction of countries, more than 50% in terms of world
GDP, manipulating their exchange rate. It is common for the central banks to peg their
currency to major trade partners. We would like to introduce the exchange rate target in
one of our two countries to address this fact. The goal is to show that monetary policy

will be rigid for pegging country and that will lead to weaker economic recovery.
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