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Abstract

The paper provides an information theoretic account for similarity-
based concept learning. It shows that the process can be understood as
the attempt to minimise both the information content and equivocation
(noise) of inputs from the environment.

1 Introduction

In general, an implementation of a concept c is any mechanism which partitions
some set of possible data elements into two subsets: the subset covered by the
concept and the subset not covered. Any mechanism which produces such black-
boxes can be construed as a concept learner. The class of all such mechanisms 1s
large. It encompasses concept learners proper, e.g. symbolist methods such as
Candidate-Elimination [1, 2], Focussing [3,4], Classification [5] and Conceptual
Clustering [6,Fisher, Learning from 7,8,9]. It also encompasses mechanisms
which do not have concept learning as an explicit goal but which nevertheless
produce the requisite black-boxes, e.g. connectionist mechanisms such as Back-
Propagation, Competitive Learning [10] and numerical taxonomy methods such
as hierarchical clustering [11,12].

In connectionist learning, the candidates for concept implementations are
‘feature detectors’. These produce high levels of output for certain classes of
input so can be thought of as probabilistic concepts covering the classes in ques-
tion. Clustering mechanisms produce dendrograms which can be thought of as
disjunctive concepts in the manner of the decision trees produced by symbolist
mechanisms such as TD3 [5,13].



The fact that so many computational mechanisms do (or can be seen as
doing) concept learning seems to suggest that the process must be rather signif-
icant cognitively speaking. But what is its significance? Putting the question
another way: What is the point of concept learning? Why is it a good idea?
Some authors argue that concept learning is useful because it helps to make the
world simpler and more easily comprehended. For example, Smith and Medin
begin their book on ‘Categories and Concepts’ as follows.

Without concepts, mental life would be chaotic. If we perceived
each entity as unique, we would be overwhelmed by the sheer
diversity of what we experience and unable to remember more
than a minute fraction of what we encounter. And if each
individual entity needed a distinct name, our language would be
staggeringly complex and communication virtually impossible.
Fortunately, though, we do not perceive, remember, and talk
about each object and event as unique, but rather as an
instance of a class of concept that we already know something
about [14].

This sort of argument makes a compelling appeal to intuition but it does
not provide an answer in terms of any existing theories. In contrast, the present
paper provides a an information theoretic account of the processes of and ef-
fects achieved by concept learning. The account shows that concept learning
can usually be viewed! in terms of a cognitive agent’s attempt to minimise
both the information content and equivocation of messages (inputs) from the
environment. Moreover, different outcomes in a learning process can usually be
understood in terms of the discovery of locally optimal positions in a tradeoff
between information-reduction and equivocation-increase.

1.1 Motivation

There are three main arguments which justify this work. They are as follows.

e Computational mechanisms for empirical concept learning are known to
be quite limited in power. No existing mechanism will continue to acquire
new concepts indefinitely. There will come a point after which it will cease
to produce any worthwhile results. A clear information theoretic account
for the process may shed new light on this limitation.

e Interest in concept learning extends across a number of different paradigms
(e.g. symbolism, connectionism, statistics, psychology). Typically the re-
sults, ideas and methods associated with one paradigm are difficult to
assimilate into the framework of another. The development of an infor-
mation theoretic account might provide a framework via which to make
cross-paradigm links.

1The model developed is applicable only in the case where the computational abilities of
the learner are subject to certain constraints.



e Many researchers in both the symbolist paradigm and the connectionist
paradigm argue that there is a need to identify the information theoretic
foundations for the computational methods developed in the cognitive
sciences [15, 16]. This work is precisely an attempt to bring out one such
foundation.

2 Similarity-based concept learning

A substantial proportion of mechanisms which generate (or can be seen as gen-
erating) concepts do so in a particular way. In machine learning the method
is called similarity-based learning (SBL) [17]. Tts central aim is to identify and
define groupings of similar data elements. (These are normally called ‘descrip-
tions’ in symbolist learning, ‘input vectors’ in connectionist learning, and ‘data
points’ in numerical taxonomy.)

Let us take as an example the symbolist learning mechanism called Fo-
cussing. This i1s an algorithm which effectively manipulates the boundaries of
two regions in the dataspace: an outer region enclosing all elements which are
not known to be excluded from the concept and an inner region enclosing all
elements which are known to be included in the concept.?

The algorithm attempts to expand the inner region and shrink the outer
region until they are identical. The definition of the region forms the target
concept; i.e. it forms a rule which generalises all positive instances but no
negative instances [18]. The point to note is that the method is effectively a
way of exploiting the fact that the positive instances of a concept will tend to
be more similar to (and therefore closer in dataspace to) each other than to
negative instances.

Connectionist mechanisms frequently employ the delta learning rule [10,
Chapter 2]. This is a a way of manipulating a weight-vector so as to ensure that
the inner product of some input vector with the weight vector is maximised for
some particular subset of inputs. If vectors are normalised then this operation
effectively involves ‘defining’ groups of similar data elements in terms of their
centroid point, cf. [10, Chapter 5]. In Competitive learning for example, the
potential centroids (weight vectors) are moved around in dataspace until they
lie at the centre of groups of similar elements. Again, the point to note is that
the method is a way of exploiting the notion that the instances covered by a
concept will tend to be more similar to each other than to negative instances.

Many more examples could be provided here. Suffice it to say that there
is a large class of mechanisms which produce, either as a main result or as a
side-effect, computational components which can be classified as concepts —
and that they do so using a technique which effectively seeks to capture groups
of similar data elements. The effective goal of this sort of mechanism is to
produce concepts which maximise intra-class similarity and minimise inter-class
similarity, cf. [19].

2The algorithm actually manipulates marks in generalisation trees.



3 A generic model

The ultimate aim of the paper is to provide an information theoretic explanation
for similarity-based (concept) learning. To do this we need to solve various
problems and answer a number of questions. An initial problem is the fact that
the information theoretic (IT) paradigm is somewhat at odds with the similarity-
based learning (SBL) paradigm in its view of the world. Information theory
decomposes the world into entities such as ‘source’, ‘receiver’, ‘channel’ whereas
most SBL models assume a decomposition in terms of ‘learner’; ‘environment’
etc. Our approach will be to set up a generic model which can be reconciled
with both viewpoints. The model involves the following entities.

e K - a cognitive agent

e U - a universe

e D - a data or input language (a set of possible data elements)
e M - a total set of inputs generated by some universe

o f - a differentiation function.

In an instantiation of the model, K is a particular cognitive agent in a par-
ticular universe U. U is characterised purely in terms of D, M and f, with M
being a subset of D. Two elements of D may be more or less distinct: their dif-
ferentiation is given explicitly by the function f (whose range is assumed to be
some sequence of values). Note that U may be a continuous or discrete universe.
Its continuous properties are captured in f. If U is discrete, f always returns one
of two values—indicating ‘same’ or ‘different’.

We can use the model to map the entities which are of significance in the
information theoretic view of the world into the entities which are of significance
in similarity-based concept learning. In information theoretic terms, K is the
‘receiver’ and U is the ‘source’. A message passing from source to receiver
corresponds to the appearance of a new input in K. In SBL terms, K is the
learner or classifier, D is the description language and M is the source of the
training instances. In connectionist terms, K is a network, D is the data or
input language, M is the set of potential training vectors.

4 Prediction and information

The framework allows us to pose a number of questions. For example, given
some particular instantiation of the model (involving a given K and a given U),
we might ask how much knowledge K has about U. In general we expect that
the more knowledge an agent has about some universe the better the agent can
predict that universe. In terms of the model, predicting U means being able to
accurately identify M. But what does this mean?



In the case where U is perfectly discrete, it means enumerating M; or, in
general, assigning high probabilities to all members of M and relatively low
probabilities to all members of D - M. In the case where U is not necessarily
discrete, it means that for every element m in M, K identifies a relatively high
probability to an element of D which is very similar to m.

In information theory we find this relationship between knowledge and pre-
dictive ability turned on its head. The situation in which K assigns relatively
high probabilities to real inputs (i.e. members of M) from U is viewed as a
situation in which K receives relatively little information from U. This is a com-
plementary rather than a contradictory view of the situation. Our assumption
is that being able to predict U means being able to assign relatively high prob-
abilities to members of M. But if every real input is assigned a relatively high
probability then every real input contains little surprise for K and the informa-
tion content of inputs is therefore low. Hence, being able to predict U means
receiving little information from U, and vice versa.

5 Optimising predictive accuracy means min-
imising information

Given the remarks above, we can see that there is a relationship between acquir-
ing knowledge about U and reducing the information content of messages from
U. In particular, it is clear that K can reduce input information by acquiring
knowledge about U. But can K acquire knowledge of U by attempting to reduce
input information?

Let us consider the special case where K is initially completely knowledgeless.
The information content of each new input to K is

- log2 p

where p is the probability assigned to the input by K. To minimise the
average amount of information content of new inputs it is necessary to assign
the highest possible probability to all members of M. This means assigning high
probabilities to the members of the set M. But in the absence of any knowledge
about U, there is no way to decide which members of D are in M. Therefore,
all members must be assigned the same probability value. Moreover, this value
must be related to the size of D. If n is K’s estimate of the size of M, then K
must assign a probability of

n / [DI

to each element of D in order to minimise the information content of new
inputs [20,21]. In this context, the information content of each new input is

- log2 (n / IDI)



6 Forwarded messages

Does the situation change if we allow K to process the received inputs in some
way? In particular, is there any way in which K can process new inputs so as
to further reduce their information content? We can think of the situation in
which K processes inputs in terms of the application of some function to the
inputs received at any given point. But there are two quite different cases to be
considered. K might be able to process inputs one at a time or K might be able
to process n inputs all in one go. Putting it more precisely, K might be able to
apply a l-place (‘context-free’) function to input data. Alternatively, K might
be able to apply a n-place (‘context-sensitive’) function to input data.?

The first case here-involving the 1-place function—is the simpler one; it can
be given a fairly straightforward informational account. Our approach will be
to think of the 1-place function as a kind of black-box which accepts inputs
direct from U and ‘forwards’ them to K. This allows us to work out what the
information content of the outputs of f will be in given situations.

Let us denote the set of all possible outputs as D’. In the case where f
implements a genuine many-to-1 mapping (where there is at least one group of
inputs which are mapped onto the same output), the size of D’ is less than the
size of D. But if |D’| < [ D] then K is justified in assigning higher probabilities
to members of D’ than to members of D. K therefore potentially receives less
information from forwarded inputs than from direct inputs.

But this seems a little absurd. If K can reduce the amount of information
received from U simply by mapping unique inputs onto non-unique outputs
then surely all that has to be done to minimise the information received (and
therefore maximise predictive ability) is to map all inputs onto one output. This
would mean that |D’| = 1; the probability of the single output would be 1 and
the amount of information received would always be zero (implying that K has
perfect knowledge of U). Well, obviously, there is a catch. And it is called noise.

7 Noise and equivocation

If K maps all inputs onto one output, that output tells K absolutely nothing
about what the input was: it 1s completely ambiguous. On the other hand, if
K maps almost all inputs onto unique outputs, then a given output can give a
completely accurate indication of what the input was. In reducing the absolute
number of outputs K reduces their information content but also, inevitably,
increases their ambiguity. In information theoretic terms, this introduction of
ambiguity is understood in terms of the introduction of noise, or more precisely,
equivocation [22].

In the case where inputs are perfectly discrete entities, information theory
states that the ambiguity can be quantified in terms of the conditional entropy

3We assume that in either case the function is deterministic; i.e. that it always produces
the same output for the same input. It may, of course, produce a unique output for unique
inputs; alternatively, some inputs may evoke the same output.



of the outputs. This is just the entropy of the set of probability values derived
when we work out what is the probability — given a particular input — of the
output taking on each of the entire range of possible values.

In the continuous case, equivocation is a more complex beast. However, we
can think of it as working just like discrete equivocation provided we imagine
that the space of possible outputs is divided up into cells such that the condi-
tional probability of getting any output in the cell for some given input is the
same. Intuitively, we can think of the equivocation in the continuous case as the
average perturbation or inaccuracy of messages (inputs) from U [22, Chapter

4].

8 Minimising equivocation

Clearly, by mapping unique inputs onto non-unique outputs K reduces their
information content but pays a price in terms of increased equivocation. Ideally,
K must find some way of minimising both the information content of inputs and
their equivocation. To minimise input information it is necessary to make D’ as
small as possible; i.e. to map as many inputs as possible onto the same output.
To minimise the equivocation of outputs, K must minimise their ambiguity;
i.e. must minimise the degree to which messages are perturbed as they are
forwarded (via the 1-place function).

To achieve this minimisation it is only necessary to ensure that any set of
unique inputs which are mapped onto the same output are as similar (according
to the differentiation function f) as possible and that the output is as similar to
all of the inputs as possible. Provided the similarity of any set of inputs evoking
a unique output is maximised (for any given level of information-reduction), the
average perturbation (inaccuracy) of inputs from U is minimised too.

9 The information/equivocation tradeoff

K, then, is confronted with a ¢radeoff between information and equivocation. K
can reduce the information content of inputs but only by allowing their equivo-
cation (ambiguity) to increase. K can reduce equivocation but only by allowing
the information content of inputs to increase. For some fixed reduction in in-
put information, there is some minimum price that K must pay in terms of
equivocation. The price is kept to a minimum only if maximally similar in-
puts are mapped onto unique outputs. For some fixed equivocation, there 1s
some maximum reduction in input information which can be achieved. Again,
this is only achieved if maximally similar inputs evoke unique outputs from f.
Thus, there i1s a set of optimal ways of combining information-reduction and
equivocation-increase.

We can visualise the situation in terms of a 2-dimensional graph in which
information content is plotted on the vertical axis and equivocation is plotted
on the horizontal axis; see Figure 1. A given point corresponds to a partic-



ular information/equivocation combination. Points corresponding to feasible
information/equivocation combinations form a region whose boundary repre-
sents the locus of optimal information/equivocation combinations; i.e. the set
of points for which the ratio of information reduction to equivocation increase
is maximised.
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10 Is equivocation such a bad thing?

Recall that our initial notion was that by minimising the information content
of inputs, K becomes better able to make accurate predictions about U and
therefore, in some sense, acquires knowledge about U. We have seen that K
can reduce input information by allowing equivocation to increase and also that
the information-reduction/equivocation ratio is maximised in the case where the
average pairwise similarity for input-groups (i.e. set of inputs mapped onto given
outputs) is maximised. But what does all this mean for predictive accuracy?

As we might expect, maximising the information-reduction/equivocation ra-
tio effectively optimises predictive accuracy. In the case where inputs are for-
warded via the many-to-1 mapping, being able to predict U implies assigning
high probabilities to some subset of elements of D which are, collectively, rel-
atively similar to M. Since we are assuming that K is knowledgeless, we know
that assigned probabilities will always be the same. Therefore, predictive ac-
curacy will be related only to the average similarity between inputs and their
corresponding outputs.

Now, in minimising equivocation at some fixed level of information-reduction,
we minimise both input-group differences and the average difference between an
arbitrary input-group member and the corresponding output. Thus we neces-
sarily optimise predictive accuracy. We effectively ensure that for any arbitrary
input, there is an element of D — to which K assigns an equal probability —
which is as similar to the input as possible.



11 SBL = knowledge maximisation

We can summarise the points made above thus. In the special case where K
has no prior knowledge of U and is only allowed to process inputs using a 1-
place (context-free) function, K maximises the accuracy of predictions about U
(and therefore optimises knowledge about U) by maximising the information-
reduction/equivocation ratio. This is done by identifying groups of maximally
similar inputs and mapping them onto maximally representative outputs (i.e.
outputs which are as similar to members of the input group as possible).

Now, as was noted above, similarity-based learning is a process which at-
tempts to map groups of data elements onto concepts in such a way as to
maximise intra-group similarity and minimise inter-group similarity. This is
precisely the optimal course of action for any agent who is (1) subject to the
constraints mentioned above who (2) attempts to maximise predictive accuracy
for an arbitrary universe. The identification of groups of different grain-size —
a common property of SBL mechanisms [17] — corresponds to the identification
of particular positions along the information-reduction/equivocation tradeoff.

12 Concluding comments

The paper has argued that the process known as similarity-based learning in
symbolist work — which also plays a role in connectionist work and in numerical
taxonomy — can be understood as an attempt on the part of a cognitive agent
to maximise predictive accuracy in the training domain. More precisely, it has
shown that similarity-based learning maximises predictive accuracy (and an
information-reduction/equivocation ratio) in any agent who can only process
inputs using a context-free (i.e. 1-place) function.

The question of how predictive accuracy might be maximised in an agent
who can process inputs using arbitrary context-sensitive (i.e. n-place) functions
has not been addressed. Indeed, there are reasons for thinking that there will be
no simple answer to this, much more general, question. If n-place functions can
be applied to inputs then the agent is, in principle, able to detect arbitrary types
of relationship between inputs and, therefore, abstract patterns in the data. In a
worst-case scenario, agents would exploit each different type of abstract pattern
(for the purposes of making predictions) in a different way. Thus there would
be no single answer to the question of how an agent might exploit context-free
input processing, just a myriad of special cases. How closely this worst-case
scenario approximates to reality is an important issue for further research.
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