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Abstract

The paper investigates the statistical effects which may need to be ex-
ploited in supervised learning. It notes that these effects can be classified
according to their conditionality and their order and proposes that learn-
ing algorithms will typically have some form of bias towards particular
classes of effect. It presents the results of an empirical study of the statis-
tical bias of backpropagation. The study involved applying the algorithm
to a wide range of learning problems using a variety of different internal
architectures. The results of the study revealed that backpropagation has
a very specific bias in the general direction of statistical rather than rela-
tional effects. The paper shows how the existence of this bias effectively
constitutes a weakness in the algorithm’s ability to discount noise.

1 Introduction: learning by the capture of sta-
tistical effects

The process of learning is conveniently conceptualized in terms of the acquisition
of a target input/output mapping. To have any chance of success the learner
requires some source of feedback regarding the mapping to be acquired. In the
much studied supervised learning scenario, this feedback takes the form of a set
of examples taken from the target mapping. [1] The learner’s aim is to arrive
at the point at which it is able to map any input taken from the mapping onto
its associated output. In more general terms, the learner’s aim is to be able to



give a high probability to the correct output for an arbitrary input taken from
the mapping.

If the learner is to have any chance of achieving this goal, the feedback it re-
ceives must contain information which justifies the assigning of particular proba-
bilities to particular outputs. Thus we see that supervised learning is essentially
the process of discovering and exploiting such justifications. To understand the
nature of the process we need to analyze the ways in which supervisory feedback
can provide justifications for assignments of particular probabilities to particular
outputs.

There are two main cases to consider. Supervisory feedback (i.e., sets of
examples) can justify probability assignments either directly or indirectly. Direct
justification is provided if the probabilities in question are observed directly
within the training examples, as statistical effects. They are justified indirectly
if they cannot be observed directly but can be systematically derived from those
examples; or — which amounts to the same thing — if they can be observed in
data which are derived from the original data. [2].

In this paper T will be concerned only with the direct (i.e., statistical) form of
justification, and with the ways it which it is exploited by the backpropagation
learning algorithm (but see [3]). The nature of this form of justification can be
illustrated with an example. Consider the following training set. This is based
on two input variables (z1 and z2) and one output variable (y1). There are six
training examples in all. They are laid out with one example per line. An arrow
separates the input part of the example from the output part. The values of
the two input variables appear on the left of the arrow. The value of the output
variable appears on the right.

xl x2 vyl
1 3 == 1
2 1 == 0
3 2 == 1
3 1 == 0
1 2 = 1
3 1 == 0

A wide variety of probabilities can be observed directly in these training
examples, some of which relate specifically to the output variable (and are thus
relevant for a supervised learner). To begin with we have the probabilities for
first-order cases (i.e., instantiations of a single variable). These are shown in
Table 1. The ‘C’ column shows the case in question and the ‘P(C)’ column shows
the observed probability of that case. We can also observe the probabilities of
many second-order cases — cases involving the instantiation of two variables.
These are shown in Table 2.

The probabilities for the third-order cases (i.e., the cases that specify values
for all three variables) are, of course, degenerate. Assuming there is no dupli-
cation in the training data, each third-order case occurs exactly once. Thus its
probability is necessarily 1/n where n is the size of the training set.



C P(C)
1

xl=3 0.5
x2=1 0.5
yl=1 0.5
yl = 0 05
x2=2| 0.33
zxl=1| 0.33
x2=3| 0.17
xl=2| 0.17

Table 1:

C P(C)

z2=1,y1=0 0.5
x1=3,22=11] 0.33
x2=2,yl=11] 0.33
zxl=1yl=1] 0.33
x1=3,y1 =01 0.33
xl=1,22=3| 0.17
zl=3,22=21 0.17
z2=3,yl=11| 0.17
zl=3,yl=11| 0.17
zl=1,22=21 0.17
zl=2,22=11 0.17

Table 2:

The probabilities introduced so far are all unconditional. A variety of con-
ditional probabilities can also be observed. For example, we can observe the
conditional probability of observing a particular instantiation of the output
variable for given first-order cases of the input variables. These probabilities
are shown in Table 3. By the argument used previously, the second-order con-
ditional probabilities here are degenerate since there is necessarily exactly one
occurrence of each second-order case of the constrained variables.

As mentioned above, in the supervised learning scenario, it is the proba-
bilities affecting the output variable(s) which are of interest. Thus, Table 3 in
conjunction with the table listing the first-order unconditional probabilities for
the output variable, provide an exhaustive enumeration of all directly observed,
probability-assignment justifications (henceforth just ‘statistical effects’). A
quick perusal of the two tables shows that the probabilities for possible val-
ues of yl, conditional on values of 2 and z1 are extreme. These might form
the underlying justification for the summary rule: yl = 1if 22 =1 or 22 = 3;



C P(C) | P(y1 =0]C) | Pyl =1|C)

1 0.5 0.5
rxl =3 0.5 0.67 0.33
x2=1 0.5 1.0 0.0
x2=21 0.33 0.0 1.0
zl=11] 0.33 0.0 1.0
x2=3 1| 0.17 0.0 1.0
zxl=21 0.17 1.0 0.0

Table 3:

otherwise yl = 0.

2 Statistically-oriented learning methods

By definition, directly-observed justifications for probability assignments can
be discovered more readily than indirectly-observed justifications. It is to ex-
pected therefore that general-purpose learning algorithms such as ID3 [4] and
Backpropagation [5] will be able to exploit them most effectively. However, it is
also to be expected that such learning algorithms will exhibit some form of bias
or predisposition to deal more effectively with statistical effects of particular
types. For example, we might find that a particular learning algorithm exploits
first-order effects very easily but is effectively insensitive to higher-order effects.

The main aim of the present paper is to present the results of an empirical
study which sought to evaluate the statistical bias of the backpropagation algo-
rithm. The study showed that although backpropagation exploits all statistical
effects quite effectively it often deals with higher-order effects better than with
low order effects.

3 The study

The study involved training a standard backpropagation implementation (the
PDP package of [6] was used) on a variety of artificial learning problems. The
solution of each artificial learning problem was based on a statistical effect of
a particular order. The results showed clearly that the generalization perfor-
mance of backpropagation varies monotonically with the order of the underlying
statistical effect. Best generalization performance was consistently produced on
nth-order problems, where n was the number of input units used and thus the
maximum order of statistical effect that could be represented.

All the artifical learning problems were classification problems. They in-
volved learning to correctly allocate an input to one of five classes (to produce
an output correctly classifying the input as a member of one of five different
input classes). The classification rule — the solution to the learning problem



— was, in all cases, prototype-based. That is to say, the five input classes were
defined in terms of five input prototypes. To obtain solutions based on low-
order effects, I used prototypes defined over subspaces of the input space. Thus,
for a solution based on an mth-order effect, I used a prototype defined over an
m-dimensional subspace of the input space.

Note that, in the present context, a ‘prototype’ is just a set of input-variable
instantiations. Low-order prototypes are instantiations for a small subset of
input variables. High-order prototypes are instantiations for a large subset of
input variables. An example of a prototype, i.e., an instance of the input class
defined by the prototype, is derived simply by generating an input vector which
‘matches’ the prototype. An input vector forms a good match to a prototype if
the values it shows for the prototype variables are close to (within 1 standard
deviation of) the instantiations specified by the prototype. Thus, to generate
an example of a prototype we construct a vector which features small random
variations of the prototypical-variable instantiations and purely random values
elsewhere. To generate a complete training set we repeatedly cycle through our
N prototypes generating prototype examples and appending, as target output,
the appropriate class ‘label’.

All the data shown is based on experiments with ‘minimal’ backpropaga-
tion architectures. These were strictly layered, feed-forward, networks with one
layer of hidden containing just enough units to guarantee perfect acquisition
of the training cases." All the networks had eight input units and one output
unit. Thus all the problems presented involved producing an ‘output classifica-
tion’ expressed as a single activation value. In practice, the artificial problems
involved making 5-way classifications and this effectively necessitated using out-
put values in the set {0.0, 0.25, 0.5, 0.75, 1.0}. Having networks of eight input
units allowed statistical effects from first-order up to eight-order to be tested.

To minimize interference effects (i.e., ambiguities) between prototype defini-
tions, the same input variables were always used for the specification of all five,
nth-order prototypes. Thus all first-order prototypes were defined in terms of a
single instantiation of a single input variable. All second-order prototypes were
defined in terms of a instantiations of two particular input variables, and so on.

4 The results

The main results of the study are summarized by the graph shown in Figure 1.
This shows the mean generalization performance (expressed in terms of mean-
difference error on the testing set) for learning problems based on statistical
effects of different orders. Note how the generalization performance improves
monotonically with the order of the relevant effect. The general implication is
that backpropagation is biased towards higher order statistical effects. In some
of the runs performed, overtraining was observed but in general this did not
seem to be a major feature of the learning. A typical error curve for a run on a
low-order training problem is shown in Figure 2. Note the rapid descent of the

1The precise number of units in each case was determined by trial and error.
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Figure 1:

error curve for the training set and the much more gradual descent of the error
curve for the testing cases.

5 Explaining the results

At first sight, the results of the study seem somewhat paradoxical. In some
sense, high-order statistical effects are more ‘complex’ than low order effects
since they involve the specification for larger numbers of values. Therefore, one
might expect a learning algorithm to deal more readily with low-order effects.
On the other hand, exploiting low-order statistical effects involves ‘factoring
out’ all those input variables which are not involved in the statistical effect, and
whose values are therefore pure noise.

As it turns out, it is this ‘factoring out’ aspect of the low-order exploitation
task which appears to be backpropagation’s weakness. The problem generator
used 1n the study instantiates prototypes working upwards through the input
dimensions. Thus all the first-order prototypes are instantiated over input vari-
able 1. This input variable corresponds to the leftmost, lowest numbered input
unit in the input layer of the network. In a first-order problem, the instantia-
tions for all input variables bar the first one are effectively pure noise. Thus, in
a backpropagation solution for such a problem, we would hope to see all other
variables factored out of the internal representation. In other words, we would
hope to see zero weights on all the connections from all input units except input
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unit number 1. However, when we come to examine the Hinton diagram [7] for
non-input nodes in the the network (see Figure 3), we certainly do not see this
effect. In fact what we see is that the learning has produced quite pronounced

positive and negative weightings for connections from higher-numbered input
units.
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In a sense, this is only to be expected. Backpropagation is relying on the
assumption that no part of the input space will contain pure noise. For the
low-order problems, this assumption is invalid. And thus we see a quite clear
deterioration in generalization performance for problems of this type.

6 Summary

The paper has discussed the purely statistical effects which form the most
readily-obtained justifications for solutions to supervised learning problems. It
has observed that such effects can be classified according to their conditionality
and their order. It seems plausible that learning algorithms able to exploit sta-
tistical effects will have some form of bias towards particular types of effect. In
the case of backpropagation it appears that this bias takes the form of a strong
predisposition towards higher-order effects. This, somewhat counter-intuitive
result may be explicable in terms of backpropagation’s inability to properly dis-
count input variables whose instantiations are randomly acquired and thus form
pure noise.
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