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Abstract
This note describes a useful adaptation of the ‘peak seeking’ regime
used in unsupervised learning processes such as competitive learning and
‘k-means’. The adaptation enables the learning to capture low-order prob-
ability effects and thus to more fully capture the probabilistic structure
of the training data.
Relevant areas: automated discovery, neural networks

1 Introduction

Unsupervised learning involves discovering the underlying structure of a dataset
without knowing how the individual data items are classified. This has been rec-
ognized as a hard problem in machine learning [1]. Many unsupervised learning
methods operate by trying to find the ‘prototypes’ of the dataset. The usual
approach here is to search for the density peaks in the distribution of train-
ing data. This can be done by explicit clustering [2], say, or by some iterative
method such as competitive learning [3] or k-means clustering [4, 5].

Methods which seek out density peaks effectively sample the probabilistic
structure of the data. However, they are only sensitive to, and can therefore only
exploit, the nth-order structure of the data (where n is the number of inputs
variables), i.e., the probabilities associated with complete data items. However,
there are other aspects of the probabilistic structure which may be captured. In
particular, there are the various mth-order probabilities (where m < n, m > 0),
all of which may appear in both conditional and unconditional forms.



Consider the following dataset:

x1 x2 x3 x4 x5
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This is based on five binary variables, x1, x2, x3, x4 and x5. The dataset
shows very little nth-order structure, which is to say there are no obvious density
peaks. This is confirmed by the dendrogram produced from a conventional,
hierarchical clustering process (see Figure 1) applied to the training data. The
leaf nodes in the dendrogram are the numbers (subscripts) of individual data
items and the internal nodes are the maximum distances for items in the relevant
cluster. Note the general homogeneity of the structure and, in particular, how
all the internal distances [6] for the initial clusters are the same.

Of course, the apparent absence of density peaks in a dataset does not mean
that it has no probabilistic structure. In the present case, variables x2 and x5
are, in fact, conditionally related, as are variables x1 and x3, since

P(x2=1]x5=1) = 1
P(x1=1]x3=1) = 1
and

P(x5=1]x2=1) = 1
p(x3=1|x1=1) = 1

In addition to these conditional effects there are various unconditional ef-
fects to be taken into account. For example, P(x1=1) substantially exceeds
the chance value for a binary variable. These conditional and unconditional
mth-order probabilities are not necessarily reflected in the nth-order statistics
and therefore are not exploited by methods that looks solely for density peaks.
However, they form an important aspect of the probabilistic structure of the
data and may be vital for purposes such as prediction, data compression or
classification.
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Figure 1:

2 The soft-means algorithm

The contribution of the present paper is to show that a subclass of the peak-
seeking methods can be adapted so as to take into account the ‘low-order’ as-
pects of the probabilistic structure. The subclass includes all methods which
operate by moving ‘centres’ towards density peaks (e.g., competitive learning
and k-means clustering). The adaptation involves associating each component
of each centre with a confidence weight which is then allowed to converge on
the ‘accuracy’ value for that component.

We can illustrate the adaptation using a variant of competitive learning.
In 1ts simplest form competitive learning works with some prespecified set of
centres. FEach of these is a vector V of n components. The response of a
particular centre to a particular input vector is just the negated sum of absolute
differences between the input components and the vector components:

- I1Xi = Vil

For each input vector, the algorithm selects the centre with the highest response
and then changes each component of the vector by

T(XZ' — Vl)

where ris the learning rate.
To sensitize the method to lower-order probabilistic structure we associate
each centre with a vector W of confidence weights. We modify the response



function so that the response of a centre to an input is
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and arrange for the weight vectors to be updated at the end of each training
epoch so that each W; moves towards the normalized accuracy of the correspond-
ing V;. The unnormalized accuracy value for the ith component of a particular

centre is just
X -V

With this adaptation in place, the confidence weights for each centre are
adapted as the centres converge towards the density peaks. Due to the effective
decay of confidence weights on low-quality peak components (i.e., components
providing relatively inaccurate estimates of input values) the process is able
to discover density peaks in subspaces of the input space. This enables it to
capture mth-order probability effects in an n-dimensional input space (m < n).

A graphical illustration of the adapted learning process is provided in Figure
2. The top box in this figure represents a 3-dimensional input space. The small
circles are data points (training inputs) and the Xs are the centres. Within
a conventional peak-seeking regime, the relatively compact clusters might be
expected to successully attract centres to their peaks. However, the cluster
situated in the front-left of the space, which is distributed uniformly in the
vertical dimension, would pose a problem since it has no obvious density peak.

The adapted competitive learning regime copes gracefully with this scenario.
The vertical distribution of the problematic cluster would produce low accuracy
values for the ‘vertical’ component of any nearby centre. This would lead to the
weight on that component decaying which would, in turn, lead to the cluster
being ‘compressed’ vertically, giving it a more distinct peak. The general form
of this process is illustrated in the middle and bottom boxes in Figure 2.

3 Applications

I use the term ‘soft-means algorithm’ to label the modified peak-seeking regime
described above. The following two examples illustrate the behaviour of this
algorithm. In the first example the algorithm is applied to the training data
from above:

x1 x2 x3 x4 x5
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Figure 2:
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The behaviour of the algorithm is illustrated by the listing below. This shows
the behaviour of the centres through the first ten epochs of processing.! Each
segment of the listing is headed with the relevant epoch number and contains
just two lines. The first line shows the state of centre 1 (in the relevant epoch).
The second line shows the state of centre 2. The bracketed part of each line
shows the components and weights of the relevant centre. Each colon separates
one component/weight pair. The component value appears before the colon;
the weight comes after. Both values are real numbers in the range 0-1 but only
the first two decimal places are shown. (1.00 always appears as ‘99”).

TAn epoch here is simply a complete sweep through all the examples in the training set.



Epoch 1
1 {99:50 99:50 00:50 99:50 99:50}
2 {00:50 99:50 99:50 00:50 99:50}

Epoch 2
1 {90:56 99:67 20:64 87:53 99:67}
2 {79:65 70:52 97:73 43:56 54:56}

Epoch 3
1 {65:41 99:81 19:67 72:47 99:81}
2 {94:76 72:35 99:89 56:39 57:30}

Epoch 4
1 {53:33 99:90 28:54 60:32 99:90}
2 {99:89 71:20 99:95 60:23 56:18}

Epoch 5
1 {50:24 99:95 30:38 57:22 99:95}
2 {99:95 71:12 99:98 61:14 56:11}

Epoch 6
1 {49:16 99:97 31:25 56:15 99:97}
2 {99:98 71:08 99:99 61:09 56:07}

Epoch 7
1 {49:11 99:98 31:17 56:11 99:98}
2 {99:99 71:05 99:99 61:06 56:05}

Epoch 8
1 {49:07 99:99 31:11 56:08 99:99}
2 {99:99 71:03 99:99 61:04 56:03}

Epoch 9
1 {49:05 99:99 31:08 56:06 99:99}
2 {99:99 71:02 99:99 61:02 56:02}

Epoch 10
1 {49:03 99:99 31:05 56:04 99:99}
2 {99:99 71:01 99:99 61:02 56:01}

Note how the two centres rapidly ‘capture’ the two main probabilistic effects
in the training data, namely

P(x2=1]x5=1)/P(x5=1|x2=1)
p(x1=1|x3=1)/P(x3=1|x1=1)

n n
[



4 Supervised learning with soft-means

The soft-means algorithm’s sensitivity to low-order probabilistic effects often
enables it to reproduce the functionality associated with supervised learning
processes. To elicit supervised learning from soft-means, we form a set of vectors
by appending each input from the relevant training set to its corresponding
output. We then feed these to the algorithm as pure input vectors. To test
the algorithm’s ‘output’ on a test input, we present the algorithm with the test
input appended to a null output (which is ignored by the algorithm) and then
return the output component from the most strongly responsive unit.

In many cases, this approach enables the algorithm to produce performance
on supervised learning problems comparable to fully supervised algorithms.
For example, consider the algorithm’s performance on the benchmark prob-
lem known as the ‘third MONKS problem’ [7]. The underlying rule for this
problem is as follows: (attribute_5 = 3 and attribute_4 = 1) or (attribute_5 !=
4 and attribute_2 != 3), with != denoting inequality.

A small sample of the training set (which contains 5% misclassifications) is
as follows.

111112 —-—> 1
111121 —> 1
111122 —> 1
111131 —> 0
111141 —> 0
111211 —> 1
111222 —> 1
111242 —> 0
112122 —> 1
112142 —> 0
112222 —> 1
112241 —> 0

The initial two centres generated by the soft-means algorithm applied to
these training data are as follows.

Epoch 2
1 {98:83 93:72 83:38 51:35 62:27 69:12 00:99}
2 {98:93 28:62 50:26 76:50 56:59 60:23 99:98}

Using the output-generation procedure described above, these produce a
classification accuracy on the testing data of 87%. This is comparable to the ac-
curacy produced by several of the supervised algorithms in the original MONKS
study. [7]



5 Summary

The paper has described an enhancement of the ‘peak-seeking’ regime for unsu-
pervised learning. As far as the author has been able to ascertain, this enhance-
ment has not yet been investigated by the community. Its main advantage is
that it enables the regime to capture probabilistic structure involving low-order
probabilistic effects (i.e., effects which impact sub-spaces of the input space). A
secondary advantage is that it enables the reproduction of supervised-learning
functionality without necessitating the explicit classification of training inputs.
The algorithm would appear to have possible applications in any task requiring
unsupervised learning and to suggest a possible form for a novel neural-network
learning method.
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