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Abstract

Although it is often noted that the process of data compression forms
an illuminating metaphor for concept learning mechanisms, the computa-
tional basis of the metaphor is not usually made explicit. In this paper, an
algorithm is described which implements climbing-tree inductive gener-
alisation as a form of clustering process. The algorithm is correctly clas-
sified as a generalised data compression algorithm; it therefore provides a
plausible model for the data compression metaphor.

1 Introduction

It is frequently noted that there appears to be a close relationship between con-
cept learning and data compression [cf. 1,2,3,4,5]. Wolff, in fact, has made
the idea that concept learning can be construed as a form of data compres-
sion a central feature of his research on grammar acquisition [6,7,8,9]. Other
researchers have observed that concept learning mechanisms appear to produce
data compression as a side-effect [e.g. 10,3,11,12] and that compressibility can be
successfully used as a selection criterion for inductive inference [13,14,15,16,17].

A recurring theme in this general area of research is the idea that data
compression forms an illuminating metaphor for concept learning processes. But
its not clear how seriously we should take this metaphor. The general appraisal
seems to be that it is a helpful aid, but not to be taken literally at the level of
computational explanations. Whether or not this appraisal is correct is an open



question [18]. If there is a deep and robust analogy between concept learning
and data compression then it may substantially understate the case.

A demonstration of a computational relationship between the two processes
in question would tend to validate those approaches which treat the concept
learning task as a data compression task; i.e. which to try to solve concept
learning problems by invoking data compression processes [cf. 18,6,7,8,9]. This
paper attempts to provide such a demonstration by showing that there is a data
compression algorithm which can implement a simple form of concept learning;
namely, inductive generalisation [cf. 19,20,21].

2 Generalised data compression

The basic observation underlying the data compression metaphor is that a con-
cept definition provides a representation of the objects (or events) covered by
the concept, which is more compact that the union of the representations of
the objects. On this view, deriving a concept definition is, in some sense, the
same thing as deriving a more compact representation for a set of objects; and
that it is therefore equivalent, in some sense, to data compression applied to the
original representations.

Now, in ordinary data compression it is always possible to perfectly recover
the original data from the compressed representation. But it is a general prop-
erty of concept learning techniques that concept definitions do not perfectly iden-
tify the set of instances covered by the concept [22]. This implies that the process
invoked in the data compression metaphor must be a sort of generalised data
compression; i.e. a process which is not guaranteed to produce representations
from which the original data can be deterministically recovered. Now obviously,
concept learning processes do not produce just any representation — they try
to produce the optimal representation. But the question is, how can we put a
precise (i.e. computational) meaning on this?

A convenient approach involves reading optimal as optimally accurate;
i.e. 1t involves assuming that concept learning processes produce the best rep-
resentation of the input objects which can be produced of the given size. We
will describe this as generalised data compression. The distinction between gen-
eralised and ordinary data compression can be clarified as follows.

An ordinary data compression algorithm is guaranteed, by definition, to
generate an output from which the input data can be deterministically recovered.
A generalised data compression algorithm, on the other hand, is not guaranteed
to do this. Instead, it is guaranteed to generate an output which preserves
the maximum amount of information from the input given a constraint on the
quantity of output.

Given this definition, the data compression metaphor can be said to construe
concept learning in terms of generalised data compression rather than standard
data compression. Thus, in order to build a computational model for the data
compression metaphor, we need to build a generalised data compression algo-
rithm and show the case(s) in which it implements a concept learning process.



3 Choosing an input language

A first step involves deciding on an input language, i.e. a data format in which
the algorithm to be developed will accept input. The input language should be
a suitable medium in which to present concept learning input; i.e. it should be
a general purpose language for describing instances.! It should also provide a
suitable context in which to formalise the notion of generalised data compres-
sion.

One language having both these properties is a slightly constrained form of
vector space (i.e. vectorial) notation, called the point-space notation below. In
vector space notation, descriptions correspond to points in some N-dimensional
space. Thus, a description of an instance such as

large wedge

might be represented as a single point in a 2-dimensional space whose dimen-
sions range over the values {large, medium, small} and {sphere, pillar, brick,
wedge}; cf. Figure 5.

A body of vector space data is said to be in poinit-space format if it sat-
isfies the following two constraints. (i) the data have a purely compositional
semantics; that is to say a configuration of points (data elements) has no global
semantic properties which are not computationally derivable from the semantic
properties of the individual points in the configuration; (ii) there is a distance
function over points in the space (i.e. over descriptions) which can be interpreted
as a measure of dissimilarity.

Thus, vector space data constitute point-space data provided that there is a
disstmilarity function on pairs of data elements, and provided that the semantic
properties of the data can always be derived via a purely compositional process.
Below, the vector space in which (point-space) data are expressed as points
will be referred to as the description space for the data. The configuration of
a description space will be assumed to involve the specification of an averaging
function for coordinate values.

4 Derivation of the algorithm

Given the description of generalised data compression provided above, a gener-
alised data compression algorithm for point-space data can be characterised as
an algorithm which, presented with some input data D, generates a data struc-
ture which is the best representation of D which can be constructed of the given
size. We can arrive at a specification for such an algorithm via the following
thought experiment.

Consider the point-space data depicted in Figure 1. The data are points
in a 2-dimensional description space where the dimensions range over ordinary
numeric values and the distance (dissimilarity) function is euclidean [23]; i.e.

IThroughout, the word instance is use example.



the data are just points in an ordinary 2-d array. Imagine that we want to
produce an optimally accurate representation of these data which consists of
just two data elements; 1.e. imagine we want to find the best representation of
these data which gets rid of one data element from the original.

Figure 1 Figure 2

The constraints on the data allow us to describe the precise form of this
new version: it will consist of a set of two data elements such that the aver-
age distance between points in the original and their nearest neighbours in the
representation is minimised. This can be shown as follows.

The difference between any two bodies of point-space data is, by definition,
equal to the average distance between corresponding points? in the two bodies of
data.? Therefore an optimally accurate version of a specific body of data is one
which minimises the average nearest-neighbour distance (i.e. the distance be-
tween points in the original and their nearest neighbours in the representation).

Extending this line of thought a little further, we note that an optimal (N-1)-
point version of an N-point body of data D must be a version which substitutes
the two closest points in D with a single centroid point (since, by definition, the
centroid of a collection of points P minimises the distance between itself and all
of P).* Thus the optimal 2-point representation of the data depicted in Figure
1 will be roughly as depicted in Figure 2.

A number of conclusions can be drawn from this thought experiment. Firstly,
it is the case that a mechanism which constructs optimally compact represen-
tations of bodies of point-space data will have to find groups of close points in
the original data and fuse them; i.e. construct their centroid.

In order to get rid of more points from the original (i.e. in order to produce an
output containing less points) the mechanism would have to be less fussy about
how close the to-be-fused points actually are. Thus, to generate the entire range
of possible outputs (the 1-point representation, the 2-point representation and
so on), it would have to work up through the range of inter-point distances,
fusing increasingly large groups. At any one stage it would construct a set of
clusters such that the distance between any two members of a cluster falls below
the corresponding inter-point distance.

2I.e. nearest-neighbour points

3This follows directly from our assumptions about the distance function, and the compo-
sitionality of the semantic properties of point-space data.

4Tn cases where there is no unique pair of closest points there will be multiple versions
satisfying this description.



As may be clear, this process is functionally similar to a hierarchical clus-
tering process [24,25]. In fact, to be strictly accurate, we should say that since
it would appear to be capable of constructing overlapping clusters it is similar
to a clumping process [26]. But even here the resemblance is not perfect.

The whole point of fusing clusters (in the envisaged process) is to produce
representations which effectively show the original data viewed at a lower level
of resolution (i.e. in a form where certain close points are approximated by
a centroid). But, clearly, the fusing of overlapping clusters will lead to single
data points being approximated by more than one centroid and therefore to
the production of representations which are definitionally sub-optimal. Thus an
optimal representation-constructing mechanism must be based on a version of
the envisaged process which discards overlapping clusterings.

5 Specification of the algorithm

Given these considerations, an algorithm which constructs the complete range of
optimal representations of a body of point-space data can be easily derived. The
envisaged clumping process is similar to the method of mode analysis clus-
tering [27] which works by identifying disjoint density surfaces in the
sample distribution [26, p. 33] It also resembles the density-search tech-
nique associated with Gengerelli and Charmichael et al. [?777]. However, it is
not isomorphic with any clustering algorithm known to the author.

Initialisation of the algorithm involves setting the distance threshold d to
some arbitrary negative value. The main processing loop executes an iteration
of clumping and centroid-derivation the steps of which are as follows.

(1) set d to be the lowest, observed inter-point distance greater than the current
value of d.

2) form a clustering of data points such that the distance between all the
g
points in any one cluster is less than or equal to d.

(3) if none of the clusters overlap, construct and output their centroid points.

(4) goto 1.

Obviously, an implementation of the algorithm can be easily derived from
this specification. In order to show that it provides a model for the relationship
between data compression and concept learning it is necessary to show that it
is capable of implementing (i.e. simulating) concept learning behaviour. This is
most conveniently done by showing the way in which the algorithm simulates
inductive generalisation as performed by the Focussing algorithm [28,21].

6 Focussing-style inductive generalisation

In general, concept definitions classify sets of instances without explicitly enu-
merating the elements; thus they correspond to intensional descriptions [22].



From this perspective, the generalisation of a concept definition can be regarded
as any alteration of the corresponding intensional description which effects an
expansion in the extension of the concept; i.e. any alteration which causes the
concept to cover a greater number of entities. This satisfies the intuition that the
generalisation of a concept must correspond to a broadening of its applicability.

The classic Al model for the method of inductive generalisation is Winston’s
ARCH program [19,20]. This program was capable of learning concepts from
examples® describing certain types of geometric structure. It employed special-
isation as well as inductive generalisation. However, the two processes are kept
separate in the model.

A rationalisation of Winston’s program has been provided by Young, Plotkin
and Linz [28] and further clarified by Bundy, Silver and Plummer [21]. This
algorithm, called the Focussing algorithm, is capable of deriving a definition
of a concept C from a sequence of positive and negative instances of C (i.e.
examples and counter-examples of C).

For purposes of introducing the Focussing algorithm the description language
is most conveniently defined in terms of a set of generalisation hierarchies (e.g.
ISA-hierarchies), where child-nodes are assumed to be exhaustive and mutually
exclusive [21]. Descriptions in such languages are simply conjunctions of node
labels, one node label being taken from each tree. These are called tree-based
descriptions below.

sphere pillar brick wedge

Figure 3: Description language for blocksworld objects

Figure 3 shows a description language consisting of two generalisation hi-
erarchies. Descriptions in this language (i.e. conjunctions of leaf-nodes) are
objects such as

5Learning from examples implies learning a single concept from a set of positive and neg-
ative instances of that concept.



large pillar
and
small brick

A description is said to mark a node whose label it includes. Generalised
descriptions mark at least one non-leaf node; e.g.

large block

7size wedge

A generalised description D is said to cover an instance if the description of
the instance can be constructed by gathering together leaf-nodes (i.e. leaf-node
values) which are in the subtrees of the nodes marked by D. For example

large block

can be said to cover
large brick
large wedge

since both of these descriptions can be constructed by pairing up leaf-nodes
from the subtrees of the nodes marked by the generalised description.

In this framework, an intensional definition of a concept C corresponds to
a generalised description D, where the extension of C is just the set of all de-
scriptions which are covered by D. Note that the extension of a non-generalised
description is a singleton set containing just the description itself whereas the
extension of a generalised description is always a non-singleton set.

In constructing a definition of a concept, the Focussing algorithm works in a
very simple way. It constructs and then manipulates two separate, but related
concept definitions. One of these identifies the most-general definition which is
compatible with the instances seen so far; the other identifies the most specific
definition which is compatible with the instances seen so far.%

Each time 1t is presented with a new positive instance, it updates the most
specific definition so as to ensure that it covers the new instance. Following
presentation of a new negative instance, it updates its most general definition
so as to ensure that it does not cover the new instance. Thus it always ensures
that its most general definition does not cover any negative instances and that
its most specific definition always covers all of the positive instances. If ever it
finds that its most specific definition has become identical to its most general
definition, 1t terminates. The concept definition is, then, simply the identified
description.

8The most general and most specific descriptions correspond to the G and S sets respec-
tively, in Mitchells version-space algorithm [29].



sphere pillar brick wedge

Figure 4. Upper-marks
corresponding to most-general
description: (?size block),
and lower-marks corresponding
to most-specific description:
(large wedge).

The process by which these working definitions are updated is very simple.
The terms in the most general definition mark one node in each tree. Thus the
definition can be represented by a complete set of marks (cf. the U characters in
Figure 4). The terms in the most specific definition also mark one node in each
tree. Thus this definition can also be represented by a complete set of marks
(cf. the L marks in Figure 4).

Representing the most general and most specific definitions in terms of ex-
plicit marks is very convenient from the point of view of the generalisation and
specialisation operations. Generalisation of the most specific definition can now
be performed simply by raising lower marks while specialisation be performed
simply by lowering upper marks.

To generalise the description (large wedge) so as to ensure that it covers
the new positive instance (large brick) we simply replace the second term in
the description with the label block. This obviously corresponds to raising the
lower mark in the ?shape tree. To specialise the description (?size block) to
ensure that it does not cover the description (small brick) we need to replace
the first term with the label large. This corresponds to moving a mark down
from the root of the 7size tree to a leaf-node.

Technically, generalisation means raising the lower-mark in each tree to the
lowest upper bound of the nodes marked by the instances to be generalised
(normally the current instance and the existing most general description). Spe-



cialisation, on the other hand, can be carried out in a number of ways [cf. 21, pp.
158-159]. Tt involves lowering an upper-mark such that the negative instance is
no longer covered. In some cases there will be only one possible way to do this.
This situation is referred to as a near miss. Where there are more than one
way to lower the upper mark, the negative instance is a far miss.

7 Inductive generalisation in the generalised com-
pression algorithm

In order to clarify the relationship between the generalised compression algo-
rithm and inductive generalisation (as carried out by the Focussing algorithm)
it is necessary to show how tree-based descriptions can be rewritten in a vecto-
rial notation. This is relatively straightforward. Imagine that there i1s a vector
space V which corresponds to the description language shown in Figure 4. For
each tree in the description language there is exactly one dimension in V. Any
one dimension of V ranges over the leaf-nodes of the corresponding tree.

|

largel |

| |

| —————- |

| |
medium| | | | |

| |

| —————- |

| |

|

|

smalll

sphere pillar brick wedge

Figure 5. The representation of
(large wedge) in vector space
notation

Thus a description such as
large wedge

might be represented (in vectorial notation) as a point in V with coordinates
equal to large and wedge (cf. Figure 5).

Note that a complete set of marks in the tree-based description-space iden-
tifies a rectangle (or, in general, a hyper-rectangle) in the vector space. In any
one dimension the boundaries of the hyper-rectangle enclose the complete range
of leaf-nodes in the subtree of the mark for the corresponding tree. Thus a



complete set of upper marks and a complete set of lower marks identify two
hyper-rectangles in the vector space.

Since the trees descended from the lower marks will always be subtrees of
the trees descended from upper-marks, the hyper-rectangle corresponding to the
upper marks will always enclose the hyper-rectangle corresponding to the lower
marks. Thus we can speak of an outer-hyper-rectangle and an inner-hyper-
rectangle (cf. Figure 6.)

sphere pillar brick wedge
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smalll
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|
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medium| |
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|
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sphere pillar brick wedge

Figure 6. Vector-space
hyper-rectangles corresponding
to tree marks. Outer
hyper-rectangle = upper marks,
inner hyper-rectangle = lower
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marks.

Having this alternative construal of the description space is useful in that it
allows us to directly compare the generalisation step of the Focussing algorithm
with the clustering behaviour of the generalised compression algorithm. Suppose
that we have a collection of instances in the description language defined by the
generalisation trees in Figure 6. We can present these data to the Focussing
algorithm or, we can re-represent them as points in V and present them to the
generalised compression algorithm.

The basic step in the generalised compression algorithm is the clustering
operation. Let us suppose that the construction of a cluster always identifies
the smallest hyper-rectangle which encloses the clustered points. In this case
the clustering of a set of points can be construed as the identification of a hyper-
rectangle, and the expansion of a cluster can be thought of as the expansion
of the corresponding hyper-rectangle. In this framework the behaviour of the
generalised compression algorithm is commensurable with the mark-raising (i.e.
inductive generalisation) behaviour of the Focussing algorithm: both algorithms
can be said to construct and then expand hyper-rectangles. We can therefore
ask, in what circumstances will the behaviour of these two algorithms be the
same?

Assuming that only positive instances are presented (i.e. assuming that the
Focussing algorithm implements generalisation only), the behaviour of the two
algorithms will be identical just in case the sequence of clusters constructed
by the generalised compression algorithm correspond exactly to the sequence
of inner-hyper-rectangles constructed by the Focussing algorithm. This will
occur if the distance function over points in V is such that the distance between
any two data points having coordinates (i.e. leaf-nodes) in the same subtree
is always greater, ceteris paribus, than the distance between two data points
having coordinates in different subtrees.

In other words, the behaviour will be the same if the values of the distance
function accurately express the pattern of similarities represented in the gen-
eralisation hierarchies. Or, putting it more crudely, the behaviour will be the
same if the distance function corresponds to the generalisation hierarchies. The
reason for this is as follows.

Mark-raising generalisation always moves marks from children nodes to par-
ent nodes. Thus in expanding a hyper-rectangle, the Focussing algorithm always
moves boundaries between positions that enclose complete sets of children nodes.
Clustering of points will have the same effect just in case the distance between
the children of any given parent is always smaller than the distance between
children and non-children. This corresponds to the condition stated above.

The general conclusion is that in the special case where only positive ex-
amples are presented and the distance function accessed by the generalised
compression algorithm effectively represents the information expressed in the
generalisation hierarchies accessed by the Focussing algorithm, the behaviour
of the two algorithms will be identical. Moreover, the output produced by the
generalised compression algorithm will be identical to the concept definitions

11



constructed by the Focussing algorithm just in case the average of any set of
child-nodes (as computed by the averaging function accessed by the genepager-
alised compression algorithm) is just the label of the corresponding parent node.

8 Concluding comments

To summarise, the generalised compression algorithm can simulate the inductive
generalisation behaviour of the Focussing algorithm. Thus, the algorithm can,
in effect, perform a rudimentary form of concept learning. It therefore forms a
basic model for the relationship between data compression and concept learning.
A further elaboration of the model is presented in [18].
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