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Abstract

In constructive induction (CI), the learner’s problem representation is
modified as a normal part of the learning process. This may be necessary
if the initial representation is inadequate or inappropriate. However, the
distinction between constructive and non-constructive methods appears
to be highly ambiguous. Several conventional definitions of the process
of constructive induction appear to include all conceivable learning pro-
cesses. In this paper I argue that the process of constructive learning
should be identified with that of relational learning (i.e., I suggest that
what constructive learners really learn is relationships) and I describe some
of the possible benefits that might be obtained as a result of adopting this
definition.

1 Introduction

Constructive induction (CI) is of use when the initial representation for a prob-
lem obstructs the application of ordinary inductive methods [1]. Wnek and
Michalski [2] have divided constructive induction methods into several types
including hypothesis-driven (HCI) methods, data-driven (DCI) methods and
knowledge-driven (KCT) methods. Practical methods introduced in recent years
include FRINGE [3], AQ17-HCT [Wnek and Michalski,AQ17,1994] and CN2-
MCIT [Kramer, 1994].

Almost all CI methods seek to transform the initial representation space
by introducing new features. However, in the literature, the term ‘feature’ has
been used ambiguously. In most cases it has been used to denote any construct
or mechanism which imposes a new partition(ing) on the representation space.



However, this usage cannot be taken too literally since all supervised learning
algorithms attempt to implement the target partitioning on the space and would
thus all be potentially classified as constructive.

Explicitly discounting such degenerate cases still leaves us with methods such
as C4.5 [4], Backpropagation [5] and CN2 [6, 7] which all make use of interme-
diate constructs (i.e., constructs not directly involved in production of output)
that identify partitions on the representation space.! These methods would seem
to satisfy the criterion of being ‘feature generators’ in a non-degenerate sense
and yet they are typically described as ‘selective’ and thus non-constructive (see
[8,9,10,11,12] for a selection of views).

The decision criterion that is being applied in such cases is not completely
clear. But it appears to be grounded in an evaluation of the simplicity of
the partitioning introduced by the feature. Constructs that introduce simple,
local partitions (e.g., the axis-parallel partitions created by internal, decision-
tree nodes) tend not to be considered features and algorithms such as C4.5
are thus effectively eliminated from the constructive class. But the notion of
‘simple partitioning’ is poorly defined and as a result, the whole enterprise of
constructive induction is placed on an insecure footing.

In this paper, I will introduce an analysis of inductive justification and show
how it permits the distinction to be recast in a theoretical context. I will also
show how the process of CI can be properly motivated as a necessary response
to hard, relational learning problems.

2 Bayesian analysis of inductive justification

In recent years, researchers have made rapid progress in the theoretical analysis
of learning. Early work by Gold [13] and Valiant [14,15] established a tradition
which grew to encompass theoretical constructs such as VC-dimension [16] and
led to the theoretical advances of Haussler and others, e.g., [17, 18, 19, 20,
21, 21, 22]. Much of this work is directed towards the goal of analyzing the
complexity of learning but, at the time of writing, measuring the hardness of
arbitrary learning problems (e.g., specific training sets) remains problematic [23].
However, it turns out that a useful, qualitative measure of problem hardness can
be obtained via a Bayesian analysis of justification sources for generalisation.

Consider the following example. D is the body of data shown in Table
1. Each datum in D (i.e., each row in the table) is made up of the values
of variables 1,29, 23...2,. One of the values of 24 is missing (see the ‘7’ in
the fourth column). Can we use observations on the other data to predict this
missing value? In other words, can we empirically induce the missing value?

If we find that every possible value of the relevant variable has an equal
observed probability then we clearly cannot make any prediction at all. If all
values do not have the same probability then we should predict the missing

1In the case of C4.5 the intermediate constructs are the internal decision-tree nodes while
in the case of backpropagation the constructs are the hidden units in the network.
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Figure 1: Sample body of data

value to be the one which has the highest observed probability. However, there
are several ways in which we can work out observed probabilities.

We can look at the unconditional probability of seeing a particular value v
of z;.

Unfortunately, this does not help since both possible values of 4 turn out
to have the same observed probability. This is simply the chance value

1

P(;L‘Z = u) = m

where V is the set of all possible values of ;. (In this case the chance value
is 0.5 since there are only two possible values.)

We can also look at the probability of seeing a particular value conditional
on explicit instantiations of the other values, i.e.,

P(z; = valzj = v3...)

where v, and vy are possible values and ‘...” denotes the optional inclusion
of other instantiations. This is more rewarding since it turns out that

P(CL‘4I5|£L‘5IO)21

which is the observation that we always see 4 = 5 whenever we see x5 = 0.
Finally, we can look at the probability of seeing a particular value conditional
on there being an implicit property among the instantiations of other variables:

P(a; = v|g(X) = vg)



Here X is the entire datum and v, is the value of a function g, which evalu-
ates the implicit property. Looking at this sort of probability might have been
rewarding if, for example, the missing value had been a value of 22, since it
turns out that

P(z2 = T|duplicatesin(X) = 0) =1

where the duplicatesin function tests whether there are duplicated values in
the datum and the 0 value indicates a false result. (This probability is observed
because 7 appears as the value of 2 whenever there are no duplicates among
the remaining values.)

This third form of probability represents a distinct category if and only
if the implicit property cannot be reduced to some set of explicit properties
(i.e., the sort of properties which are referenced in probabilities of the first and
second form). Thus, we know that values of the function cannot depend on
combinations of absolute values, since in this case the third-form probabiltiy
could be rewritten in terms of some set of probabilities of the first and second
forms. Values of the function must, therefore, depend on relative properties,
i.e., relationships among observed values. To put it bluntly, the function g must
be a relational function.

What the analysis is really telling us is, then, is that there are two quite
different ways of predicting missing information from given data. Predictions
may be based on observations of absolute values or upon relationships observed
among them. This conclusion can readily be confirmed by considering even very
simple examples. For instance, imagine we are told that

e bricks with apples are yellow

e bricks with trees are blue

apples with cups are yellow
e cups with trees are blue

If we are then asked whether apples with bricks are blue or yellow, we may
say ‘blue’ on the grounds that this seems to be the colour associated with trees,
or alternatively ‘yellow’ on the grounds that this is the colour associated with
combinations of edible and inedible objects. In the one case we have based the
prediction on observations about absolute values. In the other we have based
the prediction on observations about a particular relationship. Either prediction
may be right or wrong. But any prediction we make necessarily ‘sources’ one
or other (or some combination of) of the two types of effect. This is a simple
and direct consequence of the fact that any effect must involve either absolute
values or relationships, or some combination of the two.

3 Empirical v. relational learning

The Bayesian analysis allows us to divide induction methods (i.e., prediction
methods) into two basic types: methods which attempt to exploit absolutes and



methods which attempt to exploit relationships. These groupings correspond
roughly to the well established categories of empirical learning and relational
learning [24, 25]. The distinction is key from the point of view of complexity.
Methods in the first (empirical) category confront a much easier learning task
than methods in the latter (relational) category. A method that attempts to
exploit observations of absolutes need only consider cases that are explicitly
observed in the data. There are a finite number of these. The task thus involves
consideration of a finite number of objects. A method that attempts to exploit
probabilities based on relationships, on the other hand, must grapple with the
fact that there are, in general, an infinite number of relationships that might
be relevant. The general conclusion is that exploiting probabilities based on
absolutes is a task of finite complexity while exploiting probabilities based on
relationships is a task of infinite complexity.?

For present purposes, the interesting thing about the empirical/relational
distinction is the light it sheds on the issue of constructive learning. And there
is, in fact, a clear suggestion that we may be able to identify the class of con-
structive learners with the class of relational learners. Practical CI methods, it
turns out, are often based on some form of relational search process. Oliveira
and Sangiovanni-Vincentelli [12] describe a system that searches for a minimal
set of features each of which tests for a particular relationship among the input
variables. Kramer [10] describes a system that tries to detect and exploit rela-
tions over variables which tend to appear together in useful rules. Matheus [27]
describes the CITRE system which, to a first approximation, tries to capitalize
on the presence of disjunctive regions in decision tree descriptions. Other sys-
tems involve a search (i.e., operator-based) process working with some sort of
relational description language, e.g., [28, 11,9]. In several recent cases, this type
of approach has focussed on what are known as ‘counting’ or M-of-N features,
1.e., features which effectively count the number of occurrences of a particular
variable value, cf. [29,30,2,8 31,32].

Equating constructive induction with relational learning is also compatible
with the intuition (noted above) that constructive induction involves the cre-
ation of ‘non-local’ partitions. Any feature/function whose values depend on
absolutes will tend to define a partitioning involving contiguous regions of the
original input space, whereas a feature which computes a relational property
will not do so. The values of the former type of function are, by definition,
correlated with the absolute values of the inputs to that function. Thus values
of the function are correlated with absolute ‘coordinates’ of the representation
space and the function must, therefore, define sets of objects which tend to share
the same coordinates, i.e., be located within the same region of that space. In
contrast, the values of a relational function are not correlated with the absolute
values of the function’s inputs and thus not correlated with absolute coordi-
nates of the representation space. The feature implemented by the function will
therefore tend to instantiate a complex, non-local partition of the space.

21t is no surprise to find that practical learning methods tend to be predominantly empirical
rather than relational [26].



But some difficulties remain. It is arguable that the identification of con-
structive learning with relational learning flies in the face of convention. One of
the best known definitions of constructive induction — given in [33] — is ‘con-
structive induction is any form of induction that generates new descriptors not
present in the input data.” And more recently, Tom Mitchell has defined con-
structive induction as ‘the process of augmenting the set of predicates, based on
background knowledge.’ [34]. These definitions refer merely to the production
of new predicates rather than to the identification of relational functions (pred-
icates). They therefore provide a definition which is weaker and more general
than the one proposed. But as was noted in the introduction, the conventional
definition appears to be operationally ambiguous and thus cannot be regarded
as entirely satisfactory.

A further advantage of the identification of constructive learning with rela-
tional learning is the way it opens up possibilities for defining special cases of
the construction process. There are a number of ways in which we can define
subcategorisations of relational learning. Under the proposed identification, all
such classifications become available for the purposes of drawing distinctions
between different varieties of constructive learning.

One of the more interesting directions we might take this involves the utili-
sation of feedback within the learning process. In the simplest case, a relational
learner engages in a one-pass approach. It simply attempts to identify some
set of relationships which are relevant to the given input data. But in fact
relational learners are always potentially recursive. The identification of any
set of relational effects involves the application of evaluations (functions) to
the original data. This creates new values and thus, potentially at least, new
data. These new data can themselves be processed for exploitable effects in a
recursive manner. The process of recursively exploiting relational effects 1s man-
ifestly a constructive process. But in the context of the proposed identification
of constructive learning with non-recursive relational learning, we would have
to classify recursive relational learning as a ‘higher-order’ constructive process.

4 Concluding comments

It is widely agreed that existing learning methods are extremely effective pro-
vided an appropriate representation of the problem is used. Thus constructive
induction — the problem of finding the right representation — is a key chal-
lenge. In this paper I have shown that the conventional definition of the term
constructive learning is ambiguous and over inclusive. As an alternative, I have
proposed that the process of constructive learning be defined in terms of rela-
tional learning. This approach specialises the original definition considerably
and thus reduces the size of its extension. But the elements which remain ap-
pear to be exactly the learning processes which are conventionally identified as
constructive, i.e., those which engage in the identification of complex, ‘non-local’
partitions within the input space. Combining the categories of constructive and
relational learning may also produce interesting cross-fertilisation effects in the



form of relational concepts applied to constructive scenarios, and vice versa.
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