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Abstract

Existing complexity measures from contemporary learning theory can-
not be conveniently applied to specific learning problems (e.g., training
sets). Moreover, they are typically non-generic, i.e., they necessitate mak-
ing assumptions about the way in which the learner will operate. The lack
of a satisfactory, generic complexity measure for learning problems poses
difficulties for researchers in various areas; the present paper puts forward
an idea which may help to alleviate these. It shows that supervised learn-
ing problems fall into two, generic, complexity classes only one of which is
associated with computational tractability. By determining which class a
particular problem belongs to, we can thus effectively evaluate its degree
of generic difficulty.

1 Introduction

Recent progress in computational learning has produced a wide variety of learn-
ing models and methods. Some of these are associated with the field of connec-
tionism, e.g. backpropagation [1]; others are associated with work on evolution-
ary and genetic methods [2]; still others are associated with work in the field of
machine learning, e.g. C4.5 [3], Foil [4] and Golem [5]. Given the wide range of
methods on offer, it is important for researchers to adopt a principled approach
to the task of matching up methods with learning problems. Unfortunately,
there are still major obstacles to be overcome.



A central question in any attempt to find a solution to a particular learning
problem is ‘how hard is the problem?’ But although our theoretical understand-
ing of computational learning has increased rapidly in the last decade, there is
still no generic way to evaluate the difficulty of an arbitrary learning prob-
lem. Recent results in computational learning theory [6] extend earlier work by
Valiant on PAC learning [7, 8] and rely in particular on the concept of VC dimen-
sion [9]. Work in this area has tended to concentrate on distribution-free (i.e.,
problem-independent) analysis although some recent work has given attention to
distribution-specific analysis [10]. However, even results in distribution-specific
analysis do not address the issue of the complexity of a specified learning prob-
lem. As things stand, then, there is no general method to evaluate the difficulty
of a specific learning problem without making assumptions about which learning
algorithm will be used.

This theoretical lacuna may seem, at first sight, to be inevitable. Any learn-
ing problem can only be solved by a given method with a given bias. This
seems to tell us that (1) the idea of a general solution to a learning problem is
nonsensical and (2) that a generic method of difficulty is therefore out of the
question. The conclusion seems to be reinforced by Wittgenstein’s well-known
claim to the effect that any mathematical sequence has an arbitrary number of
generative rules. [11] It is also mutually-reinforcing with the observation that
solving a learning problem is very much the same task as finding the ‘best’ (i.e.
smallest) computer program which reproduces a particular dataset. This task
is known to be NP-hard [12, 13,14,15]. So, once again, the implication seems to
be that ideal learning is impossible and that generic measurement of learning
difficulty is a non-starter.

In the face of the apparent impossibility of a generic measure of learning-
problem complexity, practitioners who find themselves having to estimate com-
plexity must resort to informal and heuristic methods of evaluation. A long-
standing complexity-estimation heuristic is simply to determine whether or not
the learning problem in question involves the capturing of relations. As has
been known for some time [16] problems which involve relational effects are, in
general, harder to solve than problems which do not. Another, reliable heuristic
approach involves determining the order of statistical effect which underpins
the solution to the problem [17]. The idea here is that higher-order effects are
harder to exploit.

Are these heuristics unfounded? If so, we need to ask why researchers find
them relatively reliable. If they are not unfounded then we need to determine
precisely what their true foundation is. If the foundation turns out to be the-
oretically secure we need to reexamine our assumptions with respect to the
impossibility of a generic measure of learning-problem complexity. This, in a
nutshell, is the aim of the paper.

I will begin by noting that the problem of learning is essentially the problem
of generalization. (Learning problems which do not involve generalization are
effectively storage problems.) Thus, solving a learning problem must involve
exploiting whatever generalization information is contained within the feedback
available to the learner. By taxonomizing such information into a set of effects



and by estimating the complexity of exploiting each distinct effect we can move
closer to a generic definition of learning-problem complexity. Turning the def-
inition into an operational measure turns out to be less than straightforward.
But T will show that there are approximate methods that can be profitably
employed.

2 A taxonomy of justifications

The process of learning implemented by some arbitrary learner mechanism is
conveniently conceptualized in terms of the acquisition of a target input/output
mapping.! To have any chance of success the learner requires some source of
feedback regarding the mapping to be acquired. In the much studied supervised
learning scenario, this feedback takes the form of a set of examples taken from
the target mapping. The learner’s aim is to arrive at the point at which it is
able to map any input taken from the mapping onto its associated output. In
more general terms, the learner’s aim is to be able to give a high probability to
the correct output for an arbitrary input taken from the mapping.

If the learner is to have any chance of achieving this goal, the feedback
it receives must contain information which justifies the assigning of particular
probabilities to particular outputs. Thus we see that learning is essentially
the process of discovering and exploiting such justifications. To understand the
nature of the process we need to analyze the ways in which supervisory feedback
can provide justifications for assignments of particular probabilities to particular
outputs.

There are two main cases to consider. Supervisory feedback (i.e., sets of
examples) can justify probability assignments either directly or indirectly. Direct
justification is provided if the probabilities in question are observed directly
within the training examples (in the form of frequencies). They are justified
indirectly if, though not observed directly, they can nevertheless be derived
from those examples; or if they can be observed in data which are derived from
the original data (which amounts to the same thing).

The distinction between the direct and indirect forms of justification can be
illustrated with an example. Consider the following training set. This is based
on two input variables (x1 and x2) and one output variable (y1). There are six
training examples in all. They are laid out with one example per line. An arrow
separates the input part of the example from the output part. The values of
the two input variables appear on the left of the arrow. The value of the output
variable appears on the right.

x1 x2 yi

1 2 --> 1
2 2 —-—> 0

1The mapping may be one-to-many, e.g., in the case where the mapping effectively imple-
ments a behaviour which can be achieved in a variety of ways.
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A wide variety of probabilities can be observed directly in these training
examples. To begin with we have the probabilities for first-order cases (i.e.,
instantiations of a single variable). These are shown in Table 1. The ‘C’ column
shows the case in question and the ‘P(C)’ column shows the observed probability
of that case. We can also observe the probabilities of many second-order cases

C P(C)
1
x2=2 0.5
x2=1 0.5
yl=11] 0.5
yl=0| 0.5
x1=3 | 0.33
x1=2 | 0.33
x1=1| 0.33
Table 1:

— cases involving the instantiation of two variables. These are shown in Table 2.
Note that the probabilities for the third-order cases (i.e., the cases that specify

C P(C)
x2=2,yl1=1 | 0.33
x2=1, y1=0 | 0.33
x1=3, x2=2 | 0.17
x1=2,x2=2 | 0.17
x1=3, yl1=1| 0.17
x1=3, x2=1| 0.17
x1=1,x2=2| 0.17
x1=2,yl=1| 0.17
x1=2,x2=1 | 0.17
x2=1, yl1=1| 0.17
xl=1, yl1=1| 0.17
x1=1,x2=1| 0.17

Table 2:

values for all three variables) are degenerate. Assuming there is no duplication in
the training data, each third-order case occurs exactly once. Thus its probability
is necessarily 1/n where n is the size of the training set.



The probabilities introduced so far are all unconditional. A variety of con-
ditional probabilities can also be observed. For example, we can observe the
conditional probability of observing a particular instantiation of the output
variable for given first-order cases of the input variables. These probabilities
are shown in Table 3. By the argument used previously, the second-order con-
ditional probabilities here are degenerate since there is necessarily exactly one
occurrence of each second-order case of the constrained variables.

C P(C) | P(y1=0IC) | P(yl=1IC)
1 0.5 0.5
x2=2 | 0.5 0.33 0.67
x2=1 0.5 0.67 0.33
x1=3 | 0.33 0.5 0.5
x1=2 | 0.33 0.5 0.5
x1l=1 | 0.33 0.5 0.5
Table 3:

In the supervised learning scenario, it is the conditional and unconditional
probabilities relating to the output variable(s) which are of interest. Thus, Table
3 in conjunction with the table listing the first-order unconditional probabilities
for the output variable, provide an exhaustive enumeration of all directly ob-
served, probability-assignment justifications. A quick perusal of the two tables
shows that none of the output-variable probabilities are particularly extreme.
Thus the training examples do not contain directly observable justification for
strong output predictions (i.e., predictions made with a probability close to 1).

What, then, of the indirectly observed justifications? Imagine that we recode
our training examples by substituting, in each training pair, the original input
variables with a single variable whose value is just the difference between the
original variables. This gives us a set of derived pairs as shown below (the value
of x4 here is the difference between the values of x1 and x2).

Original pairs Derived pairs (x4 = |x1-x2])
x1 x2 yi x4 yi
1 2 -—> 1 1 -—> 1
2 2 —-—> 0 0 --> 0
3 2 —-—> 1 1 -—> 1
3 1 -—> 0 2 --> 0
2 1 -—> 1 1 -—> 1
1 1 -—> 0 0 --> 0

The probabilities we directly observe in these derived training data are indi-
rectly observed probabilities with respect to the original training data. However,



they are still probabilities. Thus we can derive tables of conditional and un-
conditional probabilities in the usual way. The unconditional and conditional
output probabilities for the derived training set are shown in Table 4. Note

C P(C) | P(y1=0IC) | P(yl=1IC)
1 0.5 0.5
x4=1 0.5 0.0 1.0
x4=0 | 0.33 1.0 0.0
x4=2 | 0.17 1.0 0.0
Table 4:

how the recoding we applied to the training examples has produced a train-
ing set in which we observe a number of extreme probabilities relating to the
output variable yl. The recoding thus provides us with indirect justification
for predicting y1=0 with a probability of 1, if the difference between the input
variables is 1. It also provides us with indirect justification for predicting y1=1
with a probability of 1, if the difference between the input variables is either 2
or 0. In short, we have indirect justification for the output rule ‘y1=1 if x4=1;
otherwise y1=0".

3 Complexity implications for type-1 problems

As T noted above, the aim in learning is to be able to identify target outputs
with high probability. We have now seen how the justifications for such assign-
ments contained within the learner feedback (i.e., training examples) can be
classified as directly or indirectly observed. Discovering direct forms involves
deriving probability statistics. Discovering indirect forms involves (1) deriving a
recoding of the training examples and (2) deriving probability statistics within
the recoded data.

From this we can draw a preliminary conclusion regarding the generic com-
plexity of learning problems. Finding a solution to a particular learning problem
necessarily entails discovering some combination of two forms of justification.
The number of direct (henceforth ‘type-1") justifications is exponentially related
to the number of variables and values involved in the training examples. Thus
it may be large but it is necessarily finite.

The number of indirect (henceforth ‘type-2’) justifications is the number of
direct justifications (derivable from the relevant recoded data) plus the number
of possible recodings of the data. The number of possible recodings is simply
the number of distinct Turing machines we can apply to those data. There are
infinitely many of these. Thus the space of indirect justifications is infinitely
large.

The task of discovering justifications is naturally viewed as a search. In the
case of direct justifications the search takes place in a finite space while in the
case of indirect justifications the search takes place in a space that is infinitely



large. Thus, other things being equal, learning problems which necessitate the
discovery of indirect justifications are ‘harder’ than problems which do not do
so. This is the first and most fundamental observation to be made regarding
generic learning-problem complexity.

Unfortunately, translating the observation into a computable measure of
learning-problem complexity is not straightforward. The difficulty of a learn-
ing problem with a solution based on type-1 justifications (henceforth a ‘type-1
problem’) can be measured in terms of the difficulty of discovering the rele-
vant type-1 justifications. This is a function of (1) the number of justifications
involved and (2) the size of the space which has to be ‘searched’.? Tt is a straight-
forward matter to calculate the size of the space. But counting the number of
type-1 justifications required involves working out what they are. Thus, mea-
suring the degree of difficulty of a type-1 learning problem requires solving that
problem (i.e., finding its type-1 solution).

This is not necessarily a disadvantage. FEven when the search for type-1
effects is executed exhaustively, 1t may still be tractable. But, in fact, by using
learning algorithms which perform a close approximation of the type-1 discovery
task, we can effectively measure type-1 complexity much more efficiently than
is done via exhaustive search.

The well-known ID3 algorithm [18] is perhaps the most obvious candidate
for our purposes here.? This supervised algorithm builds a solution by recur-
sively splitting the training cases into subsets until the point is reached where
each subset is associated with a unique output. The splits are arrived at by di-
viding up the relevant set of cases according to their value on a particular input
variable. Target outputs are generated by finding which output is associated
with the leaf node accessed by the relevant input.

The efficiency of the algorithm derives from the fact that, at each state, a
split is selected which maximizes the output uniformity (minimises the entropy)
of the subsets produced. In the initial case — where a split is sought for the
complete training set — the process is effectively identifying the input variable
which correlates most strongly with the outputs. This variable is the one which
participates in the most pronounced conditional probability effects with the
output variable(s). TD3’s initial aim, therefore, is to identify the input variable
which participates in the most informative set of first-order, type-1 justifications.
In cases where these justifications provide a satisfactory solution to the problem,
the algorithm is guaranteed to find the ideal type-1 solution.

If the type-1 solution involves higher-order probability effects then ID3 is not
guaranteed to find the ideal type-1 solution. But in many cases this does not
diminish the algorithm’s suitability as an approximate type-1 discovery method.
Supervised learning problems are typically prepared so as to ensure statistical
independence of input variables. If this property is obtained, then higher-order
justifications will not exist and any type-1 solution will necessarily be the first-
order solution identified by ID3.

20f course, there is no commitment in this to the idea that the learning method actually
carries out a search.
3See also the latest variant of ID3 called C4.5 [3].



Various other learning algorithms exist which provide effective methods for
accessing type-1 justifications. Such methods are often biased towards first-order
justifications (cf. the Least-Mean-Squares [19] and Perceptron [20] methods)
and are thus subject to the same reservations — and recommendations — as
the ID3 algorithm. Methods related to backpropagation [1], which do not have
such an obvious first-order bias, can potentially be used to find higher-order
type-1 solutions (se further discussion below).*

4 Complexity implications for type-2 problems

Type-2 justifications are probability effects which are only brought to light via
a recoding of the original training data. (Intuitively, they are effects which are
discovered via an ‘analytic’ process.) The fact that there are typically infinitely
many possible recodings that might be applied to any given training set means
that measuring the difficulty of a type-2 problem (a problem whose solution is
based purely on type-2 effects) is impossible unless we set constraints on the
nature of the recoding that can be applied.

Before looking at what this means, I will make some preliminary observations
about the nature of type-2 effects. Recall that a type-1 effect is an output
probability which is either unconditional or conditional on the absolute state of
one or more input variables. A type-2 effect is an output probability which 1is
associated in some way with the states of input variables. But it cannot depend
in any way on the absolute states of input variables since this would make it
a type-1 effect. Thus it must be associated with the relative states of input
variables. Putting it more simply, a type-2 effect must be based on a relational
property of the input variables.®

This provides us with a rule-of-thumb for deciding whether a learning prob-
lem has a type-1 or a type-2 solution. If the problem is based on a relational
input/output rule, then probability effects affecting the output variable(s) can-
not be based on absolute values of the input variables. Thus the solution can
be expected to be found in type-2 effects. If the problem is based on a non-
relational input/output rule, then the probability effects applying to the output
variable must be based on absolute values of the input variables. Thus the
solution can be expected to be found in type-1 effects.

Of course, in reality, nothing is this simple! Learning problems which are
based on relational input/output rules typically have training sets which exhibit
‘spurious’ type-1 effects. The training set shown above is a case in point. The

4The Perceptron learning algorithm is, of course, a method which can only be successfully
applied to linearly separable problems, i.e., discrimination problems which can be solved by
identifying a linear hyperplane separating the relevant classes. Where the hyperplaneis aligned
with one of the the axes of the input space, there will be marked correlations between values of
the corresponding input variable and the output variable, and thus pronounced type-1 effects.
However, where the hyperplane is unaligned such effects may disappear.

5In fact this is not quite true. The argument stated allows it to be based on a non-relational
property of a single input variable provided that that property effectively masks any type-1
effect.



input/output rule is relational and yet the probability analysis reveals that the
training set does exhibit type-1 effects, albeit rather weak, affecting the output
variable.

Training sets for ‘parity problems’ provide the extreme case here. They
are, of course, guaranteed to be free of all type-1 effects, provided that they
are exhaustive (i.e., include the entire target mapping). The input and output
variables in a parity problem have binary values. The target output is 1 (i.e.,
true) if the input contains an odd number of 1s; otherwise it is 0. A training
set for a parity problem based on three input variables is shown below.

x1 x2 x3 yi
1 1 1 -—> 1
1 1 0 --> 0
1 0 1 --> 0
1 0 0 -—> 1
0 1 1 --> 0
0 1 0 -—> 1
0 0 1 -—> 1
0 0 0 --> 0

Type-1 probabilities for an exhaustive parity training set (such as the one
shown) are always precisely at the chance level. The probabilities shown in Table
5 are for the 3-bit parity training set shown above. That this state of affairs is a
necessary outcome is easily shown. The nature of the parity problem guarantees
that when we look at an (n-m)th-order case (n > m > 0), one half of the possible
states of the other variables will be associated with an output of 1 and the other
half will be associated with an output of 0. Thus the conditional probabilities
associated with any chosen case must be at the chance (50/50) level. This shows
us that all non-degenerate type-1 probabilities for parity mappings will always
be at the chance level. The unconditional output probabilities are at the chance
level by definition. Thus all the type-1 output probabilities are at the chance
level.

Exhaustive training sets for parity problems then, show no type-1 effects
whatsoever.® All other problems are likely to show type-1 effects. This in-
cludes parity problems with non-exhaustive training sets together with all those
problems which are based on relational input/output rules and which therefore
should not show type-1 effects in principle. From the engineering point of view,
the news is relatively welcome. It implies that problems in the ‘difficult’ type-2
class may often be solved by exploiting readily accessible type-1 effects. From
the theoretical point of view, however, the news is not so good. It means that
the presence of type-2 effects cannot be determined simply by establishing the
absence of type-1 effects.

6Tn fact recent work by the author has shown that all problems which can be converted
into modulus-addition problems show no type-1 effects.



C P(C) | P(y1=0IC) | P(yl=1IC)

1 0.5 0.5

x3=0 0.5 0.5 0.5
x2=0 0.5 0.5 0.5
x1=0 0.5 0.5 0.5
x3=1 0.5 0.5 0.5
x2=1 0.5 0.5 0.5
x1l=1 0.5 0.5 0.5
x2=1,x3=1 | 0.25 0.5 0.5
x1=1,x3=1| 0.25 0.5 0.5
xl=1,x2=1 | 0.25 0.5 0.5
x1=0,x3=1 | 0.25 0.5 0.5
x1=0, x2=1 | 0.25 0.5 0.5
x2=0,x3=1 | 0.25 0.5 0.5
x1=1,x3=0 | 0.25 0.5 0.5
x1=1,x2=0 | 0.25 0.5 0.5
x2=1,x3=0 | 0.25 0.5 0.5
x1=0, x3=0 | 0.25 0.5 0.5
x1=0, x2=0 | 0.25 0.5 0.5
x2=0,x3=0 | 0.25 0.5 0.5

Table 5:

But let us leave this problem on one side and focus on the more fundamental
issue of how to measure the difficulty of discovering type-2 effects. A type-
2 effect is a probability effect observed in a recoding of the training set. As
we noted above, the search space for type-2 effects is potentially infinite since
there are infinitely many recodings that might be applied to the training data.
However, the complexity of discovering a particular type-2 effect is simply the
amount of searching that has to be done to find the relevant recoding. To
estimate the complexity of a type-2 problem we therefore have to establish how
much searching has to be done to find the recoding(s) which encapsulate the
relevant probability effects.

The full search space for type-2 effects is infinitely large. Thus all we can
say with respect to an unguided search for type-2 effects is that it may take
an infinitely long time. To get beyond this rather unhelpful conclusion we have
to make assumptions about the way in which the search is carried out. The
assumptions we make will clearly depend on contextual issues, e.g., the reason
why we are interested in learning in the first place. However, an attractively
general assumption is that all realistic learners will face resource limitations and
will thus choose to ‘search’ the space of recodings in such a way as to consider
simpler recodings first. Under this assumption, the complexity of discovering a
particular type-2 effect is simply the number of recodings which (1) do not reify
the effect in question but (2) are simpler than the recoding which does.

10



With this assumption in place, we are in a better position to derive mea-
surements of type-2 complexity. In some cases we can find a type-2 solution
using straightforward search and thus measure difficulty in terms of the amount
of search actually performed. Alternatively, we can press existing learning al-
gorithms into service as ‘approximate’ type-2 discovery mechanisms and derive
complexity measures directly from their performance statistics.

Unfortunately, the choice of candidate mechanisms is much smaller in the
type-2 case than it is in the type-1 case. If we leave aside those mechanisms
which are based on domain-specific search [21, 22, 23, 24], we are left with a fairly
small field, the main contenders in which appear to be the well-known connec-
tionist learning algorithms such as backpropagation [1] and cascade-correlation
[25]. However, the jury is still very much out on the degree to which such algo-
rithms are capable of discovering and exploiting type-2 (i.e., relational) effects
[26].

The empirical evidence, then, is somewhat contradictory. For example, it is
well known that backpropagation can solve parity problems such as exclusive-
or, the notoriously ‘difficult’ problem that could not be solved by perceptron
learning [20]. As I showed earlier, exhaustive training sets for parity problems
are completely lacking in type-1 effects. Thus if parity problems have a solution
it must be based on type-2 effects (which is no surprise since the parity rule
is based on a relational property of the input variables) and backpropagation’s
successful performance on parity problems would seem to reflect a general ability
to discover and exploit relational effects.

But the picture is clouded by the fact that backpropagation reliably fa:ls to
solve parity problems when they are presented as learning problems, i.e., gen-
eralization problems presented using non-exhaustive training sets. The graph
shown in Figure 1 was produced from an empirical study that involved running
standard backpropagation [1] on 4-bit parity generalization problems (with four
cases used as unseens) using a wide range of internal architectures. All the
curves in the upper half of the graph are error profiles” for the testing set of
four cases. All the curves in the lower half of the graph are error profiles for
the training set. There are 32 pairs of curves in all although many of them are
bunched together in two clumps at the far left of the graph. Generalization over
the testing cases was never observed to improve much beyond the chance level
in any of the runs recorded and in fact tended to deteriorate steadily throughout
training. Thus there was no over-training effect in which an initial improvement
in generalization was followed by a subsequent deterioration. More significantly,
the training-set error profiles go to zero rather rapidly. This tells us that the
generalization failure occurs in the context of perfectly ‘successful’ learning, i.e.,
perfect acquisition of the training cases. This, then, i1s a particularly concrete
sort of learning failure since it cannot be overcome by increasing the amount of
training or by interrupting the learning at the observed onset of over-training.

Backpropagation’s performance on parity problems thus does not provide
unambiguous evidence in favour of the view that the algorithm reliably discov-

"The error measure used was the standard RMS (root-mean-squared) error.
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Figure 1:

ers relational effects. There is clearly much still to be discovered about such
connectionist procedures. But in the meantime it may be unwise to place too
much reliance on the algorithm’s performance as a guide to the type-2 complex-
ity of learning problems.

5 Discussion

Contemporary learning theory provides no method by which the generic diffi-
culty of specific learning problems can be measured. Those complexity mea-
sures which do exist necessitate making assumptions about the way in which
the learner (i.e., the solution method) will operate and effectively disallow the
application of the relevant measure to a specific learning problem (training set).
This situation tends to militate against the taking of a principled approach to
the application of learning methods.

The present paper has shown that supervised learning problems can be con-
ceptualized in terms of the exploitation of probability-assignment justifications,
and that these can be classified according to whether they are directly observed
or indirectly observed. Directly observed justifications exist in a potentially

12



large but finite space. Indirectly observed justifications exist in an infinitely
large space. This enables us to distinguish two basic complexity classes: the class
of type-1 problems (problems whose solutions is comprised of type-1 effects) and
the class of type-2 problems (problems whose solution is comprised of type-2 ef-
fects). This fundamental distinction between a computationally tractable class
of problems and a computationally intractable class of problems is the main
contribution of the paper.

I have shown that computing the generic complexity of a learning problem
does indeed seem to involve solving that problem, whether it be a type-1 problem
or a type-2 problem. This i1s somewhat unwelcome news for the applications
engineer for whom an analytic measure of problem complexity would be most
useful. The only sweetener is the fact that solving type-1 problems turns out to
be a computationally tractable operation which is fairly well approximated by
a variety of existing learning algorithms.

Type-2 learning remains problematic in all respects. The difficulty of un-
earthing a particular type-2 effect is essentially the amount of searching that
must be done to find the recoding which brings that effect to light (as a type-1
effect). But this search cost will obviously vary depending on the nature of the
search mechanism and the way in which it works through the space of recod-
ings. Were it possible to identify the ‘minimal’ program for a given problem,
and to arrange all programs into a ‘simplicity’ ordering, then we would be able
to locate the position of any recoding program within the ordering and thus
determine the minimal amount of searching that would be necessitated to find
it. However, the identification of minimal programs is known to be an NP-
hard task and there is at present no satisfactory method for putting programs
into a simplicity ordering. Thus the prospects for a generic measure of type-2
complexity seem bleak.
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