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Abstract

CA rules can be classi ed automatically for a spectrum of ordered, com-
plex and chaotic dynamics, by a measureof the variance of input-entropy
over time. Rules that support interacting gliders and related complex
dynamics can be identi ed, giving an unlimited source for further study.
The distribution of rule classesin rule-space can be shovn. A byproduct
of the method allows the automatic \ltering" of CA space-time patterns
to show up gliders and related emergert con gurations more clearly.

The classi cation seemsto correspond to our subjective judgment of
space-timedynamics. There are also approximate correlations with global
measureson convergencein attractor basins, characterized by the distri-
bution of in-degree sizesin their branching structure, and to the rule
parameter, Z. Based on computer experiments using the software Dis-
crete Dynamics Lab (DDLab)[22], this paper explains the methods and
preserts results for 1d CA.

1 Intro duction

Cellular automata (CA) are a much studied classof discrete dynamical network
that support emergen behaviour resulting from homogeneouslocal, short range
interactions. They are applied in many overlapping areas;to model processesn
physical, chemical and biological systemssuc as uid dynamics and reaction-
di usion[19, 12]; to study self-organization and self-repraduction by the emer-
genceof coherert interacting structures[9, 13]; in mathematics and computation
where the systemsthemselesare the focus of interest [1, 6, 14]. CA dynamics
are driven by complex feedbad& websthat are di cult to treat analytically ex-
cept for special cases. Understanding these systemsdependsto a large extent
on computer experiments, where a key notion is that state spaceis connected
into basins of attraction[20].

The ability of CA to support the emergenceof coheren interacting long-
lived con gurations provides a striking example of self-organizationin a simple
system, and has consequetly becomethe focus of particular study. This sort of



behaviour is characterized by interacting \gliders" (after Conway's 2d game-of-
Life[3]). Glider dynamics can be seenfrom an number of overlapping perspec-
tives: Wolfram's complex (or class4) behaviour[18], phasetransitions between
order and chaos[1Q, computation[8, 18], and discrete analoguesof Prigogine's
far-from-equilibrium dissipative structures[11].

Figure 1: The space-time pattern of a 1d complex CA with interacting gliders. 308
time-steps from a random initial state. System size n=700, Neighbourhood size k=7,
rule (hex) = 3b 46 9c Oe e4 {7 fa 96 f9 3b 4d 32 b0 9e dO e0. Cells are colored/shaded
according to neighbourhood look-up instead of the value. Spaceis acrossand time
down the page. The basin of attraction eld for this rule for n=16 is shown gure 6.

Becauseglider dynamicsis relatively rare in CA rule spacestheir study has
relied on the few known complexrulesin 1d CA. A more generaltheory would
benet from a great many examples. Methods are described to classify rule-
spaceautomatically, for a spectrum of ordered, complex and chaotic dynamics,
by a measureof the variance of input-entropy over time. This allows screening
out CA rules that support glider (and related) dynamics, giving an unlimited
sourcefor further study. The resulting classi cation, seemgo correspond to our
subjective judgment of space-timedynamics. The method also gives statistical
data on the distribution of rule classesn rule space,for varying neighbourhood
sizes. Another useful byproduct allows automatic \ Itering" of the space-time
patterns of any CA to show up gliders and related emergen con gurations more
clearly.

The quality of dynamical behaviour of CA, from ordered to chaotic!, is
approximately re ected by cornvergencein basins of attraction and sub-trees
(referred to collectively as attractor basins), in terms of their characteristic in-
degree,which in uences the length of transients and attractor cycles. The in-
degreeof a state is its number of pre-images(predecessors) Bushy subtreeswith
high in-degreeimply high convergenceand order. Sparsely branching subtrees
imply low cornvergenceand chaos.

A simple corvergencemeasureis G-density, the density of garden-of-Eden
states (those without predecessorsind the rate of increaseof G-density with

I\chaos" is used here by analogy only to its meaning in chaos theory, although there are
many common prop erties, for example sensitivit y to initial conditions.



system size. For order these measuresare relatively high, for chaosrelatively
low. A more general measureis the distribution of in-degreesizes. Generat-
ing attractor basins and making these measuresrelies on a reverse algorithm
that computespredecessorsglirectly, without exhaustive testing. A consequence
of the reverse algorithm is the rule parameter, Z, which predicts corvergence
by giving the probability that the next unknown cell in a partial pre-image
is uniquely determined. This probability is calculated from the rule's lookup
table[20].

This paper de nes the classof 1d CA in question, rules, tra jectories, basins
of attraction, and how these are represerted, and the methods for computing
pre-imagesand the Z parameter. The characteristics of \gliders", the methods
for Itering space-time patterns, and for automatically classifying rule-space
are described, and results preserted of the classi ed rule samples. Preliminary
results are preseried relating local measures(on trajectories), gloal measures
(on attractor basins), and the Z parameter. The reasonswhy correlations are
to be expectedare discussed.The work is basedon computer experiments using
the author's software Discrete Dynamics Lab (DDLab)[22].

2 1d CA
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Figure 2: 1d neighbourhood templates de ned in DDLab. k=0-13. Another common
notation de nes the radius r of a symmetric neighbourhood, r = (k  1)=2.

A CA is aregular network of elemens (cells), taking inputs from their nearest
(and next nearestetc) neighbours accordingto a xed neighbourhood template,
which de nes the network geometryand the periodic boundary conditions. Cells
syndironously update their cell-state according to a homogeneoudogical func-
tion ontheir inputs. The cell-state rangesover a discrete alphabet, in this paper
just a binary alphabet (0 or 1) is considered,and the number of cellsis nite,
with periodic boundary conditions. Figure 2 shows neighbourhood templates
for 1d CA asapplied in DDLab (see[25] for 2d and 3d templates).

A CA neighborhood of size k has 2¢ permutations of values. The most
general expressionof the Boolean function or rule is a lookup table (the rule-
table) with 2X ertries, giving 22" possiblerules. Sub-categoriesof rules can also
be expressedas simple algorithms, conciseAND/OR/NOT logical statemerts,
totalistic rules[17 or threshold functions. By cornvertion[17] the rule table is
arranged in descendingorder of the values of neighborhoods, and the resulting
bit string converts to the decimal or hexadecimalrule number. For example,
the k=3 rule-table for rule 30,



7 6 5 4 3 2 1 0 ... heighbourhoods, decimal
111 110 101 100 011 010 001 000 ...neighbourhoods, binary
0 0 0 1 1 1 1 0 ...outputs, the rule table

The rule-table for other k valuesare set out in a corresponding way. k 4
rules are referred to by their hexadecimalrule numbers. k 3 rules are usually
referred to by their more familiar decimal rule numbers. The behaviour space
of CA dependson the sizeof rule-space,zzk, though rule symmetriese ectiv ely
reducethis number. For example,the 22" = 256rulesin k = 3 rule-spacereduce
to 88 equivalenceclasses[2p

3 Trajectories and space-time patterns
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Figure 3: Space-time patterns of a CA (n=24, k = 3, rule 90). 24 time-steps from an
initial state with a single certral 1. Two alternativ e presertations are shown. Lef t,
cells by value, light=0 dark=1. Right, cells colored (or shaded) according to their
look-up neighbourhood .
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Figure 4: Space-time patterns from the sameinitial state showing interacting glid-
ers, which are embedded in a complicated background. Lef t: cells by value. Right
cells by neighbourhood lookup, with the background ltered. The k=3 rule 54 was
transformed[20] to its equivalent k=5 rule (hex) 0f3c0f3c, n=150.

A state of a CA is the pattern of Osand 1s at a given time-step. A trajectory
is the sequenceof states at successie time-steps, the system'slocal dynamics.
Examplesare shavn in gures 1, 3, 4 and elsewhere.As well asshowing cellsas
light(0) or dark(1), an alternativ e preseration shaows cellsin colors (or shades)



accordingto their look-up neighbourhood ( gure 3). The most frequertly occur-
ring colorscan be progressiwely ltered to showv up gliders and other space-time
structures asin gure 4, done interactively, on-the-y, in DDLab for any CA.
This is an alternative method to the \computational medanics" approac|[8g].

4 Basins of Attraction

(8) For a network size n, an example of one of its states B might be
1010:::0110. State-space is made up of all 2" states, the space of
all possible bitstrings or patterns.

.. Part of atrajectory in state-space, where C is a successorof B, and
® A is a pre-image of B, according to the dynamics of the network.

® The state B may have other pre-images besidesA, the total number

© * is the in-degree. The pre-image states may have their own pre-
images or none. States without pre-images are known as garden-
&, of-Eden states.

*" Any tra jectory must sooner or later encounter a state that occurred
previously - it has entered an attractor cycle. The trajectory lead-
ing to the attractor is a transient. The period of the attractor is
the number of states in its cycle, which may be only just one - a

Yo

point attractor.

Take a state on the attractor, nd its pre-images (excluding the
pre-image on the attractor). Now nd the pre-images of eac pre-
image, and so on, until all garden-of-Eden states are reached. The
graph of link ed states is a transient tree rooted on the attractor

Q O state. Part of the transient tree is a subtree de ned by its root.
O Construct ead transient tree (if any) from each attractor state.
?;0, The complete graph is the basin of attraction. Some basins of
O D attraction have no transient trees, just the bare \attractor".

Now nd every attractor cycle in state-space and construct its
basin of attraction. This is the basin of attraction eld containing

all 2" states in state-space, but now link ed according to the dy-
namics of the network. Each discrete dynamical network imp oses
a particular basin of attraction eld on state-space.

Figure 5: State spaceand basins of attraction.

The idea of basinsof attraction in discrete dynamical networks (which includes
CA) is summarizedin gure 5. Given an invariant network architecture and the
absenceof noise,a CA is deterministic, and follows a unique tra jectory from any
initial state. When a state that occurred previously is re-visited, which must
happen in a nite state-space,the dynamics becometrapped in a perpetual
cycle of repetitions de ning the attractor (state cycle) and its period (minimum
one, a stable point). The approad is analogousto Poincare's \phase portrait"
in contin uous dynamics.



These systems are dissipative. A state may have multiple \pre-images"
(predecessors),or none, but just one successor. The number of pre-images
is the state's \in-degree”. In-degreesgreater than one require that transient
states exist outside the attractor. Tracing connectionsbackwards to successie
pre-imagesof transient states reveals a tree-like topology where the \leaves"
are stateswithout pre-images,known as garden-of-Edenstates. Conversely the
ow in state-spaceis convergert. The set of transient treesand the attractor on
which they are rooted make up the basin of attraction. Local dynamics connects
state-spaceinto a number of basins, the basin of attraction eld, represering
the system'sglotal dynamics. An exampleis showvn in gures 6 and 7.

Figure 6: The basin of attraction eld of the complex CA rule in gure 1. n=16, k=7.
The 2'® = 65536 states in state spaceare connected into 89 basins of attraction. The
11 non-equivalent basins are shown, with symmetries characteristic of CA[20]. The
period (p), percertage of state spacein ead basin type(s), and number of eac type
(t), of the biggestthree basins(top row), are asfollows: (1) p=1 s=15.7% t=1. (2) p=5
s=55.8% t=16. (3) p=192 s=22.9% t=1. The eld's G-density=0.451, aio =0.938,
Z2=0.578.

5 Constructing and portra ying attractor basins

To construct a basin of attraction containing a particular state, the network
is iterated forward from the state until a repeat is found and the attractor
identi ed. The transient tree (if it exists) rooted on ead attractor state is con-
structed in turn. Using the reversealgorithms, the pre-imagesof the attractor
state are computed, ignoring the pre-image lying on the attractor itself, then
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Figure 7: A detail of the 2nd basin of attraction in gure 6. The states are shown as
4 4 bit patterns.

the pre-imagesof pre-images,until all garden-of-Edenstates have beenreaced.

Just a subtree may be constructed rooted on a state. Becausea state chosen
at random is very likely to be a garden-of-Edenstate, it is usually necessaryto
run the network forward by at least one time-step, and usethe state reached as
the subtree root. Running forward by more stepswill reach a state deeger in
the subtree so allow a larger subtree to be constructed.

A considerablespeedupin computation is achieved by taking advantage of
equivalent dynamics becauseof rotated states, and \rotational symmetry"[20],
a property of the regularity of CA and periodic boundary conditions, resulting
in equivalent subtreesand basins.

Attractor basins are portrayed as state transition graphs, vertices (nodes)
connectedby directed edges. States are represerted by nodes, by a bit pattern
in 1d or 2d (as in gure 7), or asthe decimal or hex value of the state. In
the graphic convertion[20, 22, the length of edgesdecreasesvith distance away
from the attractor, and the diameter of the attractor cycle approachesan upper
limit with increasingperiod. The direction of edges(i.e. time) is inward from
garden-of-Edenstatesto the attractor, and then clockwise around the attractor
cycle, asshovn in gure 7. Typically, the vast majority of statesin a basin of
attraction lie on transient trees outside the attractor, and the vast majority of
these states are garden-of-Edenstates.

6 Computing Pre-images

CA attractor basinsare constructed with an algorithm that directly computes
the pre-imagesof network states[2Q 23]. The network is run badkwards in
time, though badkward tra jectoriesusually diverge. The reversealgorithm takes



advantage of the regularity of connectionsin 1d CA. It also works for mixed
rule networks. Other reversealgorithms? and methods designedfor more general
discretedynamical networks canalsobe appliedto CA. Providedk  n, the CA
reversealgorithm is in general orders of magnitude faster than the brute force
method, constructing an exhaustive map resulting from network dynamics[25.
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Some basic information on attractor basin structure can be found by sta-
tistical methods, rst applied by Walker[15, as showvn in gure 6, and are ap-
propriate for large networks. Trajectories are run forward from many random
initial states looking for a repeat in the network pattern to identify the range
of attractor typesreached. The frequencyof reaching a given attractor typein-
dicatesthe relative size of the basin of attraction, and other data are extracted
such asthe number of basins,and the length of transients and attractor cycles.
Thesevarious methods are implemented in DDLab

6.1 The CA reverse algorithm

Consider a 1d CA sizen (indexed n  1:::0) and neighbourhood k. To nd
the all pre-imagesof a state A, let P be a \partial pre-image" where at least
k 1 bits (on the left) up to and including P;, are known. Now nd the next
unknown bit to the right, P; 1, consistert with the rule-table. ( indicates
known, ? unknown, bits),
Pin Pi Pi1
...partial pre-imageP ... ? compare the outputs of Pj+1 ;Pi;?
with ead other and with A;
... known state A ... A

If k = 3 (for example), the bitstring Pj.1 ; P;i;? corresponds to two neigh-
bourhood ertries in the rule-table. When their outputs, T; and T,, are com-
pared with eat other and with A; there are three possible consequencesThe
permutation is either deterministic, ambiguous or forbidden.

1. deterministic: if Ty 6 Tp, then P; ; is uniquely determined, as there is
only one valid neighbourhood with the output A;.

2An alternativ e algorithm is required for random Boolean networks (RBN) with their non-
local connections and possibly mixed k. This algorithm also applies to CA of any dimension or
geometry, as CA are just a sub-class of RBN. A more general exhaustive method also applies
to random directed maps[25].



2. ambiguous if T; = T, = A;, then both 0 and 1 are valid solutions for
Pi 1. The partial pre-image must be duplicated, with P; ; = 0 in one
versionand P; 1 = 1in the other.

3. forbidden: if (T, = T,) 6 A;, then P; 1 hasno valid solution.

If forbidden (3) the partial pre-imageP is rejected. If deterministic or am-
biguous (1 or 2) the procedureis continuedto nd the next unknown bit to the
right. Howewer, in the ambiguous case(2), both alternativ e partial pre-images
must be corntinued. In practice oneis assignedto a stack of partial pre-images
to be cortinued at a later stage. As the procedureis re-applied to determine
ead successie unknown bit towards the right, ead incidence of ambiguous
permutations will require another partial pre-imageto be added to the stad,
though various re nements limit its growth.

The procedureis continued to the right to overlap the assumedstart string,
to ched if periodic boundary conditions are satis ed; if sothe the pre-image
is valid. The procedureis re-applied to eadt partial pre-imagetaken from the
partial pre-image stack, starting at the rst unknown cell. Each time an am-
biguous permutation (2) occurs, a new partial pre-image must be addedto the
stack, but the stack will eventually be exhausted, at which point all the valid
pre-imagescortaining the assumedstart string will have beenfound. The pro-
cedureis applied for 2¢ 1 start strings, assumingthe di erent possiblevalues
of the rst k 1 bits. The reverse algorithm is applied from left to right in
DDLab, but is equally valid when applied from right to left.

6.2 The Z parameter

A by product of the CA reversealgorithm is the probabilit y of the next unknown
bit being deterministic (section 6.1(1)). Two versionsof this probability are
calculated from the rule-table. Z. for the reverse algorithm applied from
left to right, and Z;ign: for the corverse. The Z parameter is the greater of
these values. For Z=1 it can be shovn[2(Q] that for any system size n, the
maximum in-degree, | max 2¢ 1 pecausethe next unknown bit is always
uniquely determined, sothe assumedstart string of length k 1 may generate
at most 2¢ 1 pre-images. If only oneof Z e { or Zright =1, Imax < 2k 1 pecause
at least one assumedstart string must be forbidden (section 6.1(3)). At the
other extreme, for Z=0, all state spacecornvergeson the state all-0s or all-1sin
one step. For high Z, low in-degree(relativ e to system size n) is expected in
attractor basins, growing at a slow rate with respect to n. Conversely for low
Z, high relative in-degreeis expected growing quickly with respectto n. High Z
predicts low convergenceand chaos,low Z predicts high convergenceand order.

The 2¥ neighborhoods of sizek, ead indexedk 1:::0, each have an output
T (0 or 1) which makesup the rule-table (section 2), and may be expressedas
a 1.8 2;:::az;ap! T. To calculate Zies ¢ from the rule table, let ny be the
court of rule-table entries belongingto deterministic pairs, such that,

ax 18k 2;:::a1;0! Tandax 1;ax 2;:::a;;l! T (not T)



The probability that the next bit is determined becauseof the above s given
by, Rk = nc=2¢. This isa rst approximation of Ze ;.

Let ng 1 bethe court of rule-table entries belongingto deterministic 4-tuples
(where\?" may be 0 or 1), such that,

a 1.8k 2.::132:0:?2! Tandax 1586 2 ;a2 T

The probability that the next bit is determined becauseof the above s given
by, Rk 1 = nx 1=2¢. This court is repeated if necessaryfor deterministic
8-tuples where Ry » = ng »=2%, 16-tuples, 32-tuples, ::: up to the special
caseof just one 2¢-tuple which occupiesthe whole rule-table. These are are
independert non-exclusive probabilities that the next bit is determined. The
union of the probabilities Ry [ Rk 1[ Rk 2:::= Ztt, IS given by the following
expression(the order of the probabilities makesno di erence to the result),

Ziett = Rk+ R 1(1 Ri)+ Rk 2(1 Re+ Rk 1(1  Rg)) + Rk 3(1
(Rk 2(1 R+ Rk 10 R + which simpli es to,

Zieft = Re+ Re 1(1 Rk)+ Rk 2(1 Rk 1)(T Ri)+ Rk 3(1 Rk 2)(1
Rk 1)1 Ri)+ P Q
and may be expressedas’ Zis ¢ = Ry + :‘:11 R 1 }‘:k i@ Ry

whereR; = n;j=2%, and n; = the court of rule-table ertries belongingto de-
terministic 2¢ '-tuples. A corverseproceduregivesZignt , and the Z parameter
= the greater of Zier 1 and Z,igne . Examples are givenin [20, 23].
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Figure 9: G-density against both .o and Z for the set of k=7 totalistic rules,
n=16, for Z 0:25. The complete basin of attraction eld wasgeneratedfor eac rule
and garden-of-Eden states counted.

By virtue of being a convergenceparameter, Z is also an order-chaos pa-
rameter varying from O(order) - 1(chaos). Z can be comparedwith Langton's
well known parameter[1(J. is an order-chaosparameter for CA which may
have values greater than binary, and measuresthe density of \non-quiescent"
outputs in a rule-table, sofor just binary CA, = c¢=2 wherec=the count of 1s

3 Acknowledgment and thanks to Guillaume Barreau and Phil Husbands at COGS, Univ.
of Sussex, for deriving this expression.
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in a rule-table on k inputs.  varies between O(order)-0.5(chaos)-1(order). To
allow Z and to be compared,a normalized version of binary is de ned[20],

raio = 2 Cmin =2% where cnin is the court of Os or 1s in the rule-table,
whichewer is less. a0 Must be  Z, and varies from 0(order)-1(chaos) just
asZ.

Plots of the G-density against both ;4o and Z for the 256 k=7 totalistic
rules*, shawing the discrepanciesas well as similarities, are shown in gure 9.
Points plotted in the top right cornerof the 440 graph represen a4, values
that do not correspond to behaviour as expected.

7 Gliders in 1d CA
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Figure 10: Interacting gliders with various velocities and backgrounds. 127 time-steps.
The k=5 rule numbers are showvn in hex.

A large body of literature is dewted the study space-time patterns in CA.
\Glider" or \particle" dynamics, where coheren con gurations emergeand in-
teract, provide a striking exampleof self-organizationin a simple system. Glider
dynamics, and the rules that produce them, have been characterized as \com-
plex", in contrast to orderedor chaotic, by Wolfram[16], i.e. thoserulesyielding
localized propagating structures interacting within long transients, where the
interactions are clearly \in teresting". Perhapsthe most dramatic example is
Conway's 2d \game-of-Life"[3], from where the term \glider" is borrowed.

The human mind is extremely adept at recognizingpatterns, and identifying
those that seemcomplex and interesting, but it would be extremely useful to
have measuresthat corresponded closely to our subjective classi cation. An
entropy variance measureon the dynamics seemsto achieve this, allowing an
unlimited sourceof complexrulesto befound, and is further able to characterize
rule-spacerelative to our subjective notions of order, complexity and chaos.

Complex rules are supposedto be rare[17. Most rules are either ordered or
chaotic (see gure 13), though ordered rules becomeincreasingly rare for larger

4The 256 k=7 totalistic rules reduce to 136 non-equivalent rules in 72 clusters, having equal
rato and Z[23].
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k. In k=3 rule-spacethe only two setsof glider rulesthat occur, rule 54and 110,
and their equivalents[20](see gures 4 and 14) have beenthe focus of particular
study (e.g. [8]).

How a rule is placed within a notional order-complexity-chaos space has
depended largely on our subjective judgment of typical emergen space-time
patterns. Each CA rule self-organizesits patterns in a characteristic way, and
these are often recognizable,especially for small k, where a characteristic pat-
tern is apparent even when chaotic, becoming less obvious for larger k. The
characteristic pattern of di erent rules can be analyzedin formal languagethe-
ory asa \regular language" with a vocabulary made up of bit sequencesand a
\grammar" madeup of successiorrules betweensequences[l]8and by a related
\computational mechanics" approac[8].

Glider dynamics correspondsto Wolfram's complex class4 behaviour in his
classi cation of CA dynamics[17. Wolfram orders his classesaccording to a
speci ¢ notion of complexity; by the increasingcomplexity of typical space-time
patterns as measuredin formal languagetheory[18], and draws analogieswith
classicalcontin uous dynamical systemsin terms of the attractors typical of each
class. His classesare as follows:

Class CA dynamics evolvestowards... Dynamical systemsanalogue
1. A spatially homogeneousstate... Limit points.
2. A sequenceof simple stable

or periodic structures................. Limit cycles
3. Chaotic aperiodic behaviour....... Chaotic (strange) attractors
4, Complicated localized

structures, some propagating...... Attractors unspeci ed

Langton[10] and others have argued that Wolfram's class4 more naturally
belongsbetweenclasse® and 3, at a phasetransition betweenorder and chaos.
Moreover, many ordered rules have both limit points and short limit cycles,
though one or the other may predominate, suggestingthat class1 and 2 may
usefully be combined. For these reasonsthe classi cation is readjusted as fol-
lows:

ordered (class 1-2) - complex (class 4) - chaotic (class 3)

What are the essetial features of glider behaviour? Glider dynamics oc-
curs if a limited set of gliders emergefrom random initial states, and if the
interactions between gliders persist for an extended time, which requires that
at least some glider collisions create new gliders. Gliders are embeddedin a
uniform or periodic space-timebackground or \domain", which of necessiy has
simultaneously emerged. Such a regular domain may be simple, for example a
chedkerboard, or a have a more complicated pattern (see gures 10-12).

Distinct chaotic domains may also occur, which cannot support geometri-
cally regular gliders, but may support \domain walls" or \particles"[4 ], analo-
gousto gliders. These arrise from defectswithin a chaotic domain (see gure
9), a boundary betweentwo distinct chaotic domains, or betweena chaotic and

12
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Figure 11: Examples of glider-guns. 127 time-steps. The k=5 rule numbersare shown
in hex.

regular domain. Domains may be ltered as described in section 9 to showv up
gliders and domain walls more clearly.

Gliders may be regardedas solitary waveswithin aregular domain, and may
havethe special property of solitons[2], preservingtheir shape and velocity after
interacting with other solitons. Glider velocity varies from 0 to a maximum
\speedof light" of r cellsper time step towards the left or right, wherer is the
number of cells on the left or right of the target cell. A glider con guration
that repeats at ead time-step, i.e. with period one, is limited to velocities of
0,1,2,...r per time-step. Gliders with greater periods may have intermediate
fractional velocities. A glider's attributes are the regular domain pattern and
spatio-temporal period (on both sidesof the glider), the glider's temporal period
and velocity, its changing diameter, and the list of its repeating con gurations.
The samedescription might be applied recursively to ead sub-glider componert
of a compound glider.

Collisions between two glider types often result in a third glider type (or
more). One or both gliders may survive a collision with a possible shift in
trajectory, or both gliders may be destroyed. A collision may createatemporary
chaotic phasebefore new gliders emerge. The outcome of a collision is sensitive
to the point of impact. A glider is often a dislocation or defect of varying width
in a domain, which is out of phaseon either side of the glider, analogousto a
fracture planein a crystal lattice. Alternativ ely, a glider may be seenasthe zone
that reconcilestwo out-of-phase domains. A glider may separatetwo ertirely
di erent domains, acting asthe boundary, asin gure 10(d). Gliders that ejecta
stream of sub-glidersat regular intervals, asin gure 11, and glidersthat survive
by absorbing a regular glider stream, asin gure 10(d), are relatively common.
They are analogousto \glider-guns” and \eaters", someof the componerts of
the \game-of-Life" universal computer[3]. Becausea regular glider stream is
essetially the sameas a regular domain, a glider-gun createsa domain, and
an eater absorbsit, soglider-guns/eaters are equivalert to a glider forming the
boundary betweentwo domains.
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Figure 12: (a) A compound glider, (b) a glider with a period of 106 time-steps, (c) a
compound glider-gun. 168 time-steps. The k=5 rule numbers are showvn in hex.

Both the period and diameter of a glider may be considerable. The diameter
may show a large variation within the period. Clearly gliders canonly emergein
systemslarge enoughto cortain them, sothat the samplesdescribed in section
11 basedon n=150 are biasedtowards nding relatively small diameter gliders.

The existenceof compound gliders made up of sub-gliders colliding period-
ically may be expectedin large enough systems. The examplein gure 12(a)
shows a compound glider made from two independert gliders locked in a cycle
of repeating collisions. Compound gliders could combine into yet higher order
structures[9], and the processcould unfold hierarchically without limit. Once
gliders have emerged,CA dynamics could, in principle, be described at a higher
level, by glider collision rules as opposedto the underlying CA rules.

8 Input-en tropy

Keeping track of the frequency of rule-table look-ups (the k-block frequency or
\lo ok-up frequency”) in awindow of time-steps, providesa measure the variance
of input-entropy over time, which is usedto classify 1d CA automatically for a
spectrum of ordered, complex and chaotic dynamics[24.

The look-up frequency can be represerted by a histogram ( gure 13) which
distributes the total of n  w lookups among the 2% neighbourhoods (shown as
the fraction of total lookups), wheren=system size,w=the window of time-steps
de ned, and k=neighbourhood size. The Shannon entropy of this frequency
distribution, the \inBut-en tropy" S, at time-step t, for one time-step (w=1),
is given by, St = ,2:1 QT? log QT? , where Q! is the look-up frequency
of neighbourhood i at time t. In practice the measuresare smoothed by being
taken over a moving window of time-steps (w=10 in gure 13).

Figure 13 shows typical examplesof ordered, complex and chaotic dynam-

icsin 1d CA, with input-entropy plots and a snapshotof the lookup frequency
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Figure 13: Typical 1d CA space-time patterns showing ordered, complex and chaotic
dynamics (n=150, k=5). Alongside ead space-time pattern is a plot of the input-
entropy (centre column), and a snapshot of the look-up frequency histogram averaged
over the last 10 time-steps. Only complex dynamics (centre row) exhibits high input-
entropy variance.
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histogram alongside. In a random initial state the di erent k-blocks occur with
equal probability. The start entropy will be correspondingly high. The typi-
cal ewolution of the input frequency histogram and input-entropy for ordered,
chaotic and complex dynamics, is discribed below.

Ordered Dynamics

In ordered dynamicsthe lookup frequencyhistogram rapidly becomehighly un-
balanced,with most neighbourhoods never looked at (their lookup frequency=
0). The few remaining high frequenciessettle at constart or periodic values.
The entropy will settle at a low constart or periodic value, corresponding to
a xed point or short cycle attractor. Ordered behaviour producesextremely
short and bushy transient trees with a high density of garden-of-Eden states
(G-density). Ordered rules decreasedisorder and ertropy.
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Complex Dynamics

In complex dynamics, the lookup frequency histogram becomesunbalanced,
with large erratic uctuations, re ected in the erntropy curve. As in ordered
behaviour, a proportion of neighbourhoods are never looked at again after the
initial sorting out phase. After an extended time the system generally settles
onto a short attractor cycle. The high frequency neighbourhoods correspond to
the emergen domain(s). The low frequency neighbourhoods to the interacting
gliders.

Glider dynamics is subject to two courtervailing tendencies. On the one
hand a tendency towards order causedby the predominance of domains. But
the domains are mobile, their boundaries form the gliders. When these collide
there is a tendency toward chaos. In systemsof the size considered,order or
chaosmay predominate at di erent times causingthe entropy to vary. For large
networks where colliding and non-colliding zonescoexist, the entropy variance
will be reduced,to zeroin the limit of in nite size.

A measureof the variabilit y of the input-entropy curveis its varianceor stan-
dard deviation®. High entropy variance for a signi cant number of time-steps
implies complex space-timedynamics. This includes not just glider dynamics,
but alsothe lessfrequent dynamicsinvolving \domain walls" in chaotic domains
described earlier in this section.

Chaotic Dynamics

In chaotic dynamics, the lookup frequency histogram will uctuate irregularly
within a narrow band of low values, and the entropy will uctuate irregularly
within a narrow high band, corresponding to dynamics on very long transients
or cycles, analogousto strange attractors in continuous dynamical systems.
Transiert trees will be sparsely branched, thus will tend to be very long with
relatively low G-density. Chaotic rulesincreaseor consenedisorderand entropy.

9 Filtering

Current methods for Itering domainsin CA space-timepatterns are basedon
a \computational mechanics" approac[4, 8]. An alternativ e is a byproduct of
keepingtrack of the look-up frequency described in section 8. The frequencies
of rule-table look-upsin a moving window of time-steps are recorded. They are
also displayed as a changing histogram ( gures 13, 15). The size of the window
is 10 for the examplesin gures 14 and 15.

To Iter badkground domains, successie key pressesin DDLab will pro-
gressiwely suppressthe printing of cellsthat updated with referenceto the cur-
rently most frequert unsuppressedneighbourhood. A dot is showvn alongside
the look-up frequency histogram indicating which neighbourhoods are currently

n_x2 -
5The standard deviation is givenby, = %X' where x; = deviation of each measure

from the mean, and n = number of measures. The variance = 2.
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Figure 14: Examples of ltering space-time patterns to show up gliders more
clearly. (left and centre) Space-time patterns of the k=3 rule 110, transformed to
the equivalent[20] k=5 rule 3cfc3cfc,n=150, from the sameevolved initial state. (left)
cells by value, (centre) cells by neighbourhood lookup, and ltered. (right) Space-time
patterns of the k=5 rule 360a96f9from a random initial state. Cells are showvn by
neighbourhood lookup, and are progressiwely Itered in 2 stages. About 200 time-
steps are shown in eac case.

suppressed
'/ \‘ Figure 15: Look-up frequency
NP histograms relating to gure 14.
360a06£9 L. .o ol se._ s ollea B . (above) k=5 rule 360a969, (be-
33 2;1 1.-;:- 0 low) k=3 rule 110 transformed
proey pryt gyt to k=5 rule 3cfc3cfc. Sup-

pressed neighborhoods are indi-
kS rule

cated with a dot.
Jefelcte
k3 110 LD DD 00

suppressed.The routine can be continued until all neighbourhoods are Itered,
and reversedto progressiely un Iter. Particular neighbouhoods can be Itered
in isolation. Filtering can be doneon the y in DDLab for any rule, including
2d and 3d CA[25].

For most glider rules, only a few neighbourhoods needto be suppressedto
Iter domains. Ruleswith very complicated domains, such asthe k=3 rules 54
and 110, must rst be transformed to equivalent rules[2q with greater k (k=5
in this case)for successfulltering, which requires suppressinga number of the
k=5 neighbourhoods (see gures 4, 14,15).

Discortinuities may occur within chaotic domains that nevertheless have
regularities in their \pattern basis"[4], asin the k=3 rule 18 (see gure 9), or
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betweentwo distinct chaotic domains, or betweenchaotic and regular domains.
These types of domains can also be Itered to uncover the \domain walls" or

\particles", analogousto gliders.
T % Figure 16: Un ltered and
- partly Itered space-time pat-
= terns of k=3 rule 18 (trans-
formed to k=5 rule 030c030c).
n=150, about 130 time-steps
from the same random ini-
tial state, showing discontinu-
ities within the chaotic domain.
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k=3 rule 18 k=3 rule 18, partly filtered

10 Entrop y-densit y signhatures

max

Figure 17: Entropy-density scatter
plot. Input-entropy is plotted against
the density of 1s relative to a mov-
ing window of time-steps w=10. k=5,
n=150. Plots for a number of complex
rules from the automatic sample (sec-
tion 11) are show superimp osed,ead of
which hasits own distinctiv e signature,
with a marked vertical extent, i.e. high
input-entropy variance. About 1000
time-steps are plotted from seweral ran-
dom initial states for ead rule.

input-entropy

0 density of 1s 1

A related method of visualizing the ertropy variance is to plot input-entropy
against the density of 1srelative to a moving window of time-steps. Superim-
posed plots for a number of complex rules are showvn in gure 17. Each rule
producesa characteristic cloud of points which lie within a parabolic envelope
becausehigh erntropy is most probable at medium density, low entropy at either
low or high density. Each complex rule producesa plot with its own distinctiv e
signature, with high input-entropy variance. Chaotic rules, on the other hand,
give a compact cloud at high entropy (at the top of the parabola). For ordered
rules the entropy rapidly falls o with very few data points becausethe system
movesrapidly to an attractor.

Gutowitz[7] has also shavn entropy-density plots for large samplesof rule-
space, but his plots show a single point for ead rule where the measureson
that rule have settled down, whereasthe plots shonvn herefocuson the transient
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history of the system. These plots distinguish order, complexity and chaos by
the vertical extent and density of the cloud.

11 Automatically classifying rule-space

Figure 18: Classifying a random sam-
ple of k=5 rules by plotting mean en-

(@)2 tropy against the standard deviation
Iz { of the entropy. Any standard devia-
& | tion above the maximum scalehasbeen
E ] rescaledto the maximum of 0.18.
S
i
OO—"_ ’ 'o_'j_' R T |

standard deviation

‘ Figure 19: left: Clas-

gomotly 1| sifying a random sample of

o freamss | k=5 rules by plotting mean

ordered 3 J entropy against standard de-
oy »—cawlex rules — - viation of the entropy, with

the frequency of rules within
= a 128x128 grid shown verti-
e Antrocy cally. below: Equivalent plots
3 for samplesof k=6 and 7 rules.

k5 rules
sample=17680

k6 rules e TP :k7 rules
- sample=15425 e = = " sample=14221

To distinguish ordered, complex and chaotic rules automatically, the mean
input-entropy taken over a span of time-steps is plotted against the standard
deviation of the input-entropy. Figures 18 and 19 summarizehow random sam-
ples of k=5, 6 an 7 rules where classi ed by this method. For ead rule, the
data was gathered from 5 runs from random initial states, for 430 time-steps,
discourting the rst 30to allow the systemto settle, with w=5 asthe size of
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the moving window of time-steps. The measureswere averagedand a point was
plotted of meaninput-entropy against the standard deviation of the entropy as
shown in gure 18 for the k=5 sample.

Figure 20: Examples of k=5, 6 and 7 complex space-time patterns, with high standard
deviation, from the automatic samples. n=150, 150 times-steps from random initial
states. Cells are colored according to the neighbourhood.

To seethe frequency distribution of rules, the plots in gure 19 include an
extra axis, making a 2d histogram, represeriing the number of rules falling
within blocks on a 128x128grid overlaid over the scatter plot. Looking at the
k=5 2d histogram, the \to wer" in the upper left represens chaotic rules with
low standard deviation and high meanentropy. The ridge on the left represerts
orderedrules with low standard deviation and a spread of lower mean entropy.
Complex rules have higher standard deviation, and are spreadout towards the
right. There is a low diagonal valley betweenthe tower and the ridge represering
a distinct boundary betweenorderedand chaotic rules, but a gradual transition
from both towardsthe complexrules. As the standard deviation decreaseglider
interactions either become more frequen, transients longer, tending towards
chaos, or lessfrequert, transients shorter, tending towards order. The k=6
and k=7 plots showv an increasing frequency of chaotic rules and a declining
frequency of ordered and complexrules as k increases.The decreasen ordered
rules is especially marked.

The rule samplesand measures,including ead rule's and Z parameters,
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were sorted by decreasingstandard deviation, and decreasingmean erntropy for
ead measureof standard deviation, and saved to le. Examples of complex
rules from the samplesare shown in gure 20. More examplesare preserted in
[23], and are all available with the DDLab software[23. Figure 21 shows the
samek=5 rules sample plotting the Z-parameter against standard deviation.

Figure 21: The samerandom sample of k=5 rules asin gure 18, (left) the Z pa-
rameter against standard deviation of the entropy, and right with a vertical frequency
axis asin gure 19.

To chedk whether the expected dynamics (recognized subjectively) corre-
spond to the measuresas plotted, the dynamics of particular rules at di erent
positions on the plots may be examinedvery e cien tly in DDLab, for example
with a mouse click on the plots in gures 18 or 21. For the mean entropy-
standard deviation plot (gure 18), preliminary scansindicate that the expected
behaviour is indeed found, but further investigation is required to properly de-
marcate the spacebetweenordered, complex and chaotic rules and to estimate
the proportion of di erent rule classedor dierent k.

For the Z parameter-standard deviation plot (gure 21), there is an approx-
imate correlation betweenlow Z and order, and high Z and chaos, especially at
the extremes. At medium Z, betweenabout 0.5 and 0.75, where most randomly
selectedrules, and also complex rules, tend to occur, the correlation becomes
wealker. Z distinguishesbetweenat least the extremesof order and chaos, and
setsa band outside which complex dynamics becomesincreasingly unlikely.

The automatic samplesare generatedby DDLab[22]. This may be done for
larger systemsizen and and neighbourhood k, and the various other parameters
describesin section8 may be adjusted. Theselocal measuresmay be compared
to global measureson convergencein attractor basins described in section 12
below.

12 Attractor basin measures

Measureson attractor basinsinclude the number of attractors, attractor periods,
sizeof basins, characteristic length of transients and the characteristic branching
within trees. The last in particular givesa good measureof the convergenceof
the dynamical ow in state-space.
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Figure 22: The G-density plot-
ted against system size n, for the
ordered, complex and chaotic rules
shown in gures 13 and 23. The the
entire basin of attraction eld was
plotted for n=7 to 22, and garden-
of-Eden states counted. The relative
G-density and rate of increasewith n
provides a simple measure of conver-
gence.

The simplest measurethat capturesthe degreeof corvergenceis the density
of garden-of-Edenstates[2], G-density, counted in attractor basinsor sub-trees,
and its rate of increasewith n as shown in gure 22. A more comprehensie
measureis the in-degreefrequencydistribution, plotted asa histogram. The in-
degreeof a state is the number of its immediate pre-images. This can be taken
on attractor basins, on just a subtree, or part of a subtree for larger systems.
Subtreesare portrayed as graphs showing tra jectories merging onto the sub-tree
root state.

Examplesof in-degreehistogramsfor a typical sub-treefor ordered,complex,
and chaotic rulesare showvn in gure 23. The horizontal axis represernts in-degree
size,from zero (garden-of-Edenstates) upwards, the vertical axis represernts the
frequency of the dierent in-degrees. The system size n=50 for the complex
and chaotic rules. For very ordered rules in-degreesbecomeastronomical. The
ordered rule shown is only moderately ordered, however the system size was
reducedto n=40 to allow easiercomputation.

From the preliminary data gathered so far, the pro le of the in-degreehis-
togram for di erent classesof rule is as follows:

Ordered: Very high garden-of-Edenfrequencyand signi cant frequencyof high
in-degrees.High convergence.

Complex: Approximates a power law distribution. Medium corvergence.
Chaotic: Lower garden-of-Edenfrequency comparedto complex rules, and a
higher frequency of low in-degrees.Low corvergence.

Issuesfor further investigation are: a systematic look at the in-degree his-
togram pro les relativeto rulesat various positions on the meanentropy/standard
deviation scatter plots, how pro les changewith systemsize,if a subtree frag-
mert is represenativ e of the dynamics as a whole, if the prole changesfor
subtreesdeepin a basin of attraction as opposedto closeto the outer leaves,
and to look at the part of subtreescloseto particular trajectories (within a given
distance in reversetime-steps), especially in relation to glider dynamics.
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Ordered dynamics. Rule 01dc3610, n=40, Z=0.5625,
rato =0.668. right: The complete sub-tree 7 levels deep,
with 58153 nodes, G-density=0.931.

Complex dynamics. Rule 6cle53a8, n=50, Z=0.727,
rato =0.938. right: The sub-tree, stopped after 12 levels,
with 144876 nodes, G-density=0.692.

Chaotic  dynamics. Rule 994a6a65, n=50, Z=0.938,
rato =0.938. right: The sub-tree, stopped after about 75
levels, with 9446 nodes, G-density=0.487.

Figure 23: Ordered - complex - chaotic CA dynamics.
The space-time patterns of the rules are shown in gure
13. The in-degree histogram of a typical sub-tree shown
in normal and log-log form.

13 Glider interactions and basins of attraction

It is possibleto identify classesof con gurations that make up di erent compo-
nents of attractor basinsin glider rules. In random states, con gurations occur
with equal probability, so the special glider/background con gurations are un-
likely. Non-glider/background states make up the majority of state-space,and
are likely to be garden-of-Edenstates, or statesjust a few stepsforward in time
from garden-of-Edenstates. They occur in the initial sorting out phaseof the
dynamics and appear as short bushy dead-endside branches along the length
of long transients, aswell as at their tips.

States dominated by glider and background con gurations are special cases,
a small sub-categoryof state-space.They constitute the glider interaction phase,
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making up the main lines of o w within the long transients. This hasalsobeen
noted by Domain [5], who described the main lines of ow as the topological
skeleton of physically relevant statesand the short dead end side branchesfrom
garden-of-Edenstates as a skin of non-physical transitional states, comprising
the bulk of the nodesin an attractor basin.

Glidersin the interaction phasecanberegardedascompeting sub-attractors,
with the nal survivors persistingin the attractor cycle. Finally, statesmade up
solely of non-interacting gliders con gurations (i.e. having equal velocity), or
domains free of gliders, must cycle and therefore constitute the relatively short
attractors, with a period depending on the glider velocity. The attractor states
are made up of gliders, compound gliders or just domains, and thus form a tiny
sub-category of state-space.By simply looking at the space-timepatterns of a
glider rule from a number of dierent initial states, most gliders in its glider
repertoire (relativ e to the systemsize) may beidentied. A completelist would
allow a description of most of the attractors by nding all possiblepermutation
of non-interacting gliders.

14 Discussion

Complex behaviour in 1d CA, especially the emergenceof gliders, mirrors our
intuitiv e notion of complex forms and processeemergingin nature. Theseare
arguably the simplest systemswherecomplex phenomenaarise. Their simplicity
allows a description of global as well as local behaviour, and how this varies
acrossrule-space.

A global perspective on CA dynamics and rule-spaceis provided by the
notion of attractor basins. The basin of attraction elds of complex rules are
typically composed of moderately bushy transients trees rooted on relatively
short attractor cycles. Gliders interacting aperiodically belong to the main
lines of ow within the transient trees. Con gurations where gliders interact
periodically, or have ceasedto interact, make up the attractor cycles.

Gliders have a distinct identity. Their interactions are predictable. A
collision-table could be formulated empirically, without knowing the underlying
rule-table medanism. The collision-table would probably needto hold much
more information than the rule-table. It would needto describe all possible
collisions at di erent points of impact between gliders. However, compared to
the rule-table, the collision table would provide a far more useful description
of establishe behaviour, enabling someprediction of the system'sfuture ewlu-
tion, though only the rule-table could accourt for the origins of gliders, their
emergencedy a processof self-organizationfrom random patterns.

Interacting gliders may combine to create compound gliders, interacting at
yet higher levels of description, and conceiably the processcould unfold hierar-
chically without limit in large enoughsystems. This is analogousto describing
matter in terms of chemistry as opposedto the underlying sub-atomic parti-
cles, or in terms of biology as opposedto the underlying chemistry. There are
any number of further analogiesthat might be drawn from nature or society.
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However, the origins of the higher level ertities must refer to the lower level.
According to this approad, a system's complexity is the number of levels of
description that underpin it in a descendinghierarchy.

An unlimited source of complex rules that support gliders is available by
the automatic method described, basedon local measures,in particular input-
entropy variance, which also classi es rule-space for a spectrum of ordered,
complex and chaotic dynamics. Global measures,G-density and in-degreefre-
quency, taken on attractor basins and subtrees, relate to the local measures.
Both local and global measuresrelate approximately to the rule parameter, Z.
Further systematic investigations of both the local and global measures,based
on the automatic rule samples,and extended samples,are neededfor a deeper
understanding of CA rule-spaces.The computer tools for such an investigation
are largely in place.

The software

\Discrete Dynamics Lab" (DDLab) was used for the computations, examples,
gures and data in this paper. The software is available at:

http://www.san tafe.edu/ wuensd/ddlab.html.
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