Formal Computational Skills

Week 4: Differentiation



Overview

Wil talk about differentiation, how derivatives are
calculated and its uses (especially for optimisation). Will
end with how It Is used to train neural networks

By the end you should:

« Know what dy/dx means

« Know how partial differentiation works

« Know how derivatives are calculated

« Be able to differentiate simple functions

* Intuitively understand the chain rule

« Understand the role of differentiation in optimisation
« Be able to use the gradient descent algorithm



Derivatives

Derivative of a function: y = f(x) is dy/dx (or df/dx or df(x)/dx
Read as: “dy by dx”

How a variable changes with respect to (w.r.t) other variables ie
the rate of change y wrt x

It is a function of x and for any given value of x calculates the
gradient at that point ie how much/fast y changes as x changes

Examples: If x is space/distance, dy/dx tells us the slope or
steepness, If x time, dy/dx tells us speeds and accelerations etc

Essential to any calculation in a dynamic world



y
If dy/dx is >0 function is increasing /J/
"X

If dy/dx is <O function is decreasing y_\

If dy/dx = O function is constant

vt

In general, dy/dx changes as x /_\
changes V4 X > X

The bigger the absolute size of dy/dx (written as |dy/dx|) the
faster change is happening and y is assumed to be more
complex/difficult to work with




Partial Differentiation

For functions of 2 variables (z=x exp(-x2-y?)), the partial
derivatives 9Z and 22 tell us how z varies wrt each parameter

OX oy
Thus partial derivatives go
along the lines oz
OX
And for a function of n 0

variables y=f(x,,X,, ...,X,), -2

9 tells us how y changes 3
ox. if only x; varies

Calculated by treating the other
variables as if they are constant

Z
eg z=xy: 1o get 5— treaty as if it Is a constant oz _ y and — =X
OX OX oy



E(w)

Higher Dimensions

In more dimensions, the
gradient is a vector called
grad (represented by an
upside down triangle)

vE-|E & &
ow, aw,  ow

n

Grad tells us steepness
and direction

Elements are partial
derivatives wrt each variable
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Vector Fields

Since grad is a vector, often useful to view vectors as a field
with vectors drawn as arrows
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Note that grad points in the steepest direction up hill

Similarly minus grad points in the steepest direction downhill



Calculating the Derivative

dy/dx = rate of change of y = change in y/change in x (if dy/dx
remained constant)

For a straight line, y=mx + c it IS easy
Since y remains constant, divide change in y by change in x

Eg y=2X
6 L S :
Ay =6-2=4
2/ TAXE 3 = 2
1 3
So: dy/dx = Ay/Ax = 4/2 =2

Aside: different sorts of d’s
A Means “a change in”

0 Means “a small change
in”

d Means “an infinitesimally
small change in”

Thus dy/dx is constant and equals m.




However if derivative is not constant: we
want gradient at a point ie gradient of a
tangent to the curve at that point

A tangent is a line that touches the curve at
that point

It is approximated by the gradient of a chord = dy/6x (a chord
IS a straight line from one point to another on a curve)

The smaller the
chord, the better the
approximation.

y+oy 4

For infinitesimally
small chord:
oy/ox = dy/dx and

OX — the approximation Is
X X+0X PP
exact




Now do this process mathematically;

dy ~ 5y — y(X+ h) o y(X) “y(X+h) -------------------------- I
dx  OX X+h—x 5
oy
dy _y(x+h)-y(x) s
dx h *oy(x)
X X:+h
oX=h
Egy:X2 y(X+h):(X+h)2 :X2_|_2Xh_|_h2
2 2 2 5
dy  Xx*+2xh+h"—x" 2xh+h oyt
dx h
&Y lim(2x+h) = 2x
0).4 h—0

Can get derivatives in this way but have rules for most



Function | Derivative Other useful rules:
y=x" dy _ g y=constant eg y=3, dy/dx =0 as
| dx no change
y =Ssinx, ﬂ=Cos(x)
dx
dy _ y= K f(X) dy/dx = k df/dx
y =CO0SX, | — =-sin(x)
dx eg y = 3sin(x), dy/dx = 3cos(x)
=InX dy_1
V=I5 X T y=f(x) + g(x), dy/dx = df/dx + dg/dx
y =¢” ﬂ:ex y=x3+eX dy/dx = 3x? + eX
dx
Can prove all © i g N VI P o | w i
eg why is dy/dx ex=le Yoy~ => i =ZX =e’
= exify = ex? o ! dx b F0-D I

NB n! is n factorial and means eg 5! = 5x4x3x2x1



Product Rule

y =u(x)v(x)

dy dv du
——=U—+V—
dx dx  dx

Quotient Rule

eg: y = x sin(x),

u= X, vV = sin(x)
du/dx = 1x° =1, dv/dx = cos(x)
dy dv du
— =uU—4+V—
dx dx dx

dy/dx=x cos(x) + 1 sin(x)

du dv
u_

u) dy Vdx " dx

V(X) dx V2



Chain Rule

Also known as y=u(v(x))
function of a function dy _ du(v) dv
dx dv dx
eg: y = sin(x?), u=sin(v), V = X?
du/dv = cos(v), dv/dx = 2x
dy — du(v) dv dy/dx=cos(v)2x = cos(x?) 2x
dx dv dx

EASY IN PRACTICE (honestly)

The one you will see most



Some examples:

_ dy
Y= 3%, dxi =3 Y= WXy ' Wy, ‘

partial d'sasy a functlon of 2 variables

E=u?2 dE/du = 2u E=-u?2+2u+20 dE/du= 2u+2

oY, O
yl W11X1 + W12X2 — wllxl - wlZX
OX; OX, 8

0 - 0 ~ oy
_qvllxl =W —lexz :O SO—J'ZW +0=WwW
OX, Hox, - X, 11 11
- e oy,
Similarly, Iif: y;= Wy X; + WX, + .0+ WX, —F =W,
OXg
1

Sigmoid function: y=;——= (1-e™)™ Can show dy/da= y(1-y)



EG: Networks

W
H > T YT WXy T WX
W12
Xs |
. oY,
How does a change in x, affect the network output? A
1
dy, O ~ & -
= X, +— €V, X
axl axl wll 1_-~ 6X1 1272 _
SO ayl — Wll
OX,

Intuitively, the bigger the weight on the connection, the more
effect a change in the input along that connection will make.



> " Y1= WXy WX,

Xp

Similarly, w,, affects y, by:

N _ 0 gy 0 -
= X, +—— QU X, =
anZ a\N12 e anZ e X2

So intuitively, changing w,, has a larger effect the stronger
the signal travelling along it

Note also that by following the path of x, through the network,
you can see which variables affect it



Now suppose we want to train the network so that it outputs a
target t; when the input is x. Need an error function E to
evaluate how far the output y, is from the target t,

X1
Wy — @ E=(y; —t)°
X2 - Wiz /y'l: W1 X3 + WipXp
dE

Now how does E change if the output changes? ——

To calculate this we need
the chain rule as E is a
function of a function of y,

Now dv/dy, = 1

and du/dv =2v =2(y;-t,)

E =u(v(y,))

dE du dv

dy, dvdy
dE

dy,

where v = (y;-1,)
and u = v?

SO d_ = 1x2(y;- t) =2(y;- ty)

Y1



We train the network by adjusting the weights, so we oJE
need to know how the error varies if eg w,, varies ie  pw,,

W11 > @ E= (}’1 —1,)?
X2 Wiz Y1= Wy Xg + WpoX;
oY,

To calculate this note that w,, affects y, by: = X2

8W12
which in turn affects E by: 5y1 —2(y1 -t

The chain of events: w,, affecting y, affecting E indicates the
chain rule so OE OE ayl

OW,, i oy, OW.

OE  OE oy,
' : = 2X, —t )
And in general: ow, oy, ow, ¢, cf backprop A,

= X, 2(y; — ty)




Back to 2 (or even N outputs). Consider the route (or more
accurately, the variables) by which a change in w,, affects E:

oE

2
= S S:(Yi _ti)2
i=1

See that wy, still affects E via x, and y, so still have:

E_EN 2y -t)  And: ST oy g
ow, oy, ow, ow, oy, ow,

Visualise the partial derivatives working along the connections



How about how E is changed by x,:

OX,,
X1 Wiy R
i e
Woi Y, V1 oy, E=>(y;-t)
oW T o=l
W, k y, OE =~
%2 S 19, /ayz
yl >
Y22 w,
12

Again look at the route along which x, travels:
X, changes y, along w,, which changes E

X, also changes y, along w,, which changes E

Therefore need to somehow combine the contributions along
these 2 routes ...



Chain rule for partial differentiation

If y is a function of u and v which are both functions of x then:

dy 0dy du 6ydv
dx 8udx oV dx

Quite intuitive: sum the contributions along each path affecting E

X1 W11 X .
P ~_E )
Wai %/ 1oy, >‘ E= X(Yi _ti)2
OX, sl
Wl y2 8E/'
Xo oy, S oy,
Waz o,

OE _CE oy,  OE &,
o, Oy, %, | oy, Ox,

So: = 2(Y;1- ty) Wy, + 2(Yo- 1)) Wy,

=2 z(yi —t)w;,

Outputs



What about another layer?

X

Wy e,

\Wfl

We need to know how E changes wrt the v's and w’s. The
calculation for the w’s is the same but what about the v’'s?

v's affect x’s which affect y’'s which affect E.

So we need: & which involves finding %E and 21

ani 5Xj 8Vji

Thus: OE _ OE % _[ 2 a_E%}u_ Seems complicated but can

v, Ox; v, | oy, OX, do via matrix multiplication



Finding Maxima/Minima (Optima)

At a maximum or minimum (optimum, stationary point etc) the

gradient is flat ie dy/dx =0 global maximum

= = highest point
1 . & _—— |ocal maxima
@ maxima
/ @ minima
| T Global minimum —
Local minima = lowest point
> Wqq

To find max/min calculate dy/dx and solve dy/dx =0

Eg: y =x?, dy/dx = 2x so at optima: dy/dx =0 => 2x =0 ie x=0

Similarly for a function of n variables y=f(x;,x,, ...,x;), at
optima ﬂzo fori=1,...,n
OX.



Why do we want to find optima? Error minimisation

In neural network training have the error function E = Z(y, — t))?

At the global minimum of E, outputs are close as possible to
targets, so network is ‘trained’

Therefore to train a network ‘simply’ set dE/dw=0 and solve

However, In many cases (especially neural network
training) cannot solve dy/dx=0.

In such cases can use gradient descent to change the
weights in such a way that the error decreases



Gradient Descent

Analogy Is being on a foggy hillside where we can only see
the area around us.

To get to the valley floor a good plan is to take a step downhill.
To get there quickly, take a step in the steepest direction
downhill ie in the direction of —grad.

As we can’t see very far and only know the gradient locally
only take a small step

Algorithm
e Start at a random position in space, w
« Calculate VE(w)

 Update w via: W, = Wy — nVE (w)
 Repeat from 2

n IS the learning rate and governs the size of the step taken. Itis
set to a low value and often changed adaptively eq if landscape
seems ‘easy’ (not jagged or steep) increase step-size etc
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Problems of local minima. Gradient descent goes to the
closest local minimum and stays there:

E 1 Starthere — __-Start here

/N

End up here—
/\/ N4

Other problems: length of time to get a solution especially if
there are flat regions in the search space; Can be difficult to
calculate grad

,_—End up here

Many variations which help with these problems eg:
* [ntroduce more stochasticity to ‘escape’ local minima
« use higher order gradients to improve convergence

« Approximate grad or use a proxy eg take a step, see if
lower down or not and if so, stay there eg hill-climbing etc



Higher order derivatives
d’y

Rates of rates of change. |n 1 dimension "
X

In many dimensions a vector V'Y
Eg velocity dy/dx is 1st order, acceleration: d?y/dx? is 2nd order

The higher the order, the more information known about y and
so used eg improve gradient descent search

Also used to tell whether a function (eg mapping produced by
a network) is smooth as it calculates the curvature at a point

y | y |
(VN Yy

» X » X

Z‘VZY‘ is greater for the first mapping than the 2nd
X



